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A technical note: the .pdf version of this document (obtained with the help of pdflatex) is more sutable for viewing on-line (since
there are alive http links); If you want all http links to be printed, translate it with latex and then dvips.
The thesis is complementary to my notes, which are available on my homepage [I].

1 Introduction

Quantum effects in a physical system are often effects of interference of electrons. They can be seen if electrons remain coherent
in the system, so that the size of the system L < L, =coherence length. The coherence can be destroyed by inelastic processes
(electron-electron and electron-phonon interactions), being imune to elastic processes (scattering on impurities). By elastic we mean
a proceses conserving energy of an electron.

Consider a system of an intermidiate size: | < L < Lg, where [ is the mean free path of an electrons between scattering on
impurities. Passing through the system, an electron gets scattered by impurities many times — so called diffusive regime. Still
electrons maintain coherence so that we are able to observe beautiful quantum effects [2].

Consider a mesoscopic ring pierced by magnetic flux. Without taking interaction into account it is clear that all physical quantities
will depend periodically on magnetic field: in fact, energy levels of such a system are flux-dependent, and the state of the system
will be repeated every time an energy level passes through the Fermi level, because under the Fermi level there are still many energy
levels left.

Once energy levels become flux dependent, a persistent current [3, 4] arises according to
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This current does not need electric field to be preserved, it is nonzero also in an equilibrium state.

An interesting part of mesoscopic physics is represented by nonequilibrium systems. Studying them is complicated by the fact
that one has to take interaction into account. In fact, without interaction there would be no relaxation; both time directions in the
system would be equivalent. The interaction produces relaxation, which is a cause for effects absent in eqilibrium. The study of such
effects is the main scope of this thesis.

We study persistent currents in mesoscopic systems in the diffusion regime with periodic boundary conditionsﬂ Our main tool
in calculations is the disorder averaging technique [5l [6]. We consider an ensemble of many systems (or samples) having the same
macroscopic characteristics. Each sample contains impurities that form scattering potential U(r) for electrons; impurities are placed
differently in different samples. Using disorder averaging technique [5, [6], we study averages over the ensemble of samples. The
potential U(r) is supposed to be delta-correlated:

UAUGE)) L@rnes) 167 — ), (1)

where 7 is the parameter characterizing the strength of disorder, and vq is the density of states at the Fermi level. Eq. reflects
the assumption that the potential of every single impurity is independent from the others.

The text is divided into three main parts: in section 2| we study current-current corelator in a 2D system with periodic boundary
conditions in magnetic field. The system is assumed to be in equilibrium and the interaction is not taken into account. It is interesting
to note, that the anisotropy due to the applied external vector potential is strongly suppressed, so that the result is almost unsensitive
to the direction of A.

The section [3|is devoted to the persistent current in mesoscopic rings out of equilibrium. At first, the thermodynamic part of the
current is studied in section [3.2] Then, its kinetic part is calculated in sec. Most part of calculations that alone do not lead to
physical conclusions has been put in appendix (section . In particular, this includes expressions for cooperon, diffuson and screened
Coulomb interaction for the case of energy-dependent density of states.

An important part of this thesis is the progranﬂ that strongly facilitates work with diagrams of the disorder averaging technique
using Keldysh formalism. Its main function is generation of diagrams, selecting them (according to the loops number and other
criteria) and drawing the selected diagrams. During our calculations, this program (written in Mathematica®) permited enormous
time savings.

LConsidering periodic boundary conditions is most convinient from the theoretical point of view.

2The program is now mostly obsolete. Its new version is completely rewritten on maxima and strongly extended. You can find it (together with examples
and instructions for usage) on my homepage| [1I]. Note also that the original (24.10.2003) version of this document is permanently available on the [SISSA CM
page. 9
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2 Current-current correlator in equilibrium

added 09.03.2005: In this section we did not include thermal fluctuations into the correlator. See the discussion on p. ?7 of [7]. In
addition the magnetic field is in-plane, so that we can neglect orbital motion of electrons, which is going to change Hamiltonian’s
eigensystem, and, consequently, Green’s functions. Still I made the calculation for the case of homogeneous vector potential. This
approximation is clearly justified for the quasi-onedimensional ring, but it is unclear why it could be used here as well. This was my
very first mesoscopic calculation. Now I am skeptical about it.

Consider two-dimensional disordered mesoscopic system with periodic boundary conditions. An applied magnetic field generates
circular persistent current in the system [8]. In this section we calculate its second momentum (j,(7)js(7’)) in a two dimensional
system with dimensions L, X L,. In equilibrium interaction usually gives small correction to the main contribution of a physical
quauntltyﬂ7 unless without the 1nteract10n the result is zero. Thus we can hope that it is safe to ignore interaction effects here.

The main contribution to the current correlator occurs from the first-loop diagrams in the disrder averaging technique.

2.1 General relations

From (A40]) and (A41]) we obtain formula for the current in case of no interaction between electrons:

1
jr) = / 7fT )i(7 E),  fr(E) = T3 oB/T (2)
J(F.B) = 5 lim (Vi = Vi = 2ie) [Gr(F, s B) = Ga(F, 75 B)], (3)

From (A18) it follows that without interaction [Gr(7,7'; E) — Ga(7,7'; E)] = 0 for E < —Ep (given that E = 0 corresponds to
the Fermi level), so that the integral in (2]) converges.
From , follows the expression for the second current moment:

2 o]
e : o 0 o 0
<.7a (T_‘p)Jﬁ (T )> - 1672m2 /—oo dEldEQfT (El)fT (EQ) ;zllj:}’il? (arla 67"3a — 2ieA ) (87"2[3 a’f’4ﬁ 226Aﬂ X (4)

X [(Gr (71,735 E1)G A (T2, Ta; E2)) + (GA(71, 733 Ev)Gr(7, a3 E2))] .

The second term in sqare brackets in can be obtained from the first one (and vice versa) by substituting: 7 < 7, 75 > 74 and
FEy < E5. This means that it gives the same contribution as the first one.

Within the first-loop approxiamtion (ju (7)jz (7)) is represented by four diagrams: two diagrams with cooperons (drawn in Fig. [1)),
and the other two with diffusons:
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where (...)¢ and (...)p denote contributions from cooperon and diffuson diagrams respectively.
In case of A = 0 diffuson diagrams cancel cooperon ones, due to the reason that

(GRr(71,73; E1)GA (72,745 E2))o = (GR(71,73; £1)GA (74, 725 E2)) . (5)
It is evident that the second diagram (i.e. b and d in Fig. [1|) should give significant contribution to long-range correlations, while
the first (a and c¢) does not.
In the following two sections we calculate diagrams in Fig.
2.2 The short-range diagram
The short range diagram is drawn in Fig. [Th) and c):

2 e o]
UaPis 1 = 555 | ABdwfr(E)fr(E — ) [ dlardleaC@, dasw)x
{aGRa'(:’xl) G (2, 7) — Gr(F, fl)aGPé(rxzyF) — 2ie AaGr (7, %)) G (2, F)} x
OGA (7!, Z3) OGA (T4, 7")

Ga(Z4,7") — GA(T', T3) —2ieA5GA(F’,fg)GA(33’4,F')] , (6)

! !
31"6 arﬂ

30ut of equilibrium this is not correct; Taking interaction into accout can drastically change the value of a physical quantity. An example is the current

studied in sec. [3.2)
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Figure 1: Two one-loop diagrams for (j(7)j(7)) drawn in two different ways: a) or ¢) is the short-range diagram, b) or d) is the
long-range one.Straight lines denote Green functions; wavy lines denote cooperons.

where C(71, Z2; w) denotes cooperon defined in in coordinate space. All Gg and G depend on energies E and E —w respectively.
We have two spatial scales in our diagrams: [ and L, | < L. We are interested in diffusion procceses on scales larger than [; Let
us then approximate Hikami box (without cooperon) from the diagram in Fig. [1¢ (or two square brackets in @) with a combination
of é-functions:
K§(2y — 7)0(To — 7")6(F — &1)00p- (7)
There are four ways to write ansatz @ in this form, but they are all equivalent. To find K, we integrate the square in Fig. ) by z1
and xo:

K00 (i — ) = / d%ayd, [3013(’"’“)GR(52,7:) NG fl)iaG%(”ﬂ — 2ie A, G (7, :E'l)GR(fg,r")] x
a Ta
S0 2 ==
« 2GATT) ) — G 70) 2T e G (7, 7)) G (E0, )|
oriy ori

or, in momentum representation:

dipidips, . AU
/ (2m)2d =(Ph + P2)apexp [i(F—7') (P17 — P2)] Gr(p1)Gr(p2)Ga(p1)Ga(p2) =

ddp 8 (8)
=267 —7") / WpapﬂG%{(p)Gi(p) = 871'1/7'3]7%5,1[361(77— 7, d=2,

so that K = 87v7r3p% /d. In (8)) &; stands for the approximate delta-function §;(R) = f_lil/l e’*dk. Within the diffusion approximation,

we can substitute §; with §.
In section We demonstrate that in @ one can shift fr(E) by arbitary constant; so, instead of Fermi distribution, we substitute

E)=—1 h-Z£
Jr(E) = —3 tanh 5.
After applying ansatz (7)), only energy integration remains in @, and the shortest form it has in time representation:

Ua(s (7)1 =K dagd (7 — 7 / dt g(t)C(7 1),
0
gr(t) :/ dEtanh% sin(Et)e™, e=40, go(t) =1/t.
0

where C(77;t) is the cooperon (A32)) in coordinate representation. Later we omit index T in gr(t).
Using (A75)), let us rewrite the result @ in terms of Poisson harmonics:

1 . é 1 y?
Crrit) = ————+— [—*—2A2Dt}: 2rm— | ———— -,
0T = P LLL, ZQXP (Pi; = 2¢4) Z o8 |2 | 8xzuDir? P | T 1Dt
Pk m
where we used notations: . . .
¥ = (Lymg, Lymy)~ , ¢ = (LgAs, LyA,)" . (10)
Finally we arrive to an expression

z 2 00 2
(§a(P)is(F' )1 = %:cos [27r7ﬁ(z)1 5(77;77’)(271_)3(5&5/0 %92@) exp [—th] ) (11)



Note that the result is invariant with respect to rotation of 5/ ¢o by 7/2. The contribution from the long range diagram (see the
next section) does not posess such invariance.

2.3 The long-range diagram

The long-range diagram is drawn in Fig. ) and d). Its contribution to the current correlator is equal to

e? h
o Mia )2 = gy | ABAwfr(B) (B =)

/ Ay 1C(iTa; Er)C(#53s; 1 )Oa (T, 1) G (T2, ) X

[3G%(r’x1)GR(f4,a ~ GR(F, fl)iaG%(M’m — 2ie A Gr (7, :E’l)GR(ﬁ,F)] x
To Ta
S0 =2 ==
MGA(@,F') NG @)M — 2ieAsGA(F', T3)Ga (T2, 7)) | - (12)
81"6 87"6

Like we did it before, in we shift fr(E12) by %, so that instead of Fermi distribution, we assume fr(F) = —% tanh % All G
and G have energy F and F — w correspondingly. In Green functions and cooperon self energies are in the coordinate-energy
representation. It is more convenient to work in momentum-time representation.

In analogy with what has been done in case of the short-range diagram, let us write approximate expressions for the triangulars
with a combination of § - functions:

OGR(7, 1) OGR(%4,7)

GA(Z4, 1) { GRr(Zy4,7) — Gr(7, 21)

Ora Ora
~2ieAoGr(F,31) Cr(#,7)] 4017 =
Z8(F — £1)8(Z4 — 7) + JQMW4 ) — Sud(F — mm. (13)
org, Org,
One can see that Z = 0.
For the left triangular in Fig. [Id we have:
OGR (T, OGR(F:
Jo = / &1 craGa (i + )rie | ) G ) + G () 2SR |
8’/‘106 8r2a
AGR(F AGR(F:
S, = —/d2r1d2r2GA(f’1 +7)rae {JWGR(@) + GR(a)ai(“)} . (14)
la 2a

The expression for the right triangular in Fig. can be obtained from by substituting o — S, then Gg by G4 and vice
versa. It is easier to calculate in momentum representation. One can see that J, = S, and they do not depend on «, because

oG oG
/ddrlddrgGA(rl + rg)%GR(ﬁ)rga /ddTlddTQGA(Tl + TQ)MGR(H)TM =
r2a Oraa
d%p OGr(p) 2mvr3pih
— = - 2
/ o G PG () 5 A
so that J, = Sy = —4rwvrippl/d = J.
Like in sec. let us switch to time representation:
2 e o]
. o 2 ¢ 2 : 9 9
o =J'— dtdtsg(t t: 1 -
Un(35( 2 = P [ anatgon -+ im (50— 50 )
Lo, T3 —T
0 0 B . -
<8x35 - 8332;3) exp [72zeA(x1 — Ty + T3 — m)} C(#1%2;t1)C(F324;t3), (15)

where C(#172;t1) and C(Z3%4;t3) are cooperons (A32) in coordinate-time representation.
Then let us rewrite in momentum-time representation:

exp [—22.614'(51 - fg + fg - f4)] O(flfg; tl)C(.f3f4;t3) =

Z exp |:’L(j'n1 (fl — .’l_fg) — 22’6/?(51 — .’fg)} exp |:Zq'n2<.’f3 — f4> — 2i6g(f3 — .’1?4)] X

q‘nl ’(Tn2
! : L exp [—((j’ 1— QeE)QDtl} exp [—(J 2 — 2eA)?Dt } (16)
272 ) (LyLy)? " 5 " 3]



Inserting into and making substitutions El = — @, ég =@y — X3, R =7 —7" and then qn = Gn1 — Gn2, Gn1 — Pk, ONE
obtains the spatial structure of (that is, its part after g2(t; + t3)):

1 1 o ) L
 (LoLy)? (27v72)?2 Zexp [ZR%} * 2(2]% —deA = Gn)as X
R in e
exp {*(ﬁk —2¢A)2 Dty — (jy — 204 — q*n)QDtg} . (17)

where two indices denote diadic: pag = paps-

It is evident that (jo(7)ja(7")) = (ja(F)ja(F)), like that the substitution 7 <+ 7 is equivalent to A — —A. From these two
statements it follows that the correlator should not depend on the sign of A. One can prove it using the symmetr in integration by
t; and t3 and then (after the change of variables from ¢; and t3 to 7, and 75, see ) the fact that the integration by 75 is performed
in symmetrical limits.

From 1} we deduce that Zﬁk in is equal to

(LQ“;[)’;’ Z exp lQm’n’i (i())] /eXP (i49) fop(P)d’p,

meZ?

where the integral is taken in |i i and qg are defined in . According to 1) it is convenient to introduce new Variable

Dtl +Dt3:Tl,Dt1—Dt3:TQ. (18)
Then
1 e*(prl)? N | ¢
; s (! _ i@ (F—T7") .
(Ja()ip(T"))2 = TwLy BT Z e E Z exp 27mm—_¢0 X
¢ dn g*(11) (nq —ig)° y?
— — ——| X
. D 7_12 exp I exp o
modm [ T3¢ — 2imaif
— |6 — - 21 T edr 1
/n D < os 2n (r24 227]&3> o [ 47 (19)

Due to the fact that sin [%} =0, 1j is invariant with respect to the substitution ¢ — —¢} thus i@ (") in can be changed

to cos [qn (7 — 7).

2.4 Charge conservation

As a consequence of charge conservation law div j(F) = 0, second moment of the current must obey the restriction:

Z QB<](1(®]5(®> =0, a=1,2 (20)
B=1

Let us see how (20) holds for (11)) and (19). The application of (20) to the last integral [ 472 iy (19) leads to an equation:
71 D

nq 1 ~ -~ 202 — 2imiq]  2mq 2 77
0= / % ((j'+ Q@Q) exp {7’2(] 47—1”21/(1] = Bq exp [ﬁf } cos [qu} , (21)

-7

where Cj =T19¢—1y. In we performed integration by parts, using the fact that

0 73q% — 2iToq 1
—exp | | = —
87'2 P 47’1 27’1

2 2 s
= T5Q° — 2iToyq
sy [ 20

4’7’1 (22)

From we conclude that the expression for the long-range diagram in Fig. ) can be divided in two parts. The first part

obeys charge conservation law; this means its Fourier ¢“harmonic can be written in the form f(§) [6a5 — q‘;gﬁ}, where f(g) is an

arbitary scalar function.

The second part can not be proportional to d,s because then the charge conservation law gets inevitably violated. The

only possibility to save the conservation law is to assume that it is proportional to ngﬂ; then, together with the contribution of

4To see this one should make in (17) a substitution Py — Pk — Gn-
5The multiplier = 1/4 appears due to this substitution.



the short-range dlagram |D it can form an expression f5(q)8as — () qaqﬁ

3 = f. From . and (21)) one can see that this is really the case, so that we can rewrite in the form:

e o 1 (prl)? 1 (=7
mwwm=LLm&2me%%w1

00 2 7 2 2
/(hgmgm[@m m]w%y}x
0 T1 47’1 27’1
2

dagqs) [T dm 134> — 2012y q| . qaqp T1q? uq
6(1 - —_— .
{( P )/_T 27 eXp{ 4 T P T%

2.5 The final result
From and we see that the ¢, harmonic of our correlator has the form

<]a(m]5<Fl>> = Z |f08 (zﬂ'm(fo> - 11 L T Z COS q_'n 7?—7?/)] ((5a5 - q(:];]ﬁ) X

MA0 Y g,#0

e [edt y? 1/t D(t? —t2)¢? — 2i(t — t)§q
— | =g 2 |1—-= | &
(%)3/0 79 )eXp{ 4DtH 2t/_t eXp{ 4t H

o E
g(t) =gr(t) = / dE tanh o ~sin(Et)e”, e=+0, go(t)=1/t,
0

:'j: (La:mamLymy)Ta 52 (LIAa:aLyAU)T

For T' = 0 the second string in can be rewritten as

2

e o dt TL
s [ ] 2]
@n)? /0 59 (H)exp | ——
1 t t/2 _ t2 t/ o
{1—/ dt’exp[ }exp [—21’ (—1) quLq]},
2% ), 3 t yq 74
where 77, = m?L?/4D, 17, = 4/Dq?, and 71, = /7074 = mL/Dq. The integral in curved brackets has asymptotic

1t t t t
f/ dz exp [(mz—l)—%(x—l) quLq} ~ 5 /Tq 5, —>1
2J4 Tq Yq Tq (L) + (ﬁﬂ) Tq

Tq Yqa 7q

, which will ensure charge conservation law 1' given

(23)

The integrand in differs from zero for t 2 77,. One can check that always 74 < 714 < 71. The higher Poisson (1) and Fourier
(¢) harmonics are considered, the stronger these inequalities are, and more isotropic their contribution to the correlator becomes.
This is just what we see in Fig. [2} for small distances | — 7/| < L, where the higher Fourier harmonics ar important, the correlator

is isotropic; in the vicinity of the boundaries | — 7| < L some anisotropy arises.

To conclude, the current correlator depends on the direction of the vector potential, but the dependence is weak, and there is no

analytical parameter that controls it. Taking interaction into account can make this dependence more pronounced.

The current correlator was calculated numericaly in [8]; no dependence on the direction of A was observed when the interaction
was neglected. This dependence became eveident once the interaction was switched on. The authors concluded that there exist a

transition between the situations with equilibrium and without equilibrium.

On the contraty, we sostain that (numerically) weak dependence on the direction of A exists also in the case without the interaction;

thus there is no transition, but just a crossover between the system with and without interaction.
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(b) 25 Fourier and Poisson harmonics summed.

Figure 2: On the left: current-current correlator in coordinate space, T = 0. The vector potential is directed along the y axis:
¢/do = (0,1/3). On the right: the difference between correlators calculated for ¢/¢o = (0,1/3) and ¢/do = (1/3,0). The correlator
seem to have the symmetry the quadratic lattice it has been calculated on; the direction of vector potential seems irrelevant. Both
center peak and anisotropy become more profound with enlargement of the number of summed harmonics.



3 Persistent current in a quasi-onedimensional mesoscopic ring.

Consider a mesoscopic ring made of impure metal or semiconductor. If it is pierced by static magnetic flux, then persistent current
flows along the ring [3} [4]. This current does not require any electric field and is a manifestation of quantum interference effects. The
direction and amplitude of the current depends on spatial distribution of impuriries and varies from sample to sample. Given the
circumference L of a ring is much larger than the mean path between collisions, the average persistent current is exponentially small
[9] in a system without interaction?] In equilibrium case it was studied in ref. [10].

The case when the equilibrium is broken by the external ac field has been studied in [II]. The external field acted as a direct
force acting on an electron system connected to an equilibrium reservoir. This force kept the system out of the equilibrium, while the
reservoir maintained stable the energy distribution. Here we consider another type of non-equilibrium steady state. In our case the
energy distribution of the reservoir is non-equilibrium, and there is no external ac field acting directly on the electron system.

Out of equilibrium, any physical quantity has two contributions: thermodynamic and kinetic (see the definition below). The
kinetic part vanishes in equilibrium. In the considered situation, when there is no external ac force acting on electrons, it also equals
zero without taking interaction into account; this is because relaxation becomes its driving force.

During the calculations we consider diagrams in the first order of perturbation theory. In addition, we take into account the
renormalization of interaction in the Cooper channel (see sec. and RPA (see sec. . More careful approach is described
elsewhere (see ref. [12]).

When we perform calculations in momentum space, we calculate three dimensional sums over momentum like % > - In momentum
representation, all three components of momentum in the ring are quantized. For simplicity we consider quasi-onedimensional ring,
that is, a ring with a crossection S < L2, where L is the ring’s circumference. Then the quantum 27/L of a component of momentum
ks, directed along the ring is much smaller than that for other two components £, and k.. Because of this, in three dimensional sums
% > 7, we can sum only over the component of momentum k, along the ring’s circumference. In the sums over k, and k., we can
leave only the term with k, = 0 and k. = 0; the contribution of the others produces small correction of the order of S/ L2

3.1 Thermodynamic and kinetic parts of a physical quantity

The stability of a non-equilibrium steady state is achieved by putting considered system in a contact with a reservoir - another system
large enough so that its characteristics can not be modified by the considered system. The reservoir adds a compensating term into
the Neyman equation for the density matrix of the system:

dp  0p 0p i [ - 0p
r_ g :7A,H}+7 =0 26
dt ot int ot ext h ’ ot ext ’ ( )
where % characterizes the power of the connection of the system to the reservoir, neccesary to maintain nonequilibrium steady
ext

state with a given energy distribution. R
The average value of an arbitary physical quantity O can be written in the form

0=5p [pé] — Sp [p’é’} +Sp [ﬁ"é”} — 0 + 0", (27)

where 7/, O’ and ", 0" denote diagonal and off-diagonal parts of matrices p, O.
The diagonal part p’ of the density matrix p has the maximal entropy possible for the given energy distribution fg (see the proof in
sec. . With p’ one can formally calculate thermodynamic functions like grand thermodynamic potential Q and use thermodynamic

formulas for the calculation of physical quantities. For this reason we call the term O’ = Sp [,6’ o’ } in thermodynamic one. E.g.,

for thermodynamic part of the persistent current we have

7 =sol7] -2, 2s)

Q being the thermodynamic potential.

In equilibrium only diagonal matrix elements of a physical quantity enter into the expression for its average value, and thermody-
namic part of a physical quantity is equal to its real value.

The separation of a physical quantity into its thermodynamic and kinetic parts can be formally done in Keldysh techmque [13],
just like in terms of density matrix 1.) Let us demonstrate it for the case of the current density. The current density j is expressed
Gr GK),

in terms of the Keldysh component Gk of 2 x 2 matrix Green function [14] G = ( 0«
A

-

6This statement is true for the grand-canonical ensemble.



where Gk can be divided in two parts:
Gk =Gk + Gk, Gk(E)=hp|Gr(E) - Ga(E)], (30)

where hE =1- QfE
In equilibrium or without interaction Gk (E) = hg [Gr(E) — Ga(E)] (see ([A4d)), so that G = 0 and Gk = Gi. Out of
equilibrium, the interaction generates off-diagonal elements in density matrix together with corrections to diagonal ones.
Applying the current operator to , we see that the current can be divided into the sum of thermodynamic and kinetic
contributions: )
j=SpjGk =j +j". (31)

Let us analyze the expressions for j/ and j” in the first order of the perturbation theory in interaction. The correction to G due
to the interaction is given by two terms (corresponding to Hartree and Fock diagramsﬂ):

56 = —3 S U OGWFC0p | [ W6 | + 13 [ a6 6o - in 6o, (32)

ok
Ve =0 AR =0, A =Gk, AR =0, (33)

where o7 is the Pauli matrix (?7).
From and we obtain the expressions for j' and j":

i = S{(AAR ~ RAR) [(hp — hp_) UK — (1~ hhp_) (U~ UA)]) (34)

1
= ;A{RR (UE —2UfY (1 — hphp_u) + RAA (U2 — 208 (1 — hphp_y)
+(RRR — AAA)hpUL — (1 — hphp_o,)[RRR (UL - 2U{) + AAA (UZ - 2U03M)]},

In , R and A denote Ggr and Ga; bold stands for the position of the current vertex, so that, for example AAR = G{(E -

w)GA( ) jGR( ); the integration over E and w is assumed The factors 2 in the expression for j” in occured due to the spin
trace in Hartree terms. Looking on expressions , one notices that in thermodynamic terms, the vertex is placed between Green
functions of the same type (both retarded or both advanced), while in kinetic terms it is placed between G and Gr. This is connected
with the fact that, according to , diagrams for j' can be obtained by differentiating diagrams for the thermodynamic potential
Q. The diagrams for © do not contain vertices [5]. Taking derivative is equivalent to cutting the Green function line (Gr or G,) in
two, inserting the vertex in between. It is clear that such procedure can not produce diagrams with a vertex between different two
different Green functions.

3.2 Thermodynamic persistent current

The thermodynamic part of the persistent current was calculated in [I0] in equilibrium. In this section we recalculate it for more
general non-equilibrium case.
The thermodynamic part j’ of the current is given by . It follows from (A40) and that

J7) = [ BB E), r(B) = 2, (3)
j(7 E) = % ;;3(% — Vi — 2ieA) [Gr — Ga] (7,7 E), (36)

where fr(FE) is the energy distribution function. When Green functions depend only on the difference of their coordinates,
simplifies to

(7. ) = J(B) = iehi: 3" (G, B) ~ Galiin, B)] =
) Y [Onn B) — Caln B) 5L i i (a1)

Dn

In (37) one must insert expressions for diagonal components Gr,s of matrix Green function G obtained in Keldysh technique (see
sec. |4.6))

"Note that Sp is taken also on spin degree of freedom in .

10
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Figure 3: Diagrams for Gr without cooperon and diffuson lines. Thin lines denote Green functions; thick lines stands for interaction.

(a) Hartree diagram. (b) Fock diagram.

Figure 4: Diagrams for the current, obtained from fig. [3| by addition of cooperon lines (denoted by wavy lines); the coeficients are:
thg_wUr(0) and —ihg_,Ugr(w)/2. One can note that (given the momentum transfered via the interaction line is large) these diagrams
are equivalent. The triangulars are equal to —47vD73k/I.

From we extract the expression for §Gg — 6Ga:
0GR — 0GA =6 (G11 — Gy2) = / % /dydz {—iGE(ag, G (y, 2)GY (2, 2)heUga(y, 2)+
iCF (2, 2)GE (2, 9)CE . ) U 0, 2) — SGE (e, y)GR (2, 0)CE (0, 2 b U (9, 2) +
5GA 3. OG0 )G (2 k- UR (102) ~ Uy 2)] — e} (39)

As a result, we obtain four initial diagrams drawn in Fig. [3] Two of them contain only Gy or only G so that one can not insert
cooperon or diffuson lines in them. Due to this they can not depend on A and thus cannot give any contribution to the current. Then
we have 1 Hartree and 1 Fock diagram left, see fig. [3| b) and a).

According to the disorder averaging technique, the most important diagrams are those with the minimal number of loops and
maximal number of centers (that is, bunches of Green’s functions). In the first loop approximation, the main contribution is given by
diagrams of Ambegaokar & Eckern [I0] (Hartree and Fock ones) depicted in Fig.

Looking on the diagrams in Fig. [l we see that every pair of points in the squares can be connected by a path consisting only
of Green function lines. In coordinate space, Green functions decay exponentially: Gg,a (7 —7") o exp |F_f/|, where mean
free path [ is the smallest spatial scale of the disorder averaging technique. Thus the diagrams can be significant only when their
interaction lines are short-range, or, in other words, when they carry large values of momentum 2> 1/I. Given this, the only difference
between diagrams in Fig. and consists in the factor —2. As we pointed out before, 2 arises from the spin trace in the Hartree
diagram. By application of strong magnetic field, directed along the ring’s circumference, one can polarize spins of electrons. Then
the spin trace would produce 1 instead of 2, so that Hartree diagram would cancel the Fock one.

3.2.1 Calculation of Hartree diagram

Let us calculate the Hartree diagram; the Fock one is two times smaller and has the opposite sign, so that the final answer will be
just half of the Hartree diagram (as it is pointed out in the end of the previous subsection). The Hartree current density is equal to

11



(see fig.
2
Ju :/ dEdwa L Z(zev)%\szhE wA( Arv DK 1) (2mr) ! - =
k/

oo (2m)2 (27v72)2 (DE2 — iw)?

n

dEdw 1
2evhp_,(4rv DTk /1 ——— 39
/oo< >va2 cohs (4 Drk 1) i DRI+ 1292 (39)
where ) 7, denotes the sum over k;, = 27n/L —2eA, n € Z, and
1+ 2si D
L, — +s1gnw (40)

V2 jwl”

where fg = (1 — hg)/2 is the energy distribution function. Since the ring is assumed to be quasi-onedimensional, the summation is
performed only in one momentum component. Now we introduce Poisson summation:

dk exp [iknL] k
E E exp |2min— — =
vV k’2 S e p[ }/QW k2 + Lo?
[ ]/dk sin [knL] k
=) sin [27rn— s,
P 2 1+ L)

where the last integral is equal to

om (k2 + L5%)2 4

/ dk sin[knL]k  L,nL o nL
L,|’

Then the current density can be rewritten as

dEd DT A 2 ® | L,nL L
Ju :/700 ﬁfE&weth w lT VD2C5i§ Z:Osin {27771(1)] wht exp {_n} =

——Zsin 27mg 747T6AnL%i/ @f /wd—w h 1+i Qx
B Dy DS oo 2T £ 0 27 B V2 Vw

n>0
1—4 Jw 1—-4 /D 1+i w
X € —nL — | +hgro——1\ —e€ 41
Xp[ \/ivD} EARRVoR % Xp[ V2 ]} 1)

The real part of curved brackets in is equal to

5}3{---}\/? { ?ﬁ ](ha+hE+w)|:COS(\[ CL))sin<n\/j% ;)]

= (hg_w+hpiw) \/g(% + 3) exp { 1}1 } (42)

In order to avoid the divergence of f dFE, we have to complete the coefficient of the diagram with terms that are equal to zero due
to the analytic properties of the diagram. The divergence of [ dE occurs due to the violation of the assumptions of the diffusion
approximation. The completion the diagrams coefficient just provides the convergence of [ dE on the values of E < 1/7, when the
dependence of the Hikami box on E can be neglected.

In case of diagrams in Fig. |4} we can change their coefficient from ihg_,Ur(0) and —ihg_,Ur(w)/2 to i(hg—, — 1)Ur(0) and
i(l — hg—w)Ur(w)/2. This will secure convergence of [dE. As a consequence, in our expressions [dEfg (hg—o + hptw) gets
substituted with®l

% / dE[(1 = hghp—u) + (1 = hphpiw) + (hp—w + hpgw — 2hp)] = 4T (W), (43)

where T'(w) is defined as follows:
1 oo
) =T(-w) = | / dE (1 — hhs_). (44)

where T' = T'(0) we call the effective temperature. In equilibrium 7'(w) = 3 coth 5 T T, where T is the usual temperature.

8Eq. becomes clear from (A84)). 12
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a mesoscopic ring: an experimental installation.

To obtain the net current, we multiply by the ring’s crossection S:

O | 8eAnL [° dw - D 144 |w
— . — : _ - _ (% _ - _
Iy = juS = E sin [27mq)0} o T(w) 5% (R + ) exp [ nL 7 } . (45)

Remmembering the fact, that the contribution of the Fock diagram in Fig. is twice smaller than that for the Hartree diagram
and comes with an opposite sign, we write the final result for the thermodynamic component of the net current along the ring:

d
’ o . /
I'=1Ig/2= E sin [27m¢’0} I,

n>0

deAnL [*° dw -~ D 14+4 Jw
I =— —T — R+ —nl—F=7/—=1. 46
n D ), o @)y 55 € +“)6Xp[ " s D] (46)

Eq. gives the current of electrons having arbitary spin projection. Thus the net current is twice larger than the result . For
similarity with [I0], let us perform variable change w — z = L,/5%. Then we rewrite as follows:

f = =2 [T AT ) (R4 ) exp a1+ )], (47)
0

s

In equilibrium, at zero temperature, T'(w) = |w|/2, and I/, = deErh,

Let T be the smallest scale of function T(w). In equilibrium T is the temperature. Then § = \/T/Er is the smallest scale

of function T(222Er) in . When § is large, we can approximate T'(2z2Fy) with its expansion over z/d hoping to obtain the
asymptotic for the integral. However, these attempts fail because

o0
Yn e N,m e NU{0} / dzz"™ (R + ) exp [-nz(1 + )] = 0.
0
We conclude that the asymptotic is non-analytic. As it was numericaly shown in [I0] for the equilibrium case, it is very similar to

exponential.
Let us use model disribution function in Fig. [6] with

1 E+V/2 E-V/2
hg 5 [tanh 5T + tan 5T (48)
The corresponding T(w) dependence is plotted in Fig. Iﬂ R
Consider the case when T < Er < V. When T — 0, the effective temperature T is equal to V/4, and
Vv
~ el <,
T(w) = (49)
|w]
el 2V,

and the integral fdz in can be divided into 2 parts:

I=10 417 10 > T,

/ 2eETA o 2e BT A
I :—g/ dz 22 (R + Q) exp [-nz(1 +i)] = c 1; ,
i 0 ™
T 2 E A o0
I = _semran dz (22 - V) R+ Q) exp[—nz(1+1)],

2ET 13
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Figure 7: The frequency dependence of T(w) for nonequilibrium energy distribution of the form . When T =0, T(w) is given by
(49) (on the right).

so that the main contribution to the current is given by Ir(LO)/ which does not depend on the largest scale V' of the distribution function.
Thus we conclude that given T' < Er < V, the thermodynamic part of the persistent current remains finite no matter how much
we increase V. This is the illustration of the fact that it is the smallest scale of the distribution function that governs the decay of
the thermodynamic current. Here we have a separation of parameters analogous to what happens for the fluctuations of persistent
current [I5]: the largest scale T of the energy distribution function determines only the prefactor of a function depending on T /Er.

3.2.2 The renormalization of the potential in the Cooper channel

The diagrams in Fig. [4| give origin to imporant series of diagrams shown in Fig. [§] Let us write the expression for the second term of

1)

Figure 8: The renormalization in Cooper channel for the diagram in Fig. |4(a)| (Hartree series). Bunches of dashed lines denote
cooperons. The interaction lines are supposed to transfer large momentum~ pr, so that Ug/a = % and Uk = 0. Here are the parts

of coefficients of the diagrams providing the largest contribution: 1): ihE/%. 2): %hE_whE/ﬁ—j. 3): éhE’hE/—i-wlhE—wQ%-

14



Figure 9: Diagrams for the current with the coefficient . For every diagram drawn here exists a complex-conjugated one with an
opposite sign. a) “Initial” Fock diagram without cooperons and diffusons. b-¢) Two first-loop diagrams.

the series, provided by the diagram in Fig. [8h2):

2iev

(2mvr)t / dEdE' 1 —drnuDr3k )l / do  hp_whp s (50)

(2mvr2)3 | (27)2 V &~ [Dk2 —i(E — E')]? 21 Dk2 —i(2w— E+ E')

If in the last integral we can neglect Dk? and E — E’ with respect to w, then the difference of from consists in the logarithmic
factor:

(2mvr)2 A [dwhp_, A / he—w A /EF dw A, Fp
2mvr2 2w ) 27 —2iw w & T’ (51)

where we used the fact that in a wide range of frequencies T < |w| < EF, the integrant in 1.) is proportional to ﬁ Analogously,

for T < |wi2| < EF the integrant in the expression for the diagram on fig. ) is proportional to which after integration, will

Iw [ \w K
result in the factor log? qu Note that only diagrams drawn on ﬁg Ihave this property; other diagrams of second and third order in
interaction with other combinations of G / A are 1ns1gn1ﬁcant

The series in Fig. £ g0 that [6] instead of
summing the entire serles of diagrams in Flg [8l one can take into account only diagrams in Fig. |§| with an interaction, “corrected”

(or renormalized) by the factor

! (52)

1+ 4

This correction is called “the renormalization in the Cooper channel”P]

3.3 Kinetic part of persistent current

The first order of perturbation theory in interaction produces usual Hartree and Fock diagrams with expressions given by . Only
Fock diagram gives non-zero contribution to the kinetic part of persistent current. One has to “dress” it with cooperon and diffuson
lines in all possible ways selecting diagrams with the minimal number of loops. Diagrams with one loop are drawn in Fig. [0} Their
coefficient

K:%{(hE—hE_w)UK( )~ (1= hghp_.) [Ur(w) — Us(W)]}. (53)

becomes small if the momentum transfered through the interaction line, is large.

Looking at fig. |§|, we see that every pair of points in the first-loop diagrams b) and ¢) can be connected by a path consisting only
of Green function lines. In coordinate space, Green functions 1) decay exponentially: Gg/a(7—7") "le,
path [ is the smallest spatial scale of the disorder averaging technique. Thus diagrams b) and c¢) can be significant only when their
interaction lines are short-range, or, in other words, when they carry large values of momentum 2> 1/I. From here we conclude that
first-loop diagrams b) and c) in Fig. |§| are insignificant, so that we have to explore the second- loop diagrams.

The calculations presented here were performed for the case of Er < T < T. The deviations of the density of states vg from its
value on Fermi level 1y were assumed to be small, vp — vy < 1. In the second loop most important diagrams can be divided in 3

9This section only illustrates, but does not prove the result 1| The proolfg's written in [6]; it requests using Dyson equation in terms of vertex parts [5].



groups each corresponding to one of three excitation channels [16]. At first we study the singlet channel which is represented by the
diagram in Fig. [10| with a coeflicient given by .

3.3.1 Singlet channel

Before we proceed with the calulations, let us make a note to section [3.1 There we discussed the division of a physical quantity into
thermodynamic and kinetic parts. Two different ways to make this separation were suggested: (i) in terms of density matrix (27))
and (ii) in terms of Keldysh component of matrix Green function . From it is evident that only off-diagonal elements of an
operator of a physical quantity enter into the expression for its kinetic part; if a quantity has diagonal operator, it has zero kinetic
part.

We believe that the two definitions and are equivalent. If this is true, then if we substitute j with any diagonal operator,
we should get zero result for j” calculated from the second definition 1) We can demonstrate this for the simpliest case when ;

gets substituted by unity operator: ]?—> 1. After this substitution, let us use Lehman representation for Gr /A on the ends of our
diagram (before the averaging). Together with its complex-conjugated “sister”, the diagram in Fig. @a) form expression (once the
current operator is substituted with 1):

/dxdydeR(y, z; E)Ga(z,y; E) [Gr(z,2, E —w) — Ga(2,2, F — w)]. (54)
One can see that () (2)
[ GnteiGatn ) = 30 IR x Oute2) - Gala2),

so that is proportional to
[GR(ZVT,E) - GA(Za‘T,E)} [GR(ZaxaE - w) - GA(Za‘T,E - w)} :

The last expression is invariant to the transformation w -+ —w, E — F — w, while the diagram’s coefficient changes sign, so that
the result is zero.

Figure 10: The simpliest singlet channel diagram for the kinetic part of the current with a coefficient given by . Hikami
box= 4rivD74/I.

Let us now proceed with the calculation. First of all, let us evaluate the diagram’s coefficient . From (A48]) it follows that in
the universal limit (that is, when the screened interaction is independent on the original one)
a/r Ik

U; = , Ux=-— .
/AT MRl 7% 7 TIplly

(55)

In expressions for the studied diagram, we have energy integrals by three variables: E, E’, and w, where E’ denotes the energy
integration variable E from sec. One can substitute to leaving the denominator evaluated without taking into account
vg - dependence, and thus calculated using simple expressions (A58)). This is due to the fact that TIRIIa (see ) is E and E’ -
independent, so that in expression for our diagram we can rearrange energy integrals in the manner

1
EAE'R,(E.E'). ..
/deRHA/d dE' Ry (E, F)
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If one neglects vg - dependence under [dEdE’, R, (E,E’) will rest the only quantity depending on E and E’; then from
see that [dEdE'R,(E,E') = 0. So we deduce that the correction to HRHA in the denomlnator of (55), due to the dependence of
vg # const, lies out of the considered precesion. With this argument, using and (| , we get:

1 (Dog?)? + w?

dE’ E Fy— =
2l/oDoq / Ru(E, )(DE'QQ)2 + w?’ (56)
R,(E,E") = (hg — hp—w)(1 — hphg—y) — (hgr — hp—w)(1 — hphp—_y), (57)
R.(E,E') = —R,(E',E), R_,(E' —w,E—w)=R,(E,E) (58)

The function R, (E, E’) from is the same as in the quantum kinetic equation [14], where it plays a role of a driving force guiding
system to equilibrium. This is another illustration of the fact that the contribution we study is given exclusively by offdiagonal
elements of both density matrix and current operator.

Using (A50)), (A54) and (A65]), we deduce that the contribution to the current from the diagram from fig. [10|is equal to

© 4E . 1 = 00 Daa2 )? 2
S / dBdw ievly 1 y oo / dE’Rw(E,E')((Oq"MdX
- m J —0o0

97 27 2udDy |V Do 2 02
oo ST ST SOER0 ez (3} B )

1 1 1 1
—_— X — .C. 59
Dqu V Z DEkQ—zw DE( _1_—3)2—’_00 (59)
n+—a eZd m

From we see that equals zero result, if the calculation is performed assuming v = consﬂ In order to obtain non-zero result,
we thus have to take into account the energy dependence of the density of states.
Let us proceed with calculations for the case of thin quasi-onedimensional ring. Using (A75]), we notice that from both exponents

exp [i...] that appear there, only their imaginary part isin[...] survives, so that
& = Z sin [27m(b} 19, (60)
P
n>1
> dE evl © dw [

I(S>:_/ db evlp / 7/ dE'R,(E,E'

" - 2w wdDy ) on | T B
1 1— —nL/L,, Dag? )2 2

X 23— S ( qug) e (61)
Lm21 (DEqz, —iw) (Dergs)? +w

where Ly, is defined in ([40)).

2 A
=

Consider the contribution of small w < Ep < T to [ dw.

w_()) . (62)

Q As one can see from , the expansion of R in over w/T implies the expansion of
the final result over Er/T.

OR,(E,E')

ow

Si0E R, (E,E') ~w (

E branchcut

g > %/oo diww 1 — e nL/Le . D8q4+w2 _

. RioE —o0 2T (Dpg2, —iw)® Dhigt +w?
R(—idE) (Degn —iw)” Pk
p2-p2 1-e "M
3 X 2 (63)
(Dg + Dg) 2q
v %< iéE) In (63) we get zero in case of Dy = Dpr; this means that in (61f) we can neglect E-dependence

of all the coefficients to the left from f d” because they will result in higher order corrections in (5VE /vE; the same is true for the

chngritarlibn ﬁﬂw B Hhe dorhgalds tpia;mrectlons of the order of \/Et/T.
Let us define

6 1 — exp [—2mmn]
Cn=— E 3 , n>0, Cyx=1 (64)
m>1
> dEdE" OR,(E,E") 0Dg
o —c ° Wi =vDS/L.
" Cn489 oo 2m ow weo Do’ g=vD5/ (65)

1050 that, according to (A68)), also [ = const and D = const.
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Let us go ahead with the calculation, substituting in

OR,(E,E") 2\ 37 /
e 2l (1= )Wy —(...E< E ).
Oow w0 ( ) B
8R€(5E,w) 2 /
857E6E_0 <l—h5_%) e+%—(...w%fw...),
> dE éDg |Th,, 1— h2 e dE
) = f/ dB0Dp | 1hp 1=Np| _ / T 1-
Cnss | 2r Dy | 2 1 6gv0 ). 2" [fE+fE( fE)] (66)

where fr = (1 — hg)/2 is the energy disribution function.

3.3.2 Triplet channel

In section at first glance it seems that all the diagrams begining from the first order of the interaction were studied (the interaction
line in Fig. stands for complete RPA series). However, because the coefficient for the diagram in Fig. approaches zero for the
unscreened Coulomb interaction (for which Ug = Ux and Uk = 0), the series of diagrams effectively start from the second order of
the interaction. That is why one has to search for important dressed diagrams not only in the first but also in the second order of
perturbation. In this way one finds out diagrams for triplet and superconducting channels, see fig.

Let us first of all demonstrate that without taking v(£) dependence into account the diagrams for supeconducting and triplet
channels give zero result (for singlet channel, this is done in sec. . Like the diagram for the singlet channel in Fig. the
coefficients of triplet and superconducting diagrams in Fig. contain R, (E, E’) defined in . It is convinient now to change
variables from {F, E',w} to {¢,0F,w}, where 0E = E— E" and € = %,_‘" In these new variables the coefficient R (6E,w) (defined
in (57)) is odd both in 0E and w:

R.(OE,w) = (hﬁm% - h€+5ET_w> (1 - he_w%he_w%) — (6E — —0E), (67)

so that also the expression for the diagrams in Fig. is to be antisymmetrized in 6 F and w. In addition to that antisymmetriza-
tion, we must take 23 of the diagrams. For constant density of states v(E) = const this is equivalent to the following operation:
[(..)—(..w— —w,0E — —J0E...)]. Together with antisymmetric properties of this leads to conclusion that triplet and Cooper
diagrams = 0 in case of constant density of states. This statement is still true if diffusion coefficients depend only on e.

In our energy integrals, energy variables can be confined by three energy scales: Ep ~ 10mK or T > T >> Fp. Let us name an
energy variable “small” if its integral converges on the values of < Er, and large otherwise. If a variable is small, it has to enter into
frequencies of cooperons and/or diffusons; otherwise only the temperature coefficient R of a diagram can provide convergence, and
the considered energy variable is condemned to be large (because R, given by . does not depend on Er).

With this reasoning we conclude that € is surely a large variable, because diffusons and cooperons do not have poles on it. Thus
the integration area where both §F,w < T give zero contribution to the result (because in this case 0E,w < € < T or even € < T, s0
that Deysp ~ Dy = D )

Superconducting diagrams from fig. are estimated as (Ex/T)? smaller then those from the triplet channel. Moreover, the
superconducting channel fig. acquires additional smallness due to the renormalization of the potential in the Cooper channel
(see sec. [3.2.2)).

The contribution of the triplet channel to the current is equal to

2

[—st Z / dEdE 0 R~ amierp_uDpg) o ¢
)

y 1 1 e Xiz 1 1
Dpq? +i0E [ Dp—o? +i0E ~ | "V 4= Dy (k+9)* k2 + Ly’

where Lsg = \/Dg/(i0F), RLsg (see ) The sum % > 4 is given by with w changed to —dF, so that we can write our
current in a usual form with harmonics given by

dedw doF DoDgqg* 1—exp[-nL/Lsg]
7T _ / / (6F oDk
" v Z 1/ 2 R(OF, ) (Dp_wq?)?2+0E? (Dpg?2+idE)3 (68)

We close the integration path, avoiding crossing the branchcut (see fig. , and the result is given, as usually, by the poles in the
region —% < argidE < . Since exp [-2n] < 0.002, we neglect the exponential term in (68):
).
§E=0

R

/chE _ DoDg L* 7 (OR(OE,w)
2r " 2(Dp+ Dp-u)?4(21)* 6 OSE




(b) Cooper channel.

Figure 12: Simpliest diagrams for triplet and superconducting channels. Every diagram has in addition its complex conjugated pair

with an opposite sign, so one should take twice imaginary part. Dashed square represents Hikami box with a current vertex; interaction
2

is drawn with a thick straight line; wavy lines stand for cooperons and diffusons. All diagrams here have coefficient %Rw(E ,E") with
0

R.,(E,E') defined in (57).
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Figure 13: The first diagram from fig. [12(a)|
Figure 14: [ ddFE in complex plane.

6E_0>

Then let us substitute £' = ¢+ 3 + ‘%E ~e+ 4 and E—w ~ e —%. This approximation is valid because the region {§E, w|0E,w <

Et <« T} is negligebly small in our whole integration space so that we can drop 0F from the expressions for E and F — w. Then we
6DE—8D 5

1T eA2D? / dedw Dg (3R6(5E7w)

" 6g 21 2(Dg + Dp_,,)3 O6E

perform variable change: e+ 4 — E, e — % — E’. Expanding 2(&53% and antisymmetrizing it by w, we get —=—4; D3 instead,
so that ~
(1) eA? [ dEJAE' §Dg ( OR,(E,E’) eA? [ dE Thyy 1—h%
I =—— = —vg — (69)
48¢g 2n Dy dw we0 6gry J 2m 2 4

Taking spin into account leads to triplication of the result (69)), see [I6]. The second part of (69)) has the same structure as singlet
channel ; however, it has different sign. In case of short range potential is cancelled by ([72)), and this is the manifestation of
the fact that short range interaction gives zero effect for fermions if one does not take spin into account, see sec. [3.3.3

3.3.3 Singlet channel in case of a §(7 — 7’ )-like interaction

The aim of this subsection is to control that singlet and triplet channels are calculated correctly and no contributions of the same
order are missing.

Let us see how calculation of the singlet channel contribution changes for a point-like interaction. In case of spinless fermions, the
result should cancel that of the triplet channel. This is because 6(7—7" )-like interaction term is proportional to T ()T (7)1 (7)1 (7) = 0
for spinless fermions.

One could observe it in section for the thermodynamic part of persistent current; let us check that this happens also for its
kinetic part. The expression for the triplet channel would be the same as in the case of Coulomb interaction, see sec.[3:3:2] The result
for the singlet channel will be different.

While even for the case of weak Coulomb interaction the RPA renormalization (see sec. is important because of its long-range
nature, for point interaction it is enough to calculate the coefficient in the first non-vanishing order of the RPA-sequence. In the
momentum space, the bare interaction is just a constant

A
UO(gw) =—, A<, (70)
1)

which, once being substituted into , produces zero result. Then we calculate the second order term in the RPA series (see fig. ,
using as an expression for a bare interaction line:

" A?
U(qa UJ) = 3

)

(g, w),

where I1(7, w) is given by (A50)), (A51), and (A52)). This time we get non zero result from (53):

Dog?
(Dprg?)? +w?

K= A27‘0

* 2
/dE’Rw(E,E’) [X + X ] = A—/dE’Rw(E,E’)

4vy 1-X  1—-X*| 2w

The expression for the current is as follows:

T dEAE'dw 11 1 1
I=5= G Y RieDpd - K - -
qu:/ (am)2 erEd DEQQ_iWV;D%<k+Q)2 k2 4+ L%
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1—exp[—nL/L,]
— Z —— Z sin {27m_q>0] (Dng® —iw)2 (71)

n>0
so that
/ 2
Zsm {27m] Ifls), IT(LS) = 7/ dEdE 461\7)(
= 2r I
Z / dwR ) DyDgpg* 1 —exp|[-nL/L,)
q>0 (DE/ ) + (A}2 (DE(]2 — ZOJ)S '

[ (PR

) DoDg 1—exp {—27rmn %’2’}
w=0 (

2m Ow Dg/ + Dg)? 2(2rm/L)? ’
Expanding w;ﬂ% and antisymmetrizing it by w, we get —% instead.
0

s _ _eA? / dEdE’ < OR,(E,E)

2
> DODE Cn =
w=0 (

"o 12 21 Ow Dg + Dg/)3
e dE  |Th,, 1-h2
— A2 E _ E| 79
6910 / o7 P | T2 1 (72)

One can see that it really cancels the contribution of the triplet channel calculated in section |3.3.2

3.4 Result and its discussion

Out of equilibrium, the average of persistent in a mesoscopic ring is given by the thermodynamic and kinetic contributions. Given
that the smallest scale T' of the energy distribution function is much larger than the Thouless energy, Er < T, the entire current is

given by expressions , , and :

I= Zsm {27m } I, L,=1I,+1, (73)
n>1
8eAnL [ dw - | D 1 141
I =— —T — 3
T de fE(lffE) Ofe

I/ =1 + I{T) = — (1-3A%) & / JEL - —JE) L OB 74
n no Ty ( ) 6 oo DO T + OF |’ ( )
where fE is the energy disribution function, Dpg is the energy-dependent diffusion coeflicient, T =3 f dE (1 — hghg_w),
T =T(0) = JdEfe (1 — fg) is the effective temperature, and g = vDS/L is the dimensionless Conductance, A <« 1 is the constant

characterizing interaction strength on short distances, see (A56]).

Note that fg(1 — fg) = (dng)? is equal to the average thermal fluctuation of the occupation number of arbitrary state that has
an energy F.

While in equilibrium two terms in the square brackets of cancel each other for any fixed energy F, in a non-equilibrium steady
state with constant density of states this cancelation occurs after integrating over energy. Thus in case of constant density of states

I =0.
Note that the effect studied is not due to the breaking of particle-hole symmetry (unlike in case of thermoelectric/acoustic effects
and Coulomb drag). Indeed, suppose our nonequilibrium energy distribution has particle-hole symmetry, hg = —h_g. However,

breaking it with an energy-dependence of the density of states vg = vy + V) F is not enough — the result will be zero. The reason
is that, in addition to the particle conservation law, [ St[E]dE = 0 there is also conservation of energy: [ St[E]EdE = 0.

Unlike the thermodynamical current [I0], the expression for I/ is not strongly suppressed if Er <« T. The decay of I/
is governed by dephasing exp[—L/Ly], where Ly is the coherence length. In the considered quasi-onedimensional case L/Ly =
(T/gEr)'Y?, see sec.

in Fig. [15[a) we propose an experiment that could permit measuring j”. Non-equilibrium energy distribution in the ring is obtained
by using metallic strip placed between two electrodes under voltage V. The energy distribution fg and diffusion coefficient energy
dependence Dg in the strip are shown on fig. see ref. [I7]. Given the strip short and thick enough, one can ignore interaction
effects in it, supposing its density matrix to be diagonal. Attached to a mesoscopic ring, the strip can be considered as a “non-
equilibrium reservoir” that exports fg into the ring, where the interaction produces off-diagonal matrix elements. Note that during
the calculation we have neglected the effects due to the inhomogeneity of fg in the ring. The area of the contact connecting the strip
with the ring should be much smaller than the ring’s crossection; otherwise the exchange of electrons between the ring and the strip

would compromise the coherence in the ring. 91
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Figure 15: A way to sustain non-equilibrium steady state in
a mesoscopic ring: an experimental installation.

Figure 16: Simplified fg and Dg dependences.

3.5 Discussion

We have calculated kinetic part of the current I/ for Er < T. In such conditions, the thermodynamic part of the current is very
(almost exponentially) small (see sec. [3.2)), and the persistent current is represented entirely by its kinetic component (74).
Using simplified fg and Dg depemdences from fig. we estimate as:

I ~ (1—3A%) (75)

eASD [ (T/A)PT < A,
g D ) —T/AT> A,
where ‘%D is the caracteristic relative deviation of the diffusion coefficient. In , the asymptotic for T > A is universal, while the
one for T < A was calculated for the Lorentzian D dependence.
Suppose Dg # const due to the Kondo effect [I8]; then the width A of the dips in Dg
I dependence is of the order of Kondo temperature Tx. Moreover, the effect vanishes for
T 2 A ~ Tk because of the rapid decay of %. Thus from it follows that its maximal
value I}/ has at T ~ § ~ Tx. The approximate temperature temperature dependence of I
is sketched in Fig.
~ (T / A)3 Let us estimate the result 7 assuming that T' = Tk so that the scattering crossection
of a Kondo impurity approaches A%. Then the mean free path of an electron has two
contributions: the usual one 1/lp = nop and the contribution due to the Kondo effect:
§(1/1) = nxg A%, where n and ng are concentrations of normal and magnetic impurities:

1
7= nogy + nK)\%, ng <K ng. (76)

T
Ty T From we estimate

ng l
o~ =~ Al = 77
Figure 17: The dependence of I” on the D | AR (77)

effective temperature.

o Ar’
where ng = )\}3 is a concentration of electrons which we estimate as a concentration of
atoms.

A typical voltage in experiments is 1073V; it corresponds to temperature ~ 10K. A typical size of a ring L ~ 10um, Thouless
energy Er ~ 10mK, mean free path of an electron I ~ 100Ar. Then the kinetic part of persistent current is of the order of

n~° <ev> oD (78)
g\ h D
If the concentration of magnetic impurities is high, nx /ng ~ 1073 = 1000ppm, from and ([78) we estimate I ~ 0.1nA.
In the considered situation, when Er < T, I is much larger than the thermodynamic component I/,. Thus one can say that
two components of persistent current are separated: the thermodynamic component I/, rules for small T < Ev, while for T > Er,
the kinetic component I/ becomes the most important. Let us now compare the value of I}, for T = 0 with the value of I/ for

Er < T < T ~ Tx. Without taking into account the renormalization in the Cooper channel (see sec. [3.2.2), the thermodynamic

component of persistent current is of the order of ~ 0.1nA. The renormalization in the Cooper channel diminishes this value by the

factor of log ™! (ﬁ) ~ 12). Thus the maximal values of thermodynamic and kinetic parts of persistent current become equal
»y &

when concentration of magnetic impurities equals ~ 100ppm. 99



3.6 Conclusions

In this section we studied the behaviour of persistent current in a system of many mesoscopic quasi-onedimensional rings in a non-
equilibrium steady state. Out of equilibrium, in addition to the usual thermodynamic term I’, another, kinetic term I” contributes
to the persistent current. The manifestation of I” occurs only if the density of states is energy dependent.

The temperature dependence of I’ is governed eclusively by the smallest scale T of the energy distribution function fg. It is
independent of other scales of fg if they are much larger than 7.

On the contrary, given that Er < T, I"” is insensitive to T and is governed primarily by the largest scale T of fg.

There is a sort of separation between the two components on temperature scale: each of the two, I’ and I” give major contribution
to the persistent for different ranges of values of T'.

In addition, I’ can be eliminated by application of strong parallel magnetic field.

We wish to thank for fruitful discussions Igor Aleiner, Boris Narozhny, and Igor Lerner.
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4 Appendix

4.1 Trace of a thermodynamic current operator

Let us demonstrate that in fr(E) can be shifted by an arbitary constant [19]. In other words, trace of thermodynamic part of a
current operaton | equals zero:

(7Bl ) = 5~(Vi = Vi = 2ied) [Gr (7,7 B, B') = Ga (7,7 B, B, (A1)

V7 /dE(f,E|}|F,E> =0, (A2)

where Gg,a(7,7'; E, E") are Fourier tranformations of Green functions (A79) in both time variables.
In a non-interacting system current is given by thermodynamic formula:

- SF — /°°
A= E= dE vg fr(E)E = E)E,. A3
() A e e fr(E) zn:f:r( ) (A3)
From and (A3)) we conclude that
- OFE,
J(rvEn) —
5A ()

We have to prove that " j(7, E,) = 0. Due to the known theorem from thermodynamics [20], a derivative of the average by the
variable representing an external force is equal to the average from the derivative of an operator by this variable. and thus

Zf(ﬁEn)Z—Z<n ”>:‘5;@ spli—m| ], (A1)

n
where in the right part of the expression we subtracted Hamiltonian of the system without magnetic field, in order to preserve

convergence of Sp. In coordinate representation the dependence of the Hamiltonian on vector potential is given by H(7,7') =
I:I(F, ') F exp[ie/f(f’— 7")], so that its diagonal matrix elements do not depend on A, and 1) equals zero.
=0

In section |2 this permits us to substitute Fermi distribution function with —% tanh %

The statement (A2)) is true also for thermodynanic part of the current in a non-equilibrium system with interaction: that’s because
any interaction corrections to the the diagonal part of the current operator (Al]) gives zero contribution to (A2)) due to their analytic
properties.

Later (06.03.2006) note: in other words, we have demonstrated that Spj = 0. From pp. [21]283-284 we know that the part of
the current operator expanded in the powers of H (where H is the unperturbed Hamiltonian) can not give any contribution to the
linear responce, so that without the loss of generallity it is zero:

SH

SA(F)

iy
w0 PH g _y
SpH

4.2 Density matrix in quasiequilibrium state

Consider a nonequilibrium system where energy distributiorB relaxes to equilibrium much slowlier than the rest of physical quantities
characterizing the system. Then in a certain range of time scales we can approximate complete density matrix of the system with
the density matrix having maximal entropy with a fixed energy distribution. In [2I], the physical state described by such a matrix is
called quasiequilibrium state.

In this section we demonstrate that one-particle quasiequilibrium density matrix is diagonal. Let A denote the entire set of
quantum numbers characterizing the state of a many-electron system in a representation with the diagonal Hamiltonian (including
its part responsible for the interaction). We have to find conditional extremum of the entropy

o=- Z pan1og pan, (A5)
A

with additional conditions: R
Spp=1, Sp|po(E ~ )| = fa. (AG)

1See sec. for the definition.
123ee [21] for the discussion about more general case.
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where fp stands for given energy distribution function. The first condition in corresponds to one Lagrange multiplier ¢ — 1,
while the second one - to the set {Fg}:

5{—spplogp— (®—1)Spp— /dEFESp [ﬁS(E— H)}} = 0.
From (A5)) one deduces that [2I] o = — Sp [(1 + log 5)dp], so that complete quasiequilibrium density matrix is given by
p=exp {-@ - /dEFEa(E - H)} , (A7)

which is certainly diagonal in the A-representation we have chosen (since the Hamiltonian is diagonal). Lagrange multipliers are
determined from conditions

S lep [0~ [ 4B sp[p6(E - )] 1) = 1.

A

> (Alexp [—cp - /dE’FE/ Sppd(E — eA)]} S(E —ep)|A) = [z,
A

Now let degrade complete density matrix (A7) to the one particle one. Let |\ > denote one-particle state, (A|\) = dxy. One
particle density matrix is given by [22]

pax = (alay) = Zexp [—@ - /dE’FE/(S(E’ — eA)} (Alakax|A)
A

Given (A|A’) o dpa+, one concludes that quasiequilibrium one-particle density matrix is diagonal: pyxs o dxy. Since in a disordered
system with a magnetic field energy levels are not degenerate, this conclusion is true also when A stands for energy.

4.3 Dephasing in the ring
The dephasing time is given by the equation [23]:

1T /T dw
76 SvV/D Jo w3/?
The integral in (A8) diverges when w — 0, so that a cut-off has to be introduced. While for the case of a strip the cut-off is 1/74, in
case of a ring it must be Er, due to the argument of [24]. Thus for a ring we have:

(A8)

In the diffusion regime Ly = /D7y, so that

4.4 Average of a Green’s function

We calculate (G), and then also (GG) using the T' = 0 diagram technique. We can use the T = 0 technique for this calculation
because the field of impurities is static and thus cannot provide temperature dependence.

After averaging one realizes that series for (G(°)(5)) = G(p) implies the following self energy (self-consistent Born approximation,
see ([5]39.7):

| 1 ﬁ
s= -, = Sy (GG
1 L Lo L\
W Z |U(p—p1)|2|U(p—p1 —p2)|2G2(p1)G(p2) +.. (A9)

P1,pP2

where G stands for Gg, Ga, or time-ordered Green function. For arbitary realistic impurity potential U(p) every term in (A9) is
finite. o5



df

If we define SX g the average of a Green function will have the form:

_27‘ )

1 1
Gr/a(p) =

Glp) = ———5 oy
E—&+ 501 E—&r+ 5

In (A10) &7 = €(p) — 1o = energy of the particle reckonked from the chemical potential. Let us derive 7¢.

b)) _'m, E)y=X% _:,-ﬁ = All
r/A (G, E) = Ep( 27TZ/QTV Z ETER S ERY (A11)
In the approximation with the constant density of stateﬂ v(€) = 1y, (A11) is equivalent to considering only the first ternﬂ in (A9):

(0) _ 1
Im¥y" = I = Al
mYy 27TVTV / déyp x mo— 1 0 = +0, (A13)

From (A13)) it follows : 75 =79 = 7. (A14)
In (A13) E-independent part of ReXf is insignificant because it can be absorbed by e(p). The E-dependent part can be estimated

g < E. Thus one can think that ReXp = 0. The situation is different for ImX 5.
The imaginary part of 1) gives us an important sum rule for Im¥p = —ﬁ
VE 2mpT =
oo
v
/ de =Y Culn BYOA G, B). (A15)
- (E 6) E ’nGZd

From (A15]) we see that out of the constant density of states approximation

i f/d:/ dz v(z/(2m0)) (A16)

T0 I/()7 ™ 1+22

From Lehmann representation

L, P (7)1;,(77) _
Grya(7,7T ZE E, £ic e=+40 (A17)
we see that in case of no interaction between the electrons we have
Gr(F,7"; E) — GA(F, 7', E) = =21y 6(E — Ep)bn (7)1, (7) (A18)
so that )
v / dr [Gr (7,7 E) — GaA(7, 7, E)| = —2miv(E), (A19)

where v(F) is the density of states defined by (Al2)). For averaged Green functions (or for a homogeneous system) coordinate
integration in(A19) is fictios, because integrand does not depend on coordinates.
A1)

From (A19) one obtains:

v Z [Gr(p, E) — Ga(p, B)] = —2miv(E).

Supposing that disorder averaged Green function has the form (A10]), we have

VE = 2MVETE. (A20)
v Z —¢€ 157) 47-21(E)

Given (A10), from (A20) we have
= Z Gr (P, B)Ga (P, E) = 27vpTE, (A21)

B3Tt’s definition: (R is the complete solid angle; in 3D Qg = 47, in 2D Qg = 27).

A= T0E+ el oo that - HeE (a12)

141t is easy to see that due to the analytical properties the other ones = 0.2]8ue to the same reason one can substitute G — G(©) in l)



so that from (A15) one concludes that

> dz v(z/(27))
VE vgTp=vyTy, To=7, D=1y= —_ A22
ETE 070 0 0 /_ T 142 ( )
so that the even part of vy = vg — 1y changes its sign, if not jvy = 0. Eq. (A22]) holds for the non-interacting system so that there
is no surprise that it is not correct e.g., for the zero bias anomaly.
Let us parametrizﬂ dependencies of vg and 7g in the vicinity of point E = 0:

vg=vy(l+zE)=1v+ovg, TE~=T7(1—2F),
|E\ ST*/2, 2T*/2 < 1.

We assume that energy-dependent deviation in is small for v: dvg < vy and for all other quantities: 7g, Dg (see (A68])),
etc. Because integrals [ d¢ converge on £ ~ £, we also have to impose = K 7.

Now let us make some notes about the derlvatlon of (A68| - For small ¢ we use an approximation e(p' + §) = €(p) + 97 + bg?/2.
Before perfoming the integration over £ one should develop the integrated expression by E, w and ¢. Then for the zero-order term
is applied; in the other terms one can use for v(¢). To make >~ Gr (P, E)Ga (ﬁﬁ — @i, E — w) invariant under arbitary
shift in 77, and in particular, to maintain the obvious relation )~ Gr(Pr, E)GA (Pr — Gm, E —w) = > 5 Gr(P + @m» E)GA (Pr, E — w),
one has to assume b = 2Dy /79 = v?z/d, so that

(A23)

€(F+7) = )+ 77+ 220 = () + T+ 2 (A24)

270 27
From (A24) it folllows that usually, when we are not interested in the effects due to the v(§) # const = vy, we can drop quadratic

term in the decomposition of e(7+ §).
4.5 Average of two Green’s functions: cooperon and diffuson

The average of two Green’s functions is represented by two sequences of diagrams: the Cooper-alike ladder (named cooperon) and
series of maxiamlly anticrossed diagrams (called diffuson):

> > > > , \D3; D3 E
(Gr(P1, P33 E)Ga (P2, Pa; E')) = - + R + DB, (A25)
—_— ——>
where dashed line stands for impurity averaging [5], and
. —_—T . —_ T
PP E ‘ P Co
PaPai B = ! T T * ’
—_—— >
nEl = L 4+ W+ % +.. (A26)
— 0 L

In the diagrams drawn above, we imply that upper Green function line has energy FE, the lower one — E’, and momentum variables
P
are placed like in the example: w
Pr —
Here are the expressions for C and D:

COTE — (2m) 5(5) + P — (7 + 1)) Gr(B1, E)Ga (P, ')
1 . Gr(Ps, E)GA(Ps, E')

2myT 1-X®) ,

DPLPHE S — (2m) (5 + pu — (P + P2))Gr(Pr, E)GA (P, E') x

D2,Pa;E’
1 Gr(p3 E)Ga(ps, E'
_. r(P3, E)Ga (P4, )’ (A27)
2T 1-X)
where o
X = 5 ¥ Xy Gr(B E)GA( = (B + P — 2eA), ), (428)
X = 5 v 22, Gr(B, E)GA(D — (1 — 12), BY).
More than CZ 737, and DEVP3E, | we deal with CLZ*'P1 and DEUY, | defined by the following:

Cﬁ;ij w = 2m)4(Py + P2 — (P53 + a))GR (D1, E)GA (P2, E')GR (D3, )GA(ZM,E/)CM B (A20)

Di;’ii’p = (2m)46(pr + Pa — (P3 "‘ﬁZ))GR(ﬁlaE)GA(ﬁQaE/)GR(ﬁ?nE)GA(p4>E/)D§;:E/-

15 An example where one need to introduce see lj - like dependence is %rmoelectric effect, see- [25], p. 103.
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Figure 18: The Keldysh contour.

= 1 1

crrf = ; A30
k=pE—w  2mpyToTe —iw + Dek? (A30)
B 1 1

DPE, = ; A31
P~kE-w  2muyToTe —iw + Dck?’ (A31)

Notice that and differ from their values for v(£) = const only by substitution of 7, D with their energy dependent
generalizations 7., D., etc.

Now let us consider the case of constant density of states. There is no energy transfer in cooperon or diffuson lines, so in energy
representation we have simple products of the type: GR(El)GR(El)EE; Ga(F2)GA(Es). In time representation we get convolution.
Let us write out the expressions for £(C) and ¥(D) in momentum- time representation (with the removed (27)28(Ey — E3)8(Es— Ey)):

N\ 2
(@) 1671 + o — (73 + 72))8(t + £2)B(t) exp [_Dt (51 + 5> — 2¢4) }
C(p17p2; t) = 27.”/07_2 ) (A32)
o (2m) 28 (1 + P — (P + 72))5(t + £2)8(t) exp [th (51 — pg)?}
D(py, pa;t) = Srver? ; (A33)

4.6 Keldysh technique

Note 01.04.2009: Better see sections 7?7 and 7?7 from my notes [7]. Consider the case of a quasiequilibrium state [2I] when an
external fixed parameter is the energy distribution function, see sec.[I.2] The Keldysh technique is derived exactly in the same manner
as the T' = 0 one; the difference stands in the substitution of the time ordering by the Keldysh contour ordering T¢,, see fig.

Gey (2, 2') = —i(T. [(x)y! (2)]). (A34)

Then we can map G¢, onto 2 x 2 matrix, so that the first argument of the Green function corresponds to the upper part of the
contour, while the second argument - to the lower part. One immediately notes that we are almost always interested in the off-diagonal
elements of this matrix, which gives the density matrix — like quantities (A38]). Then using (A80) we transform our 2 x 2 matrix

G & ( Gyr Gy ) _ ( —i(Tlp ()9 (@)])  —in{ (") (@))
K Gor Gup —i((@)yl (@)  —i{T[(x)et ()

G%+) + G%{*) —n (G(A+) _ G(A*)) n [Ggr) _ G%;) _ GA+) _ G(A*)

G +ai) - (6 +6l)) - (60 +60) +n (6 - 6l))

_ 1 ([ Gk+(Gr+Ga) Gk —(Gr—Ga) =T
2\ Gk+(Gr—GA) Gk —(Gr+Ga) ) 77

DN | =

(A35)

where T and T stand for normal and inverse time ordering; all Green functions have (z,2") arguments. It is more convinient to work
in the representation where Green function is given by the upper triangular matrix

= (Cr Ok _ S A
G_<0 GA)_LJ;;PL , L= R (A36)

where o; stand for Pauli matrices. The transformation (A36) is also responsible for the form of emmision and absorbtion matrices

(33)-
With the notations (A79)) we have from ([14]2.22) (in the following, upper signs stand for bosons and the lower ones - for fermions):

Gr(AN) = —i([(), v (V)L = GFT (A X) = a7 (), (A37)



Note that GS)A are the usual retarded and advanced Green functions (see [5]).
One obtains that for fermions

WTN)PN) = 5 [Gr(A ) = Ga(A ) = Gk(A, )] (A38)

The expression for the operator of current density (in the interaction representation):

5 ieh e .
i@ = X [0yt @) - 0 @(V@)] - S Al @) = 7 (A39)
From ({A39)) we obtain the formula for the current of fermions (keeping in mind (A2)):
L eh [®dE . (e o e g L
Jj(F) = el ﬁfl}inr (VT — Vi — 22%A> [Gr — Ga — Gk (F, 7", E) =
eh [ dE . - - e o IV
S (vf V- 2%14) Gk (7,7 E) = (A40)

where j(p) is defined in .
From ([22]2.8) and ([22]2.10) it follows that in equilibrium G(+) = G(~) coth ﬂTE, and we obtain that

Gic = h(Gr — Ga) (Ad1)

with % from (A45)). In equilibrium from (A40) and (A41)) one obtains (2). In our article [26] (see sec. we argue (though do not

prove rigorously) that Gr,a contain the information only about diagonal matrix element Thus any physical quantity defined using
Grya (like tunnel density of states) can be written in an equilibrium form (see as an example):

0= / dEﬁO(E). (A42)

Let us consider an equilibrium of non-interacting particles in some external potential, so that A is a conserving quantity. From
and we get:

GO\ E) = 7;?/ g(i)i 5 GEHONE) = 7;?/ g(fj)i 5 §=40, (A43)

GO0 B) = hiye(&) (G0 B) - 6T (0 B)) (A44)

hs(E) = coth %BE, hg(E) = tanh %ﬁE. (A45)

In the bosonic case &) is the energy of a boson; In the fermionic case &) is the energy of a fermion reckonked from the Fermi energy.

We have from (A44):
G (N E) = —2mi x hpyp(€x) x 8(E — ),

so that (in accordance with egs. (3.21) and (2.66) from [14], and (A41])
GO B) = by (B) (GO0 B) - 6O\ B)). (Ado6)

Let us now concentrate on the case of electrons. We are used to work with their Green functions averaged over the interaction
with randomly placed impurities. After the averaging we get

(Gk (P, E)) = hr(E) ((Gr(p, E)) — (Ga(P, E))) , (A47)
where G/ are given by .

4.7 Screening

In this section all the calculations are done for the case of small value of excitation momentum ¢. To consider the case of large ¢ one

should know the dependence of energy on momentum (which we actually never know). However, one can suppose E(p) = % and do
this (quite long) calculation. It must be just this is the way it is ggne in [27], pp. 158-163.



Figure 19: Screening in RPA approximation (wavy lines stand for bare interaction, dashed ones - for the impurity averaging lines
composing diffuson). The possibility of connecting of bubbles with “external” green function lines shuold not be considered here, for
it is taken into account when considering diagrams with higher order on interaction. Studying these higher order diagrams, one can
detect some other (like RPA or the renormalization in Cooper channel) essential infinite sequence of diagrams. The same is true for
the lines connecting different bubles.

Because of the long-range character of Coulomb interaction, it must not be considered in the first several orders of the perturbation
theory. Instead, screening must be taken into account, which is technically done by summation of infinite number of diagrams.
The renormalized interaction matrix is defined by

Ulg) = ; = : (A48)

The first and the second diagrams (their matrix kk’ components) in Fig. [19| are respectively equal to V5q~7q~/U(q)T,gk, and

, E_tois 5 BV O — &5
—iU(q)U(q") Sp VQZ/ VCE P EW G -7 - GE-w)|,

where matrices v and 4 are given by eq. .
The polarization thus is given by

dE W Arr ot - o
Vigq1l(q) = —i(Sp V2Z/ VG P B G~ -G E—w)|). (A49)

p,p’

From (A49)), (A41) and (A29)) it follows that

1 1 dE 5l
V5~ */HR( ) 5‘/2 Z/ b {Dgqu:g/*qq’;Efw(hE - h/Efw)‘i’

»,p’

+ V28550034 [Gr(P)GR(P — Dhp—w — GA(p)Galp — @)hB)]} (A50)

i1 AE (oot o cmo
Vg alg) = *QWZ/g {*Dgaﬁ?E’p TE(hp — hp_w)+

PP
+ V2655054 [Gr(P)Gr(p — @)he — Ga(p)Galp — @)he-u]}, (A51)
Vg Tlk(q Z/ E 5/_<7/;E_w - zz;';ﬁ?E ﬁ_ﬁE_w} (1= hghp—u)+
p.p’
+ V2055054 [Gr(P)Gr(p — @) + Ga(p)Ga(p — @) hehp—w} - (A52)
—_—
In (A50pA52) D denotes diffuson D together with the zeroth-order term privated of impurity lines, see (A25)), (A26)), and
—_—
(A27).
From the conservation of total number of particles one realizes that
for ¢ =0 and Vw Il /4 (7, w) = 0. (A53)

From (A50), (A51)) and (A52|) we realize that if one ignores effects due to the energy dependence of the density of states or in the
equilibrium (A41)) holds exactly for the polarization and hence for the renormalized potential. In the equilibrium case using (A85))
one recovers ((A45)).

160ne can think about an analogy: in the 2 X 2 matrix Green function they stand on diagonal, so they know only about diagonal elements of the density
matrix. 30



One can see that

T w
Supp [1 — hpyu/2hp—w/2] = Supp [hptw2 — hp—w/2] = { o |E| S max (2 2) }

so that in (A52)) energy integration is limited in the zone where we can use (A23). It also means that in (A50)), (A51) and (A52)), we
are free to

e when considering non-pole contributions: to substitute hg <+ hgp_,, and hghg_, < 1.

e when considering pole contributions having (hg — hg—,) and (1 — hghg_,,) multipliers: to substitute VZ — [dev(€)
with weak v(§) dependence (A23) and to integrate over £ before integrating over energy.

So we see that (due to [ $£) non-pole terms give zero contribution to (A52).
Let us introduce a quantity

Ha) = 57 3 [ Sohe (Grp)Galp - 0) - Ga)Galp - @) € R

If v is a constant, then 7(q) =7(0) = Vo/dEh'E/2 = vp.

1 7,5 E _ ~ 1L L.
V2 Ep P’ Dﬁ—tj‘,ﬁ’—tf“E—w = 27'”/07' <I—X(q) 1) V(Sq’ql,

_ B ) (A54)
V2 pr Dg’ﬁ? 7 :27WOT(17X*( ) )V(SGT@TU
where X (q) is given by (A65]).
% 2'1/0’7' X( )(hE — thw) -
I =1 =— dE —
r(q) =1Ix(q) 5 - X(9) (q),
it X(q) X*(q)
I = dE 1—hghg_o) € S. A55
wlo) = =257 [ap | 20+ 20 (- hens) €9 (455)
Note that in general case Ik is not proportional to ITg — II4, so that (A41]) does not hold.
The simpliest form the interaction has for large values of momentum ~ pg. From (A67) we deduce that in this case
1 A
Ux=0, Up=Ur=-=—, 7% lim v(q), AETO (A56)
IV g—o0 1%
When one does not take into account the vg - dependence, the polarization simplifies substantially:
Ir(q) =4 (¢) = -0 [1 + iwF 2 }
1-X(q) (A57)

Ry X X*
Mk (q) = —2ivy71, {17)(((1()(1) + 1= X(q()q)] ,

where

S B 1 [
T=Ty T,=T.=Tw) = 4/_OodE(1 — hghp—.) = in equilibrium | = gcoth%;gf
From (A57)) for arbitary X (q) we arrive to
T QTUJ 7 -4 =4 > ok
Yw e C UKZT(UR—UA>; Vwe R Ur(q) = Ua (q).
In 2D u1(q) o vogrp; in 3D u™1(q) o< vo(gr)?. Usually ¢ ~ 1/L so that in Dyson equation (A48]) one can neglect u='(g). As a

result, Ur/a/k do not depend on original, unscreened Coulomb potential (such situation is called universal limit).
In the diffusion approximation

Myal0) =~ 520 o) =~ Tl (A58)
In 2D case, where U(q) = 2me?/q we have
UR/A(Q) _ 27e? B 4m2e* Dy _ 1 1 .
q Dq(q+2me?vy) Fiw g sl + Dfﬂsz
. 16iw2e Doy T, 4T, i (A59)

Ula) = — _
x(4) D2¢%(q + 2me?vp)? 4+ w? Dqg?

2 o \?
31 (5mez +10)" + (m)




In 2D ~ —— = rg = Bohr radius

27re Vo e?vy

Like in [28], we want to neglect 5Ly in the denominator of (A59). We can do it in case

w < Dq/rg < D/} (A60)
and obtain] )
~ 1 w = —44T,,
Ur/a(q) = P (1 ¥ qu) , Ux(g) = oDg (A61)

The condition (A60) holds in the diffusion regime, when Dg? ~ |w| < 1/7.
Let us now go out of the diffusion approximation: still ¢ < pg but gl > 1. Then

WT 4ivoT ~
I =—1 |1+ — I =— ws
e I
so that ~
- 1 ~ 1 4T, 1
Unjale) = ———, Uxl(g) = - =% ;- (462)
vo (14 i7) 0l ()
From . (A61), (A62) and (AG7) one concludes that for Dg > |w| the potential does not depend on gq.
4.8 Other formulas
In this subsection we use the following notations:
V@, be C dob=(aiby,asbs,...,adbq)", (13’ 5) - (aob)
-7 T (A63)
a/b = (a1/b1,a2/bs,...,aq/bq)" .
In d dimensions we have:
dQ 04
Q—Oninj = ?J (A64)
Let us introduce quantity
X(q; E,E') ZGR P, B)GA(Br — Gy B, X(¢) = X(Gw) = X(¢; E, E — w) (A65)

27TV07' v

From (A15) X (0,0) = 1. For ¢ < pg:

1 1 —dwt +ilg

: - 1 ; -
X(qw) = \/m7 X(q,w) = qulogm (A66)

The asymptotic for ¢ 2 pr depends on the particular dispersion law, but generally X (g, w) must decrease while ¢ enlarges:

lim X (q,w) =0. (A6T)

q—o0

In the diffusion approximation using™| (A15), (A23) and (A22) we have

X(GE,E') =1—71e19/7 X [Dqu - iw] Ny ol —T (Dq2 — iw) , €= E+TE’, (A68)
v(§) ~w(l+xf), g=T17(E)~1(l-2E), lp=vrg, Dgp= L

E.
Note that E-dependent corrections of make sence if (in case of cooperon/diffuson) we are near enough to the pole. More precisely,
a condition w(w + 3Dog?)T9 < 2€[2Doq? — iw] must hold; otherwise we go under the precesion of the diffusion approximation. In
particular, these corrections are important when Dg? ~ w < xe/T.

The result is consistent with the general requirement: cooperon’s diffusion coefficient is a symmetric function of E and E’;
this becomes clear if one considers cooperon plus its complex conjugate (which should certainly be a real quantity).

17Note that (A61)) is correct in arbitary dimension.
18To obtain (A68), we at first expanded Ga (5 — §, E — w) by §,w; then used (A15) for the zeroth-order term, then substituted (A23) and at last integrated

by dg%.
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The expression for the current of arbitary particles and its operator with charge e in gauge with scalar potential = 0 (see eqgs. (115.4)
and (115.6) from [29]):

2

- ieh . N es - N c R

J@) = S (Ve @)ea) = ¥ (@) (V)] = —— A (@)9(@) + 5 rot [ (@)5p(@)] | (A69)
m me s
Jav(@) = 52 1(Vps(2)) e () — 95 () (Vi ()] - (A70)
:;L—iﬁ@)wa(a:m(z) + 1 vot |15 (@) (@) |
Due to the application of a constant vector potential Green function changes like (see [30])
G(7, &) = G(F, A = 0)eieAT. (AT1)
The density of states for systems with no interactions between the electrons:
: _om _om . _ mpr

in 1D vy = G in 2D 1y 57 b 3D vy 527 (AT2)

Poisson formula:

Z 0(x —n) = Z e2mim® (A73)

nez meZ
From (A73]) we get:
Zf(n +&) = Z e~ 2mImE /eQﬂmzf(ar)dx. (AT74)
nez meZ
Using (A74)), we arrive to a useful relation:
1 = 7, ﬁ L
v Z ! (pﬁ — 26A) Z exp 27Tm¢) 1 / p(7oL) f P, (AT75)
ez nezd 0| |
L= (Ly,Ly,..)", 7 d=AocL, ®,=n/lel,

where the circle in (ﬁ o E) and A o L denotes component multiplication of vectors, see (A63|).

/ P25 — §)ap exp [-p*2® — (5 — 7)°] &°p = (AT76)
2(2% +y*)dap + [q(a® — y?) — i7] of [ 2%y%q% + z2/4] { iy2Zq }
7T 2 &P\ 55 |KP | a2 T
(22 +y?)? z? +y? z?+y
27 (11§ — i%)° 22 1 S T2q% — 2iToZq
— —_— - Oap + — - ===
T2 ¢ 41 P 271 x s+ 271 [ 2510‘6 P 47
where n B
$2+y2:7—17 £L’27y2:7'2, IL’2:T1272, y2:7—1 2T2' (A77)
dk - - - iL o _d/2 (L omm)?
x [(L *) k—Dth} - arDt)~Y _emy AT8
/(27T)d exp |i (Lom 5Di (47 Dt) exp 1Dt (AT8)
dik ) a2 (L omm)?
/ o) exp [ (L o m) k — Dtk } (47 Dt) eXp | = 5

We use some definitions in Heisenberg representation from [22] (however, changing signs in them order to have correspondence
with [B]):

Gi(z,2') = —KG(@a') = it — ') ([(2),vT (")),
G (@,a) = —K (@a) =0 —t)([(), 1)), (A79)
Gr/a(z,2') = —Kgya(z,2') = Fif [£(t — )] (Y(2)¥'(2")),

Gla,a') = —Kolz,a') 5=i(T[(@)! (@),



Gg})A + G;%_/)A = QGF;/A, Gc = G~R — 77G7A7 (A80)
where n = £1 for the case of bosons and fermions respectively.

1
In energy representation Kg/a(FE) = —?GR/A(E). (A81)
™
For fermions, Gr/a = GS;)A (and for bosons Gr /A= Gg/)A) obey the simpliest equations, and this must be the reason why just
they are usually considered, see ([22]6.2-4). In equilibrium any Green function can be obtained from any other one using spectral
function, see [22].
From [22] we have in case of non-interacting fermions in equilibrium:

GO\ P S (O N N ekl Y S A8D
GR/A ) E—c(\)+id’ GR/A(/\) E—c(\)+id’ 9 = +0. (A82)

One can easilly do also the case of non-interacting bosons in equilibrium:

()0 (yy _ 1 © (o _ Ltms _ A
Crya (/\)_E—E(A)iw’ GR/A(’\)_E—e(A)iid’ 0= +0. (A83)

In these relations np,p = ﬁ are Bose and Fermi distributions. Moreover, for arbitrary hg (i.e. also for out-of-equilibrium
systems):
“+o0
Yw / dE (I’LE — hE—w) = 2w. (A84)
A useful identity:
E EF—-w w E EF—-w
VE, w,T <tanh 5T ~ tanh QT) coth o7 = 1 — tanh o7 tanh —7 (A85)

< dp sin(pnL)
/—oo 21 [L57 + (p — 9)?][p* + 7]
2e MOLLq — e B/ L3 {2L,qcos(qnl) + [1 — L2 (¢* + 6%)] sin(gnL)}
21+ 2126 —07) + L3¢ 1 ] |

The last equation leads to:

= , q=2mn/L, ne€Z, RL, > 0. (A86)

/°° dk sin knL 1 —exp[—nL/L,]
ekt r R L) (P L2
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