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Spin-Hall effect

J. Sinova et al. 2004: The case of no impurities

σz
yx =

e

8π

J. Inoue et al., 2004:

In the diffusive case, due to the vertex renormalization,

σz
yx = 0

Other papers confirmed this result:

Mishchenko et al., Khaetskii,

Raimondi & Schwab, Dimitrova.

Our scope: improve the precision of the calculation.

http://scitation.aip.org/getabs/servlet/GetabsServlet?prog=normal&id=PRLTAO000092000012126603000001&idtype=cvips&gifs=yes
http://scitation.aip.org/getabs/servlet/GetabsServlet?prog=normal&id=PRBMDO000070000004041303000001&idtype=cvips&gifs=yes
http://scitation.aip.org/getabs/servlet/GetabsServlet?prog=normal&id=PRLTAO000093000022226602000001&idtype=cvips&gifs=yes
http://de.arXiv.org/abs/cond-mat/?0408136
http://de.arxiv.org/abs/cond-mat/?0408233
http://de.arxiv.org/abs/cond-mat/?0405339
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General relations

The Hamiltonian:

Ĥ =
p̂2

2m
+ α(σ̂1p̂y − σ̂2p̂x) + U(~r ),

where U(~r ) is a disorder potential,

〈U(~r )U(~r ′)〉 = 1
2πντδ(~r − ~r ′).

α(σ̂1p̂y − σ̂2p̂x) is a Rashba SO term,

which leads to a modification of the charge current

operator:

~̂p → ~̂p − e

c
~̃A,

~̃A = −(αmc/e)(−σ̂2, σ̂1, 0) =effective vector potential.
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General relations

The Hamiltonian:

Ĥ =
p̂2

2m
+ α(σ̂1p̂y − σ̂2p̂x) + U(~r ),

Evaluate spin current assuming:

• Linear responce in electric field =⇒ Kubo formula.

• We use the disorder averaging diagrammatic technique,

pFl ≫ 1.

• Rashba SOI αpF ≪ EF



6

A generalized Kubo-Greenwood formula

σz
yx =

e

2πm2
Tr

[

σ3

2
pyĜR

(

px −
e

c
Ãx

)

ĜA

]

Loop expansion (click here for more information):

σz
yx = |e|

∑

n≥0

sn

(pFl)n
, pFl ≫ 1,

n =number of loops, l =mean scattering free path

The charge current operator

p̂x −
e

c
Ãx = pFn̂x +

(

p̂x − pFn̂x −
e

c
Ãx

)

, n̂x ≡ p̂x

p

http://theorie5.physik.unibas.ch/shalaev/public.html/notes.pdf
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Ãx = pFn̂x +

(

p̂x − pFn̂x −
e

c
Ãx

)
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p

• In zero loop diagrams, gives the contribution∝ e(pFl) to

σz
yx

• In first loop diagrams, gives the contribution∝ e to σz
yx

http://theorie5.physik.unibas.ch/shalaev/public.html/notes.pdf
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http://theorie5.physik.unibas.ch/shalaev/public.html/notes.pdf
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Thus,

taking into account the contribution from
(

p̂x − pFn̂x −
e

c
Ãx

)

in zero-loop diagrams means we have to

consider the contribution from

pFn̂x

in first-loop diagrams.
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Zero-loop approximation

vertex correction

+

Boltzmann diagram

spin
current
vertex

spin
current
vertex

diffusoncharge
current
vertex

charge
current
vertex
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Zero-loop approximation

vertex correction

+

Boltzmann diagram

spin
current
vertex

spin
current
vertex

diffuson



p̂x − e
cÃx







p̂x − e
cÃx




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Zero-loop approximation

vertex correction

+

Boltzmann diagram


p̂x − e
cÃx







p̂x − e
cÃx





p̂x = 0=

The renormalization of the charge current vertex
results in the cancellation of the anomalous term
e
c
~̃A in the current vertex (ω = 0)

Back
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Weak localization correction

≡

about Cooperon and diffuson...
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Weak localization correction

≡

=
e

2πm2

3
∑

γγ′=0

Tr

{∫

d2p

(2π)2
GA(~p )py

σ3

2
GR(~p )σγ ×

[

σγ′GR(~q − ~p )
(

−px −
e

c
Ãx

)

GA(−~p )
]T

} ∫

d2q

(2π)2
Cγγ′(~q )

about Cooperon and diffuson...
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Weak localization correction

Click here for the expression.

about Cooperon and diffuson...
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Weak localization correction

+ spin vertex correction:

Note:

the charge-current vertex renormalization is irrelevant here

about Cooperon and diffuson...
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Weak localization correction

All together, the diagrams add up to zero

about Cooperon and diffuson...
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Connection between the spin current and the

magnetization

Without magnetic field and for non-magnetic impurities

˙̂sk(t) = −2mαĵsz
k (t), k = x, y

- valid for arbitrary ~E and for systems with interaction.

The magnetization

〈 ˙̂sk〉(t) = −2mα〈ĵsz
k 〉(t)

In diffusive systems, stationary state is reached at t → ∞.

=⇒ the spin-Hall current must be zero
at ω = 0.
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Thus,

the result of J. Sinova et al. 2004

for a clean sample

σz
yx =

e

8π

means that

〈ŝ〉y → ∞, t → ∞.

http://scitation.aip.org/getabs/servlet/GetabsServlet?prog=normal&id=PRLTAO000092000012126603000001&idtype=cvips&gifs=yes
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Generalization for the Dresselhaus term

Ĥ ′(~̂p, ~r ) =
p̂2

2m
+U(~r ) + α

(

σ̂1p̂y − σ̂2p̂x

)

+

+β
(

σ̂1p̂x − σ̂2p̂y

)

+ e~r ~E,

− 1

2m
˙̂sx(t) = αĵsz

x (t) + βĵsz
y (t),

− 1

2m
˙̂sy(t) = αĵsz

y (t) + βĵsz
x (t),

ĵx = − 1

2m

α ˙̂sx − β ˙̂sy

α2 − β2
, ĵy = − 1

2m

β ˙̂sx − α ˙̂sy

β2 − α2
, α 6= β.

lim
t→∞

〈~̂jsz〉(t) = 0 ⇐⇒ lim
t→∞

〈ŝk〉(t) = const., k = x, y.

Click me for the case α = β...
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Conclusions

• We have calculated the zero-loop and the weak localiza-

tion contributions to the σz
yx.

• Both contributions result zero independently.

• General argument: spin-Hall current is zero at ω = 0 and

for B = 0.

Thanks to: Evgenii Mishchenko & Andrei Shytov.

this document is available on http://shalaev.pochta.ru and here.

Back

http://shalaev.pochta.ru/present.html
http://theorie5.physik.unibas.ch/shalaev/public_html/present.html
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Diffuson and Cooperon

Xαβ
D (~q ) =

1

4πντ

∫

d2p

(2π)2
Tr[σαGR(~p )σβGA(~p − ~q )],

Xαβ
C (~q ) =

1

4πντ

∫

d2p

(2π)2
Tr[σαGR(~p )σβGT

A(~q − ~p )],

Dαα =
1

4πντ

1

1 − Xαα
D

, Cαα′
(~q ) =

1

4πντ

[

XC(~q )

1 − XC(~q )

]

αα′

See my unofficial notes for more information.

Back

http://theorie5.physik.unibas.ch/shalaev/public_html/notes.pdf
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The case of α = β

ĤR(~̂p ′, ~r ′) ≡Ĥ ′(Rπ/4~̂p, Rπ/4~r ) =

=
p̂
′2

2m
− 2ασ̂2′p̂′x + U ′(~r ′ ) + e~r ′ ~E′ ≡ ĤR0 + e~r ′ ~E′,

σ̂12′ =
1√
2
(σ̂2 ± σ̂1), σ̂′

3 ≡ σ̂3.

ρ̂(t < 0) = ρ̂0 = e−ĤR0/T/Z, 〈~̂j ′sz〉(t = 0) = 0.

〈~̂j ′sz〉(t) = Tr

[

σ̂3

2

~̂p

m
e−iĤRtρ̂0e

iĤRt

]

.

Tr
spin

[σ̂k′
ĤR] = 0, Tr

spin
[σ̂k′

ĤR0] = 0, k = 1, 3,

=⇒ Tr
spin

[

σ̂3

2

~̂p

m
e−iĤRtρ̂0e

iĤRt

]

= 0, ∀t.

Back
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Spin-Hall current decay in time
(only the contribution from zero-loop diagrams)

 0  1  2  3  4  5  6  7  8
 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

t/τ

−
〈˙̂ s

y
(t

)〉
4π

|e
|m

α
E

x

The period of oscillation is 1/∆, and the exponential decay time is τ .

Back
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Expression for one of

the weak localization diagrams

=
e

2πm2

3
∑

γ=0

∫

d2q

(2π)2
Cγγ(~q ) × 1

2mτ

3
∑

µ=0

AγµBµγ,

Aγµ = Tr

{∫

d2p

(2π)2
G<(~p )σγGT

A(−~p )σµ

}

,

Bµγ = Tr

{∫

d2p′

(2π)2
σγG>(−~p ′ ) [GA(~p ′)σµ]

T
}

,

G<(~p ) = GA(~p )py
σ3

2
GR(~p ),

G>(−~p ) = GR(−~p )
(

−px − e

c
Ãx

)

GA(−~p ).

Back


