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Small polarons: basics

D. Emin, 1982: “Small polaron is an
electron or a hole severely “localized”
within a potential well that it creates by
displacing the atoms that surround it.”

Polaron concept:

L. D. Landau (1933),
polar semiconductors
(alkali-halides)

Polarons also found in:

transition-metal oxides, glasses,
undoped cuprates, some
conductive polymers, etc.

main feature:

low-mobility (µ < 1 cm2/Vs),
increasing with temperature
(at high temperatures)!



Outline of the talk

Coupled electron-phonon (particle-boson) systems, small polarons

MODELS

Nonanalyticities in a polaron model and recent corroboration

VMS and M. Vanević (Uni Basel), PRB 78, 214301 (2008).

MATERIALS

Electron-phonon coupling in crystalline organic semiconductors

N. Vukmirović (SCL, Univ. of Belgrade), C. Bruder, and VMS,

PRL 109, 126407 (2012).

QUANTUM SIMULATION

Quantum simulation of small-polaron formation with trapped ions

VMS, T. Shi (MPQ), C. Bruder, and J. I. Cirac (MPQ),

PRL 109, 250501 (2012).

Conclusions & Outlook



Generic coupled electron-phonon model

Ĥ = Ĥe + Ĥph + Ĥe-ph

Ĥe = −t
∑
i

(â†
i+1âi + h.c.) Ĥph =

∑
q

ω(q)b̂†qb̂q

translational invariance: [Ĥ, K̂] = 0 regardless of the form of Ĥe-ph

K̂ =
∑
k

k â†kâk +
∑
q

q b̂†qb̂q

total crystal momentum operator

K̂|ψκ〉 = κ |ψκ〉

Ĥ|ψκ〉 = Eκ|ψκ〉

quasiparticle residue (spectral weight) at quasimomentum k in band n:

Zn(k) ≡ |〈Ψnk|ψnk〉|2 ( 0 < Zn(k) < 1 )



Bare-band electrons vs. small polarons

small-polaron band center is shifted by Eb (binding energy)
from that of a bare electron

small-polaron bandwidth (Wp) is much smaller than We

Necessary condition for small-polaron formation:

Eb ≥ We/2



Molecular-crystal model

Ĥg = gω
∑
i

â†
i âi(b̂

†
i + b̂i)

dimensionless couplings:

αH√
2mω

≡ gω

αP√
2mω

≡ φω

Ĥφ = φω
∑
i

(â†
i+1âi + h.c.)(b̂†i+1 + b̂i+1 − b̂†i − b̂i)



Momentum dependence and possible nonanalyticities

Ĥe-ph = N−1/2
∑
k,q

γ(k, q) â†k+qâk(b̂
†
−q + b̂q)

...1 momentum-independent couplings

Holstein-type (local) coupling: γH(k, q) = gω = const.

...2 momentum-dependent couplings

Peierls’ (SSH) coupling in a one-dimensional or square lattice:

γSSH(k, q) ∝ sin(k · a) − sin
[
(k + q) · a

]
Gerlach-Löwen theorems [ PRB 35, 4291 & 4297, 1987 ] rule out any
nonanalyticity for momentum-independent and q-dependent couplings!

How about Peierls’ coupling? Entanglement measures?



Entanglement measures

bipartite system: H = HA ⊗ HB

the reduced density matrix of system A: ρ̂A = TrBρ̂

the von Neumann entropy

S = −TrA(ρ̂A ln ρ̂A)

linear entropy (tangle)

SL = 1 − TrA(ρ̂
2

A
)

Our system: A → e, B → ph

ρ̂e-ph =
|ψ〉〈ψ|
〈ψ|ψ〉

=⇒ ρ̂e = Trph
[
ρ̂e-ph

]
=⇒ S = −Tre(ρ̂e ln ρ̂e)

inspiration: nonanalyticity of S as a signature of 3D Anderson localization
X. Jia, A. R. Subramaniam, I. A. Gryzberg, and S. Chakravarty,

PRB 77, 014208 (2008)





Toyozawa-type variational Ansatz: inner workings

Y. Toyozawa, Prog. Theor. Phys. 26, 29 (1961)

Bloch wave-functions (eigenstates of the total crystal momentum):

|ψκ〉 = N−1/2
∑
n

eiκn |ψκ(n)〉

“Wannier-like” function ( 4N variational parameters ):

|ψκ(n)〉 =

N/2−1∑
m=−N/2

Φκ(m)eiκma†n+m|0〉e ⊗ |ξκ(n)〉ph ,

product of phonon coherent states:

|ξκ(n)〉ph ≡
∏
l

exp
(
vκl b

†
n+l − vκ∗l bn+l

)
|0〉ph



Exact diagonalization approach

need truncation ( phonons ! )
of the original Hilbert space

H = He ⊗ Hph

to states with the total
of at most M phonons

|Ψ〉 =
∑
n,m

Cn,m |n〉e⊗|m〉ph

Dimension of the truncated Hilbert space:

N = 6 sites, M = 8 phonons −→ D = 7722
M = 9 phonons −→ D = 12012
M = 10 phonons −→ D = 18018



Nonanalyticities with respect to Peierls-type coupling

φ

Entanglement entropies show
a nonanalytic behavior!

small-polaron band minimum:
κ = 0 → κ = −kGS, kGS

φ φ



2010 corroboration

D. J. J. Marchand, G. De Filippis, V. Cataudella, M. Berciu, N. Nagaosa,

N. V. Prokof’ev, A. S. Mischenko, and P. C. E. Stamp, PRL 105, 266605 (2010)

λ ≡ 2φ2
ω

t



Crystalline organic semiconductors: polyacenes (oligoacenes)

See, e.g., K. Hannewald, VMS, et al., PRB 69, 075211 (2004)

naphthalene crystal naphthalene band structure

naphthalene, anthracene, tetracene, pentacene

highly anisotropic van der Waals bonded solids,
with narrow bands (W = 0.1 − 0.4 eV)



C. B. Duke & L. B. Schein,
Phys. Today 33, 42 (1980)



C. B. Duke & L. B. Schein,
Phys. Today 33, 42 (1980)



Charge carriers in polyacenes: small polarons or not?

Electron(hole)-phonon coupling more important than in inorganic
semiconductors, but is it strong enough for polaronic behavior?

coupling becomes weaker with increasing molecular size,
while the bands (HOMO, LUMO) become wider;

coupling weaker for holes (HOMO) than for electrons (LUMO)!

Idea: Extract electron-phonon coupling functions in momentum
space using ab-initio approach

Methodology: F. Giustino et. al., PRB 76, 165108 (2007)

Challenge: System size ≥ 36 atoms per unit cell!



Momentum-dependent coupling (vertex) functions

Ĥe-ph = N−1/2
∑

nn′,k,q,λ

γλ
n′n(k, q) â

†
n′,k+q

ân,k(b̂
†
−q,λ

+ b̂q,λ)

γλ
n′n(k, q) =

√
~

2ωλ,q

∑
Sα

e(λ)
Sα

(q)
1

√
MS

〈
ψn′,k+q

∣∣∣∣ ∂Uscf

∂uqSα

∣∣∣∣ ψn,k

〉
codes used: Quantum-ESPRESSO, EPW, Wannier90

e− @ LUMO-band bottom h+ @ HOMO-band top



“Sanity check”: HOMO and LUMO inelastic scattering rates
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averaged vertex functions
(over phonon branches and momenta):
≈ 7.8meV (6.8meV) for LUMO-band
electrons (HOMO-band holes),

much smaller than the respective

bandwidths (> 200meV)!

inelastic scattering rates – Fermi golden rule expression:(
1

τ

)
nk

=
2π

N~

∑
n′,q,λ

|γλ
n′n(k, q)|

2
(
∆λ,−

n′n + ∆λ,+
n′n

)
∆λ,±

n′n ≡ (nλ,q + 1/2 ± 1/2)δ(εn′,k+q − εn,k ± ~ωλ,q)



Nonpolaronic character of carriers

Rayleigh-Schrödinger (RS) perturbation theory

Z−1
n (k) = 1 +

1

N

∑
n′,q,λ

|γλ
n′n(k, q)|

2[
εn(k) − εn′(k + q) − ~ωλ,q

]2
yields Ze ≈ 0.74 and Zh ≈ 0.78!

binding energy Eb = 68.7meV (58.8meV) for electrons (holes)
⇒ small-polaron condition Eb ≥ W/2 not satisfied!

=
G G

0

+
G

0
G

= + + ...

=
G

D
0

Z−1
n (k) = 1 − ∂

∂ω
ReΣn(k, ω)|ω=En(k)

self-consistent Born approximation (SCBA):

Σn(k, ω) =
1

N

∑
λ,q

|γλ
nn(k, q)|2

ω − ωλ,q − εn(k + q) − Σn(k + q, ω − ωλ,q) + iδ

results on a 6 × 6 × 6 grid: ZSCBA
e ≈ 0.78 (ZRS

e ≈ 0.77)



Polarons on demand: graphene antidot lattices

VMS, N. Vukmirović, and C. Bruder, PRB 82, 165410 (2010)

N. Vukmirović, VMS, and M. Vanević, PRB 81, 041408(R) (2010)

δ1δ2

δ3

R
L

a1

a2

semiconducting counterparts of
graphene with tunable bandwidths



Analog quantum simulations with trapped ions

IDEA: (Feynman ’81, Lloyd ’96; see J. I. Cirac and P. Zoller, Nature Phys. 2012)
Simulate the dynamics of a quantum system of interest using
another system that is easier to control and measure

Source: R. Blatt’s group (Innsbruck)

Trapped ions as a platform
for quantum simulation:

easy for trapping and cooling

high-precision measurements

internal states → pseudospins

Review: R. Blatt and C. F. Roos,

Nature Phys. 8, 277 (2012)

Recent development: 2D ion trap lattices



Quantum simulation of small Holstein polaron formation

Goal: simulate the strong-coupling regime of the Holstein model
using a linear array of ion microtraps

Previous proposal: J. P. Hague and C. MacCormick, NJP 14, 033019 (2012)

Important points to address:

Can we realize strictly local coupling
of a single excitation to phonons?

Can we make phonons dispersionless?

Can we reach strong coupling with
realistic values of system parameters?



Coupling internal states to motion in a nutshell

foundations: D. Porras and J. I. Cirac, PRL 92, 207901 (2004)

basic mechanism: standing laser wave, detuned from a transition leads
to a position and state-dependent conservative potential (a.c.-Stark shift)

V (xα) ∝ Ω2(xα)/∆α detuning: ∆α ≡ ωL,α − ω0

Lamb-Dicke regime ( a � d0 ):
linear expansion of Ω2(xα) around the ion equilibrium positions

=⇒ HI =
∑
i,α

Fαq
α
i (1 + σα

i ) “pushing” force: Fα ∝ G2
αkα/2∆α

=⇒ coupling of an excitation (1 + σz
i → 2c†ici) to longitudinal phonons

(qzi ∝ bi + b†i ) is Holstein-like (local): He−ph ∝
∑
i

c†ici(bi + b†i)



Character of phonon modes and e-ph coupling

vibrational modes (transverse and longitudinal) result from:
trapping potentials + Coulomb repulsion between ions

stiff limit: βα ≡
e2

mω2
αd

3
0

� 1 (well localized modes in direction α)

eliminate high-energy transverse phonons =⇒ for longitudinal ones (RWA)

HL = ω̃z

∑
i

b†ibi −
∑
i6=j

β̃zω̃z

2 |i− j|3
(b†jbi + H.c.) ( ω̃z ≈ ωz )

nearly dispersionless (completely local) phonons =⇒ J � ω̃z

He−ph = gω̃z
∑

i c
†
ici(bi + b†i)

g =
4π

ω̃z

G2
z

∆z
×
a

d0

typical values:
ωz/2π = 1 − 20MHz
∆z = 1000 GHz,
Gz = 10 − 100 GHz



Polaron crossover

strength: ability to reach controllably the strong-coupling regime
(small polarons)

limitation: ability to simulate only the anti-adiabatic case
of the Holstein model

results from Toyozawa-Ansatz calculation on N = 32 sites:
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Conclusions and Outlook

Single-particle SSH model (Peierls’ coupling) shows a
nonanalytic behavior at a critical coupling strength!

Charge carriers in crystalline organic semiconductors
are NOT (small) polarons!

Small (Holstein) polaron formation can be simulated
with trapped ions. In the multiple-excitation regime,
study density-driven destabilization of small polarons


