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Chapter 1

Introduction

This is the public version of my notes. It contains “undefined references” to some unpublished stuff which I didn’t
include here.

These notes are available on the web.

“Heo(puIIHaJIbHOCTD” 3THX 3alIMCOK 3HAYHT, UTO OHH HYKIAIOTCS B “3a4HCTKE” (KOTOpasi HOTUXOHEUKY HIET BMECTE C
no6aBJyieHHEM HOBOTO MaTepHaJsa). Eciu HaTKHETeCh Ha OITHOKY HMJIH IJIYIIOCTh, HOKAJIYHCTa, COOOITHUTE MHE.

These are my notes(=Aufzeichnungen, Notizen): calculations, proofs that are not written in my PhD thesis and
papers. Even if you print this (rather large) document, I suggest that you have it opened in Acrobat Reader simultane-
ously. This is because this .pdf file contains many hyperlinks which facilitate surfing through it.

Take a look on the following mesoscopic experiments: 0803.0568. A nice book is [1] — covers almost all topics of the
mesoscopics. (Sometimes I am arguing with it, however.) What is written here is close to [2]. See also [3, 4, 5, 6, 7],
0310012, 0402203.

1.1 Introduction

In these notes, we consider metals with isotropic Fermi surface, which in reality is almost never true, as one can see
on this webcite. See p. [3]31 about this. Typical values of Ef, pr, D, 7, Ly, Ty, €tc. can be found in §[9]11.4 and on
p- [cond-mat/0412664]4.

For a definition of a mesoscopic conductor, see p. [8]1200. Roughly speaking, a conductor, which is smaller than the
dephasing length, is called a mesoscopic conductor!:

| hD
LT/L(p z L, LT = m (11)

The restrictions for both Lt and L, come because of the interaction. so what is the difference? (L, is the coherence
length, Lt is the thermal length.?) This means that a mesoscopic system is typically small and cold:

L~5+40um, T~01K, 1p= [?/D =1+ 60ns.

Our main tool in calculations is the disorder averaging technique [5, 10]. We study systems with randomly placed
impurities forming random potential U(r) for electrons. All impurities are identical. A common value for the mean
scatttering (on impurities) free path is / ~ 100A. This means that a metal (or a semiconductor) which we study is really

“dirty” in comparison with the “clean” (ballistic®) case, where [ ~ 10um, see p. [11]90. In addition, we always suppose
that*
pel > he= ut>h, pre \2my, (1.2)

1For the clear definition of L, see, e.g. papers of Montambaux. Do not mix up L, and L;,; the latter can be much larger, see sec. ??.

2The importance of Lt is discussed on p.[4]42, but this explanation seems me just wave-handing. The effect of Ly, if it exists, would appear
automatically, e.g., in my conductivity calculations neglecting the interaction. BTW, Lt is not mentioned among the relevant length scales in [1].

31t is interesting how this approach is changed in the limit 7 — oo, see cond-mat /0611523,

40n p- [12]483 (§95), (1.2) is the requirement of the quasiclassical approximation. On the other hand, this is just the condition for the absence
of strong (Anderson) localization.


http://shalaev.pochta.ru/private/public.pdf
http://www.adobe.com/products/acrobat/
http://arxiv.org/abs/0803.0568
http://arxiv.org/abs/cond-mat/0310012
http://arxiv.org/abs/cond-mat/0402203
http://www.phys.ufl.edu/fermisurface/
http://arxiv.org/abs/cond-mat/0412664
http://theorie5.physik.unibas.ch/shalaev/public.html/02-03-2004.pdf
http://arxiv.org/abs/cond-mat/0611523
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where u is the (T-dependent) chemical potential. We would also like to assume that T <« /7 — only this will allow us,
e.g., to approximate momentum operators as p ~ fpii, where # is the direction operator, [ii| = 1. Also in 3D this allows
us to forget about energy-dependence of the DoS. BTW, 7 itself is also energy and temperature® dependent.

@Relations between energy scales, see (1.19):
distance between neighbouring levels = 6 = ivp/L < T < h/7p < Er. (1.3)

This model of disorder was first studied by I. M. Lifshitz (M. M. Jlucpmmn) [14] see p. [15]62; it is different from the
Anderson model where potential holes (or bariers) with random depth (height) are placed in the cites of a regular
lattice.
The potential U(7) is supposed to be 6-correlated®:
————af W20(F - 7")
7 of 1.4

UOUG)E 5=, (1.4)
where the overbar .7. denotes averaging over different disorder configurations, 7 is the parameter characterizing the
strength of disorder, and v is the DoS (defined on p. 21) at the Fermi level’. Eq. (1.4) reflects the assumption that the
potential of every single impurity is independent from the others. Due to the fact that the number of impurities is very
large, there must be a sort of a Central Limit Theorem for the potential function U(r) (which is a sum of contributions
from all impurities) saying that it has Gaussian distribution ([17]20). As a consequence, the moment of arbitrary order
GG...G averaged over such a potential can be expressed in terms of first G and second GG moments.®

e The highest priority have notations from [5], then those from [19]. The symbol & in an equation means that the
equation is to be checked.

¢ d denotes the (quasi)dimension, L; denotes size of the system in ith direction, V = [] i L; is the volume, u is the

(T-dependent) chemical potential,® pr is the Fermi momentum, 1° pr = mup, m is the electron effective mass, v is
the Fermi velocity, e < 0 is the charge of an electron. The standart (i.e. superconducting) flux quantum ¢ = 7/el.
Let us define

\7’1?,56 C! Fob= (a1b1, a0y, . .., aaby)", d’(l;ocj = (ﬁ’ol;)c_’,

> —
@/b = (a1 /b1, a2/bs, ..., a4/ba)", ab = {abj}_, (diadic).

I use the mathematical notation Supp [f(x)] = {x| fx) # O} in the approximate sence: Supp [f(x)] means the set of

{x} where f(x) differs sufficiently from zero. The following square root (z) and argument branches (argz) is chosen
by default:

VRei# = VRe®?, R>0, -n<g@=argz<nm = Vi=(1+i)/V2

o (X, y)" = Yoo @mX™y"™ with arbitrary/unknown (and independent on x and y) coefficients {a,,} Used in the

relation symbols to indicate precision, e.g., O[(x,, x5)°] = O(x,, %) in (7.13). More generally,

n
m=0"

n n-i ”—ZZ‘:}Z ik |
no_ i i Qg =Yl
(1,2, .0, xp)" = E z E Bi iy iy X7 Xy oo X520, =70
i] =O i2=0 i,n,] =0

¢ Note on graphical representation: for all 3 types of Green’s functions used here, G = G¢, Gr and G, it is assumed
x — ¥ = G(x,x’) and x «— x’ = G(x’,x). Correspondingly, p — p’ = G(p,p’) and p «— p’ = G(¢’, p);

51 mean phonons which actively contribute to elastic scattering, see p. [13]471.

6See Fig.8.3 on p.[16]300; See also ([cond-mat/0305478]3.8-11) for more general case. Also arxiv/0801.1786. See also @condmat of F. Guinea
in 2008, where it is claimed that in case of long-range (logarithmic) disorder conductivity can be inverse proportional to the concentration of impurities.

“In the problems taking spin into account, we assume that v is the same, as in the spinless case. That is, v is the DoS per spin.

8This is true only within the ZLA, see Sec. 3.6 and 8.3. Also VK told me that this is incorrect. If it would be so, then tunnelling DoS would have
Gaussian distribution which is not correct in general case. The problem is discussed in [18]. However, I don't see what’s wrong in my reflection
apart from the fact that Central Limit Theorem that I know is not for random functions, but for random variables.

9n these notes I (historically) also often use the symbol Eg, which in most occasions should be substituted with u.

Opg is derived from p and thus also has temperature dependence.[20] Another source of its temperature dependence is the Landau Fermi liquid

theory. Is it true that vg = 37] =group velocity?
p=rr


http://arxiv.org/abs/cond-mat/0305478
http://arxiv.org/abs/0801.1786
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e Pauli matrices: a;:;., where & =0...3 and ¢ is the unity matrix.

The variables p, k, q are used for momenta, ¢ is energy variable (usually denote deviation from u), w is the frequency.

Note: in the past p, k, g had dimension cm™; I did not yet change this (inserting 4 where appropriate) completely.
The same mess I might have with £. All (including those energetic and momentum) constants assumed to have
their usual CGSE values. Also all other quantities have their normal CGS dimensions.

The gauge with scalar potential equal to zero is used. We define the current operator in momentum space without

s
oc A term!!:

> > ie A . .eh - .CPF , . .o
j=ev=—[H,x] =|without SOI|= —-i—p = —zﬁn = —ied = —ievl,
h m m

v = pg/m. (1.5)

e The equations and figures from the books/papers are citated with the corresponding number from the bibliogra-

phy: e.g., ([

12.22) stands for the equation (2.22) from [21].

¢ Instead of saying, e.g., “diagram in Fig. 3.1(a)” I say “diagram 3.1(a)”.

In the following, we introduce averages Ggr,a and GrGa over the ensemble of samples. All higher order averages (like
e.g. GRGrRGaGa) are expressed as infinite series of these ones and additional lonely impurity lines, e.g. like in case of

Hikami boxes in (13.35) and (13.36).

In some occasions, I use indices “I” and “II” in order to distinguish between one and the same operator in the first

and second quantization.

1.2 Notations and abreviations

Vi= (1+i0)/V2, &= p*/@2m) - Er,
R,3 real and imaginary part,
g =prl/h =2Ept/(2h) > 1, see (3.41),
AE=asymptotic expansion,
BC=boundary conditions, BTW=by
the way, CCV=charge current ver-
tex, CD=cooperon or diffuson,
CS=coordinate system, DL=Daniel
Loss, DA=diffusion approximation,
DAT=disorder averaging (diagram-
matic) technique, DF=distribution
function, DM=density matrix or
Dmitry Maslov, DoS=density of
states, EG=electron gas, EM=Evgeni

Mischenko (EBrenui MHIIIEHKO),
FI=functional integral, FQ=first
quantization, GF=Green’s func-
tion, GFB=Green functions box

(I mean any box made of Green
function lines: bubbles, triangles,
squares, etc), IAL=impurity averaging

1.3 Basics

lines, IMHO=in my humble opinion,
KE=kinetic equation, lhs=left hand
side, NLSM=non-linear sigma-model,
ME=matrix element, MF=magnetic
field, MSH=Mischchenko, Shytov,
Halperin, see sec.7.3, OP=one-
particle, OS=0leg Shalaev, (Oxer Illa-
aaeB — myself), QED=quantum elec-
trodynamics, QKE=quantum Kkinetic
equantion, QM=quantum mechanics
(or mechanical), rhs=right hand side,
RMT=random matrix theory, s.c.=so
called, S.e.=Schrédinger equation,
SCBA=CBII=self-consistent Born ap-
proximation, sec. 1.4, SHC=spin-Hall
conductivity, SOI=spin-orbit interac-
tion, SPMs=stationary point method
(=?=meTon  cTamuoHapHOM  (asbl),
S@=second quantization, VG (Bura-
auk, BI') =Vitaly Golovach (Buranu#t
I'onoBau), VK (BK) =Vladimir Kravtsov

The Fouirier tranformation on a finite interval:

L
f) =1 Yo, S = [ dvetc, [
ke

IThat is, there is no direct coincidence between (1.5) and (3.2). In the presence of the SOI, see (6.7),6.8 and Sec. 7.2.

< dk
oo 2TT

(Bmampumup Kpasnos), VRD=vertex
renormalization diagram, WL=weak
localization, WF=wave function,
WR=Wigner representation=mixed
coordinate-momentum  representa-
tion, ZBA=zero-bias anomaly (in
the tunneling DoS), ZLA=zero loop
approximation, &=to be rechecked,
o=thanks to.

Pyccrue cokpaiienus: BAX=BoJbT-

aMIepHas XapaKTEPHCTH-
Ka, Bd=BosHOBas1 PYHKIHS,
KTII=kBaHTOBas TEOPHS 1o-
JId, MII=maTpuna IJIOTHO-
CTH, MO=MaTpHUYHBIA 3JIe-
MeHT, Cd=cobcTBeHHas1 (QYHKIIHS,
PH=(yHKIIHOHAIbHBIA HHTErpal,
(byHKIIMOHAJILHOE  HHTETrPHPOBAHME,
®I1=cpa30BbIH IIEPEXO.

(1.6)

An alternative way of

calculating velocity operator is to apply Legendre transformation to the Hamiltonian, so that v, = 5711.


http://theorie5.physik.unibas.ch/loss/
http://theorie5.physik.unibas.ch/loss/
http://theorie5.physik.unibas.ch/shalaev/
http://theorie5.physik.unibas.ch/golovach/
http://www.ictp.trieste.it/~kravtsov/
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where k, = 2nn/L, n € Z. From (1.6) one gets also the correspondence between 6 - functions in discrete and continous k
- space: Lo, corresponds to 2md(k).

v = 2mii/L f dre™ = V5.

Physical magnitudes are usually given by f dEf(E)G(A, E); sometimes f(E) = 1, sometimes it is some distribution func-
tion. The shift by chemical potential ; permits to write Green’s functions in a (1.9) - like form and also eliminate
u from the equilibrium (i.e. Fermi) and sometimes (since deviations from equilibrium are usualy near the u - level)
nonequilibrium distribution functions. This does not damage the diagram technique.

Note that since in diagram technique in the coordinate space one should use U(x) = U(7)d(t) for time independent
potential (see [5], p. 118), the dimension of the potential in the momentum space is length”l /time (i.e. the same as the
dimension of Uy).

1. If one-variable function does not depend on time: f(x) = f(7), then in Fourier space f(q) = 2nd(w) f(7)-

dd+1 . -
(2n)dfl e"=*)G(p), then

2. If two-variable function depends only on difference of coordinates: G(x,x’) = G(x — x’) = f
G(p, P/) — fdd+1xdd+1xre—ipx+ip’x'G(xl x/) — (27’()d+16(p _ P')G(P)-

3. GI(77) =G, 7); G, p") = G(-p',-P).

4. Two - variable Matsubara (-Green) function in case of conserving-energy interaction reduces to &(E,, E;) =
1
70 G (En).
T

5. If we consider external potential as a perturbation and there is no spatial homogeneity, in coordinate and Fourier
space:
) dd+1k dd+1k
A d+1 ’ " o_ 1 2
01G(x,x) = f dyGl, VWG, X'),  01Gp,p’) = f @

In case of spatial homogeneity the latter reduces to 6:G(p,p’) = G(p)V(p — p")G(p").

G(p, k1) V(k1 = k2)G(k, p').

6. A simple first order exchange diagram in the interaction case:

/\ dd+t qdd+1q1dd+1 s )
= G(p, g1 + 9)G(1,92)G(q2 + 9, )V (@)
7’

(2m0)3@+D)

P

1.4 Average of a Green'’s function

A single scattering event is described in [22]... In this section we calculate the disorder average of a GF, Gg/a; later
(see Sec. 2) we also calculate GrGa. It is correct!? what is told in [5], beginning from ([5]39.7) and till B =signp/(27).

The disorder strongly affects properties of the system, starting from its GFs. A GF of the disordered system can not
be approximated with a first few orders of perturbation expansion; one has to sum the entire (infinite) series. '

At this point it is pertinent to explain why the diagrams with crossed impurity lines can be disregarded. The
following is not a general proof'* (which would be valid for an arbitrary diagram), but just a comparison of two
diagrams in Fig. 1.1(b).

After averaging one realizes that series for GO (p) = G(¢) implies the following self energy'® [ SCBA , see ([5]39.7) and
sec. 3.7]:

n > > >
b= Z U@ - p1)PGr(@)+
P1 (17)

+

2
n 5 > > > — > — - — - Y
+(VhZ)Z 2 U@ - p)PIUE - pr = ) PGRENGRG2) + .., 1=F—P1, f=P-
p1.p2

12Except one thing: to my opinion in ([5]39.6) there should be —% instead of %.

13Note: the perturbation theory for Gg and G, is the same as for casual function G because the disorder potential is time-independent [so there is
no frequency (energy) transfer in momentum space].

141 have a feeling that it is not hard to make it general, though.

15 Validity: according to ([0305478]3.10b), SCBA is justified if conductance > ¢2/h; otherwise corrections like diagram 1.1(b) become important.


http://arxiv.org/abs/cond-mat/0305478
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> NN
/7 e~ \ / /
o \ \
® ( L ® - >0 ® ‘ ‘ P PA >Q
— — — — — — = = = = = =/
T Bl 9 79 1 7! r 1 ) r1 ) r
(a) The main contribution. (b) The correction (which is a part of the diagram [0305478]5.c.i).

Figure 1.1: Two possible diagrams for G.

The expression for Yz can be obtained from (1.7) by changing index “R”—“A”. The expression for the self energy of the
time-ordered GF X can be obtained from (1.7) by removing index “R”. For arbitary realistic impurity potential U(7) every
term in (1.7) is finite. Note that momenta variables ¢;, i > 1 are “large™: Vi g; ~ pr in (1.7).

Why do we ignore diagrams with crossed IAE, e.g., 1.1(b), in the ladder-series (1.7)?

Bad (hand-waving) explanation: The values of momentum in diagrams for the average Green function obey two
types of limitations. The first type stands for laws of momentum conservation which are strict. The second is the
requirement that all Green functions momenta have absolute values in the range'® p € (pg—1/1,pr +1/). Let us compare
2 diagrams in Fig. 1.1 for fixed value of external momentum j. The condition that “internal” modules of momentum
must be close to Er in case of the diagram in Fig. 1.1(a) leads to the system of 2 approximate equations:

P1 = P, P2 = PF,

while the same condition applied to the diagram in Fig. 1.1(b) leads to the system of three approximate equations:

PP, P2xpr, |+ P2 — Pl =~ pr

From this we conclude that, independent of dimensionality, the right diagram is (pgl) times smaller than the left one!”.

Better explanation: We see that a diagram with “crossings” will always be small if we consider it in the frequency-
coordinate space, using the coordinate-space expressions (1.25) for the averaged GF. We see that coordinate arguments
are always “entangled” in a diagram with “crossings”, and are disentangled in a “ladder-like” diagram. Because of that
the integrand in the expression for an “entangled” diagram will contain an oscillating factor ~ exp[igr/h] exp[—r/I], while
the integrand for a “ladder-like” diagram contains only decaying exponent ~ exp[-r/I]. The integration result will be
then pl/h times smaller for an “entangled” diagram compared to a “ladder” diagram. It is important to remember that

p is determined by the frequency argument w of the GF: p = /2m(Er + w). In case of a non-degenerate 3DEG say, in
a semiconductor, for low-energy part of the relevant electrons p!/ < & so that the loop expansion is not valid. People
don’t care about that and just use (IMO, totally unjustified in this case) Boltzmann equation, e.g., to calculate spin
relaxation rate and obtain meaningful results. I would be happy to resolve this puzzle. ..

0.k, that was all about “entangled” diagrams, let’s move on. Next we define

52§/A£¢L

1.8
30 (1.8)

where I want to consider general case, when 7 depends on energy.'® It is clear that such a dependence would result in

temperature dependence of physical quantities expressed in terms of GFs. The average of a Green function will have

the form!°:

1
Gra(p) = ————, T €R. (1.9)
E-&ptan

1
Gp)=—F—"F7%
E-&+mm

16That is, we don’t expect that our expression for Gg/x is valid for p < pg — 1/1, i.e., deep under the surface of the Fermi sphere. So, we are unable
to calculate the non-universal contributions, see Sec. 3.7.1.

7In the case of diffuson and cooperon the proof is actually the same, as for G — we must just “unbend” corresponding diagrams.

18We always assume that 7 is momentum-independent; this is a self consistent and absolutely neccessary assumption.

191t is easy to demonstrate, that, generally Gk = GL'; see p. [23]82. One notes that this holds in the simpliest case (1.9) and in more complicated
case (6.17).
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In (1.9) & = ¢(p) — Eg = energy of the particle shifted by the Fermi energy.”° Note however, that in the left part of the

kinetic equation ([21]2.60) stands RX. This I don’t understand: apparently, according to (1.9) and (1.8) there should
stand iJX! This concerns also the discussion about RZX is ignored in 7, see below. See Sec. 3.7.3.
Let us derive 7. The result will be the same for two models:

1. The limit of the hard-sphere model with the sphere radius — 0. The potential will be

N

N
7) =U, Za(V—a)—n, i(znvonuz/hz) , n=g (1.10)

f drU(7) = 0, or, in momentum space, U(g = 0) =0

Ur) = — L fdrl ~.dryUP) =0, UFEUE) = nUa[6(F—77) — n].

2. Arbitrary white-noise o-correlated potential. {see generalizations: ([cond-mat/0305478]3.8)} Here 7 is defined by

ﬁZ

UA UG E ———5(7 - 7). (L.11)
2mvo T
Historically I learned the first one first:
S U(F - pa)l? nlg 1
X i, E) = Le(qn - ~— = — - =, 1.12
Al B) = Zelln) = 7 Z‘ —e(Pa) - Le(p) V&4 E-e(pp) - Ze(pa) (112

In the approximation with the constant DoS?! v(&) ~ vy, (1.12) is equivalent to considering only the first term?? in (1.7):

0 1
O _ 172 —
Irg —nuofmdévoxﬁE_é_‘_ié, o =+0, (1.14)
From (1.14) it follows: 7 =1 =1. (1.15)

The E-dependent part of 3X¢ can be estimated as?® % < E. In short, we can think that?* ReXf = 0.

The imaginary part of (1.12) gives us an important sum rule for | IX = —i :

N v§+E
VE 2mvpt = —— f de— f 5 ( ) _ Z Gr(P, E)Ga(#:, E), (1.16)
(E E) nEZ“’
201t seems to me that VK once has told me that e@) # 2m , however in [10] (and e.g., also in [24]) it is written that e(p) = rzzm Also DL is convinced

that &) = %. If RE essentially depends on g, then &) # Tf Note that if e(7) = Rp , then in 2D nothing saves us from the divergence of
R in (1.12), since v(&) is approximately a constant. However, a non-parabolicity in semlconductors can occur due to the Kane model, see, e.g.,
PRB73113314.

21See pp. [25]28-37. We define v as spinless DoS, so that it is the same in case of spinful and spinless electrons: (Qp is the complete solid angle;

in 3D Qo =4r, in 2D Qg = 27‘().
O I B ) lZ‘f do
(&) = v 4 b(5+ T 7 so that v 8 = | dév(é) % (1.13)

Another way is to say that v = %, where Nf is the number of levels inside the sphere E < Eg, defined from Ng(2n)?/V = Vg, where V is the volume

of the sphere in momentum space with the sphere radius ps; such that ¢(ps) = E. In 2D Vg = 2mEn, and in 3D Vg = (2mE)*/241/3. The two definitions
differ by the factor V.

221t is easy to see that due to the analytical properties the other ones = 0. Due to the same reason we can substitute G — G© in (1.7).

23Here E appears because we want it to go to O when E — 0, T - because it appears due to the averaging over impurities, and Er serves just for
dimension. (tEp)~! ~ 0.02.

d JUR

24Ecim 651 3T0 6BLIO HE TAK, MOKHO 651 GBLIO TIOTPO60BATD 3aCyHYTh ero B dypbe - mpeobpazosaHue: f(x) = (;ln’)’jﬁ elPr=iE-u-ReZe)l £(1). Ho HemoHSTHO:

a MOKHO JIH BOOOIIe Tak CABHraTh peo6pasoBanue dypre? $§ICHO, YTO €CThb II0 MEHBIIEH Mepe 1 YacTHBIA CJydad, KOrha 3TO HEIOIyCTHMO: €CJIH

ReXr = E. Bno6aBok IOJIOKEHHE YCYTYOISIeTCsT TEM, YTO B OTJIHYHE OT JXf = —ﬁ BIIOJIHE BO3MOXKHO, YTO IIPHOIIHKEHHe ReXr = const HEIOIyCTHMO, U

CB$I3aHO 3TO MOXKET GBITh C PACXOIHMOCTBIO f d¢& B ypaBHenuH 11s1 ReXp, aHasornusomy (1.16).
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From (1.16) we see that out of the constant DoS approximation

T_v a f"" dz v(z/210))
0 vo  Jeom 1422 °
Given (1.9), from (3.33) we have
1 - -
v Z Gr(pi, EYGA(Pz, E) = 2mvETE, (1.17)

inezd

so that from (1.16) one concludes that

* dz v(/210))

, 1.18
n 1+22 ( )

—00

VYE vVgTg =WTg, To=7, sothat? =vy = f

so that the even part of 6vg CEVE — 1o changes its sign, if not évg = 0. This should hold for a non-interacting system so
that there is no surprise that this claim is not valid, e.g., for the zero bias anomaly.
Let us parametrize®® dependencies of vy and 7 in the vicinity of point E = 0:

vErvg(L+xE)=vo+0vg, text(1—-yE), IEIST/2, xT/2<1, yT"/2<1 (1.19)

We assume that energy-dependent deviation in (1.19) is small for v: é6vr < 1y and for all other quantities: tg, Dr (see
(13.5)), etc. Since integrals f_ 0; dé converge on & ~ /T, we also have to impose x < 1. (Otherwise the loop expansion is
not valid, see Sec. 3.6.)

Already from (1.18) it follows that x = y, but historically I've deduced it in another way:
Eciin MBI TOIIPO6GYEM IIOCYHUTATD IIOIIPABKY K T JKYyJIBHHUECKHM CIIOCOO0M [T.€. pasioxuMm v(E) B (1.14) BILIOTh IO JIMHEH-
HOT'0 WeHa], TO MOJIyYHUM:
n_ll(z) ddp (0) i

=T | Gy Cria

v/
@)=+ 1 2rvonl; (1 + EV—Z), (1.20)

2’[5’ TE

Or we can choose a more honest way by expanding (1.16) in powers of E. This leads to

f"" ) vg(ch)/vl(é) . T3/ To -0,
oo &+ 52 2T§(52+4%5) (1.21)
vo(O)/v(E) = x,  To/T0 ==y, V(&)= o
From both (1.20) and (1.21) it follows that x = y so that vetr = voTo. (1.22)

Expanding (1.16) up to second order in E one can see that still vetr = vo70.

Now some notes about the derivation of (13.5). For small g we use an approximation &(F + §) = &) + 94 + bg?/2.
Before perfoming the integration over & one should expand the integrand in powers of E, w and 4. Then for the zero-
order term (1.16) is applied; in other terms one can use (1.19) for v(&). To make }.; Gr(7#, E)Ga (7 — {7, E — w) invariant
under arbitrary shift in 7 € Z", and in particular, to maintain the obvious relation Y ; Gr(Fz E)Ga(P57 — 41, E — w) =
Y. GR(P# + Gz, E)Ga (P, E — w), one has to assume b = xDy/1 = v*x/d, so that

- >\ - e d & 2 _ - b e v_2 2
s(p+q)—s(p)+vq+x2T0q —e(p)+vq+x2dq. (1.23)

From (1.23) it folllows that usually, when we are not interested in the effects due to the {-dependence of the DoS v, we
can drop quadratic term in the decomposition of e(7 + 7).

For future purposes we may need the generalization of DoS (1.13):

v(&,0) = ‘l/ Z O(&+u-— 8(—);7,’))5('0 +op — Hﬁe(ﬁﬁ) ), [:O dov(&,v) = v(&).

25An example where one need to introduce see (1.19) - like dependence is thermoelectric effect, see- [8], p. 103.
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1.5 More about Born approximation

See also PRB531850.

In this Section, we consider the 3D case, since in 2D G“(r) is a Hankel function, which we don’t like. It is known
that (47r)~! is the 3D Green function for the Laplace operator 6. [In particular, one can check that ¥Yr # 0 A(4nr)™! = 0.]
The equation for the GF of a free electron gas is the Helmholz equation ([19]7.7a):

(& +06)Go(F-7") = ——5 77 = \2m(u+wh)/h, u=uT), (1.24)
where the minus sign coincides with math-physics definition, but is opposite to the [5]-standard (which we follow).
One checks that Vr # 0 A" /(4nr) = —k%e*" /(47tr), so that
2m exp(ikr — 6r)
A 4mr

where 6 = +0 for the electron gas in the absence of disorder; Eq. (1.25) is valid also for the disorder-averaged GF in the
SCBA if one assumes that ¢ is finite (it can be also w-dependent).

G(r) = — (1.25)

G(p) = f dPre 7 G(r) =

_ —iprz exp(zkr - (31’) _ 2m ® 1 —ipr ipr : _
=—— 2nf drr? f dze™ =7 ), drr_zl,p (e P —ep)exp(lkr—ér) =

2m 1 1 o171 Ohk _ 1
2p1[1p+1k o —1p+1k—6] [k2 P+ 2ik0 - b] " m 21

From (1.24) we conclude that 7 inherits the temperature-dependence from the chemical potential u. The product vt
has to be constant so that (1.11) is temperature-independent.
Following DM, the simplest Born self energy is just G(a), where a =size of an impurity (which saves RX from diver-

gence):
: o s s —i2
Y= O P g Yo ) Y T e, (1.26)
| 2nvt /i 27 Pra | T2t pr’ : 2ppat

where a is the size of an impurity (a cut-off for large momenta). Eq. (1.26) gives the first-order Born correction to the
self energy, if the GF line is the one for the free electron gas (with 6 = +0). If 6 is finite, (1.26) gives the self-consistency
equations. In case when w = 0, these are

R 1 | Grla 1 1 Rk 1
Gr(p) = [0 -], z=>=ﬁ —r=Rss, L

2nvt /2’ a’ 1, pr T

Thus 7 in the averaged GF has a weak ~ w/Er frequency dependence. This dependence may be neglected near the
Fermi level; there are cases, however, when it is important — e.g., in the calculation of the DM-norm in (??), which
defines pr. Thus we can not evaluate (??), so that even at w = 0 it is not obvious that k = pr and 7,- = 7.

Bousee Toro, ycpennénnsnie I'd 3aBucar o P mocpencTsoM HMILyJibca PepMH pr = 4/2my (B paBHOBecHH PP omnpenesi-
€TcsI TEMIIEPATYPOH, H pr 3aBHCHT OT T). 3aMedy, YTO 3TO IPOTHBOPEYHUT AYXY (XOTsI U He O6YKBe) BBICKA3bIBAHUH MEXKIY
dopmytamu ([26]16,17).

The second-simplest diagram we calculate in the momentum representation:

27'(1/1 § [2711/7 (Zm)z 4r fmd 2 —2k6(k2—p2) __m [1+O(6_2]
_ h ) @2n)® Jo Per [(kz_p2)2+4k262]2 anhik el

2nvt K2

= S”;i_gf :ﬁ = 7 S .%D:—W > 5> in case when 8klpra < k.

Next,

vt P o (2m\? An ©0 , (K —p?)? —4k*6? m25 &5 )
T ® =) o ) 2 = o || O 20 k20
SV T
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For simplicity let us consider the limiting case when kI > 1 and 8klpra < h and w = 0. The Born ladder can be exactly

summed:
hZ ika—oda le o ﬂ
4kl 2ppat THTHT R

where i is the renormalized chemical potential, and 7 is the renormalized mean scattering time:

) 211 R o[ .
y_y+2pFT(a 4l)>y, %= o [m+k]:>T<<T1fk~pF. (1.27)

We also want to take into account more sophisticated rainbow diagrams, e.g., )} In order to do this we have to start

from the beginning of this Sec. with renormalized parameters:

Hk — HF, 5—>i~[i+k]
ok LaKd

>_ Get) __nheela] 1 "

T 2mvt/R2 T 2t pa Nird 2T peVia >2T'

where the GF-line stands for the GF with the renormalized parameters (1.27). We continue the procedure more and
more so that k, grows and we don’t know what to do with that:

1 - 6n+2ll[4k+m+1]

1
i k721 + El kn+15n+1 = knén - ﬁszn = Opy1 =
\[1 + kzla

2 2 — 12
R, =K -"ZRE, =B+ -5

n+l = h -

1
la

We conclude that in the limit of small a
lim k, = hm O, = oo.

In reality, the growth could be stopped when the condition k,/ > 1 is (no?) longer valid. (The condition 6, /k, < 1 will
not be violated.)

It is faster to use the SCBA: assume that exact (i.e. sum of ALL diagrams without crossings) GF looks like G(p) =
@m/h2)(k? - p* - ), where T = #2/(2nvt) [ d%p/(2m)°G(p). If we denote k* = k> — ReX and 1/(21) = —JX, then the GF can be

rewritten as G(p) = 2m/I?) (k> — p* + im/(h1)). @Stop reading here.

Now let us calculate the corrections to the Born approximation arising from diagrams with crossings. Following
DM, the corresponding correction to the free energy IR in the momentum space is

:_( m )3 K2 2fd3reXp(3ﬂ~cr)e_W:—£-i-i-2nfoodreXp(3ﬂ~cr) sin pr
2nh?) \2nvt r3 0 r pr

Thus this crossed diagram contributes to the p-dependence of 7. This dependence contains smallness o /(pgl).

Consider the simplest diagram with crossing in real space:

o K2
fd3xe_wxm fd3r1d3r2G(r —1)G3(r1 = 1)G(r — x — 12),

where we used the symmetry of G: G(r1 — r2) = G(r2 — 11).

21 s (s M-I Bkl ikl
d°xe™ drld(rz_rl)a S 1= = = kzpF/h

Q2nvt)? (4m)t F—AlA —5P 17 -7 -
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I am particularly interested in diagrams with “crossings” because external coordinates/momenta are involved in the
internal integrations. I want to prove that this “crossing” term becomes important if p is not close to pg/fi. It is better
to calculate it in the momentum representation where we have one 3D-integrals less:

&Py d*q> 1 . 1 . 1
@n?* J @nPE—-(@F—-q1)?/@m)+i0 E—(F—qi —§2)?/2m) +i0 E—(F—q2)?/(@2m) +i0

First, I am not sure that this integral converges. Suppose p = pg/h; then it seems that the characteristic scale of
integration is g1, ~ p — pr/h. Now let us consider small values of p < pp/fi. Then the characteristic integration scale
grows. I mean, the integral grows when p decreases. I imagine that for small values of p its imaginary part may be
not smaller than 1/7. If this is correct, then for values of p far from pg/h it is insufficient to take only “ladder”-like
(i.e., “rainbow”-like) diagrams in the calculation of 7; diagrams with intersecting disorder lines may give important
p-dependent contribution. (Where p is the external momentum.)

This Section has been born in intensive discussions with D. Maslov.



Chapter 2

Average of two Green'’s functions

@Conﬂicting notations: D sometimes stands for the diffuson self energy, and sometimes — for the diffusion coefficient.

PaBBI/ITb Takyio uneo: To, 4To y Hac He BOSHHKAeT MOMEHTOB (CpeIHHX) BEHIIIIE BTOPOI'O MOPSAKA, €CTh CJIeICTBHE
pennoJIoskeHus o 'ayccoBocTH Haltero pacupenesiaeHus (1.4). A To, uTo pacupenesieHHe -['ayccoBo, cCKa3aHO, K IpUMeEpPY
B pabote A. I. Larkin and D. E. Khmel'nitskii, Zh. Eksp. Teor. Fiz. 91, 1815 (1986) [Sov. Phys. JETP 64, 1075 (1986)], a
Takxke B ([cond-mat/9810191]10). We consider only “ladder” diagrams, which give the main contribution to the results
(see Sec. 3.7).

Using (13.5), we have (in case when A = 0)

p1o_ T GR(Pl)GA(PZ) D’ = T GR(Pl)GA(P2) c= Ei1+E; 2.1)
P2 q0te —i(Ey — E2) + De(ph + 2)?’ 7 tote —i(Ey — E2) + De(ph — po)?’ 2 :
In the opposite case, Ig > 1, we have [expanding (13.2) and ignoring the {-dependence of DoS v] in 2D
PE PE
thﬁ/E*w Dﬁ*LT,Efw 1 1 1+ 2iwt
- - - = - JY Y :1+_+E+T, (2.2)
Gr(p,E)GA(@—P,E-w) Gr(p,E)GA(p — q,E — w) lg g 2Pq
and in 3D . .
P, 7,
Crf—ﬁE—m 3 Dﬁ—é’,E—m PN m2/4 -1 + iwt
Gr(,E)GaA(f—P,E-w) Gr(f,E)Ga(F— 7,E — w) 2lq g ’

We can see that in this case cooperon and diffuson are like in the ballistic case (when there are no impurities). This is
because of that if we are interested in very small space scales, the concentration of impurities becomes effectively very
small.

2.1 How A = const affects cooperon and diffuson

The influence of the magnetic field can be studied on 3 complexity levels: (i) when it only manifests itself as a phase shift
(constant vector potential, e.g. in a mesoscopic ring), (ii) due to the term —y&‘ﬁ and (iii) making electrons precessing,
due to the appearance of A in the term (p - eA/ ¢)?/(2m) in Hamiltonian.

Intuitive consideration: We know that application of A is equivalent to adding the term —eA/c to momentum oper-
ators (see e.g. ([27]4.41)). Due to the fact that the denominator of a diffuson depends only on the difference between
momenta, we may expect that the diffuson will not depend on the applied field (except for the X—dependenee of GFs in
the numerator). .

Here we consider the simplest case when the vector potential A is constant both in time and space. The calculations
are performed for the case of a cooperon; afterwards it will be evident that the diffuson is not affected by A.

In order to get the perturbed self energy we can substitute Gg and G, in

d
_v0_ 1 d’p o
g_zz - @rvor? fl%n)dGR(p,E)GA(k e



http://arxiv.org/abs/cond-mat/9810191

Chapter 2 page 16 generated October 16, 2011

GRr
> AVAVAVAS =
AGy
Ga
eTA
(d)

-

Figure 2.1: Diagrams for calculating self energy X, of a cooperon in case when A#0, A=const. In (b) and () the

change of sign in the vertex (3.9) occurs because the momentum argument of GA(Iz -p)is k- g ~ —iipe. This is not true
for the diffuson case.

a 111222
B O|1(0|1]|2
diagram from Fig.2.1 |b|a |d | e | c

Table 2.1: The correspondence between diagrams in Fig.2.1 and values of a and B in ([28]A2.3). (see
LEARN/dephasing.tex)

with the expressions for them according to the perturbation theory (where the perturbation is the applied field A)).
Note! that as an unperturbed self energy we must take not Z;O) (which is reducible), but the irreducible part of it
which is ©; = 2nvt) L
The first-order perturbation 2(21) is represented by two “triangular” diagrams 2.1(a) and 2.1(b) which are both equal
to an expression (omitting n*U; coefficients):

1
2mvoT

1
21voT

ddp - 2, N ddp - i 07 o To —->
f W(—eA, ?GA(F, E)Gak - ,E — w) == f W(—EA, DGR EGA(k =, E - w) = ~2Dete— (—eAk).

The second-order correction Zf) is represented by three diagrams [figs. 2.1(c), 2.1(d) and 2.1(e)]:

1 a4 > 5 > 1
[ SEed 76 EGA G- E- ) = o [

ddp - > 5 3,7 5
2nvet J (2m)d 21vo% )4 (=eA, 07 Gr(p EXGAKk =, E — @)

@
1 1 ddp 2 a0 0 P To S5\ 2
= ~35mz f Gy (~eA, 0 Gy(p, E)GA (k = P E - @) = ~Dete— (—eAk) .

Finally we obtain that cooperon changes in the following way: instead of (2rtvy7)™! we have

1
21vy T

[1 - DETE% (~4eAR + 4e2A2)] . 2.3)

So, in accordance with the intuitive consideration, when A # 0 we have (compare with (2.1))

P _ 7 GREECAK-FE-w) 2.4)
FEw T R(K-2eA)/d - iwTe

ARST

C

P

where G denotes Green functions changed due to the applied A.

For the diffuson we would have the same consequence of formulas with § - § substituted by § — 7. It is clear that
such substitution would lead to cancellation of all the considered diagrams (see Fig. 2.1): the first two diagrams cancel
each other, while the 3rd and the 4th cancel the 5th one.

IMore profound proof: C = CO + C + COL,C, where C' = C°Z;C% and X, = ):g)) + 2(21) + 2(22). From here it is evident that Z;C©® + Z;O)C =1,C, so we
arrive to our statement: C = CO + O (21 + 2(21) + 2;2)) C.
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An important note: from (2.4) one sees that cooperon self energy (see sec. 2.2) in coordinate space is

1 1 ik L omit
Prvgtors V —— G= 2.5)
ToToTe V4= De(ky — 2eA)? — iw L
On the other hand, from (13.10) we have:
1 1 I(Eﬁ+28A4)7 5 2 - 5
=Y S Ki=TE-2A (2.6)
2mvgToTe V P Dekﬁ, —iw L

These two expressions are equivalent. So one can introduce a rule for writing expressions for the diagrams in momen-
tum representation in case A = const: write the same as if A = 0 but change all sums over the momentum from (2.5) to
(2.6). The form (2.6) seems to be more useful because its definition of k; is the same as for (13.10).

2.2 Considering self energy

Cwm., Hanp., spinHall.pdf. One can calculate more general objects: (’:%i = Gr(p1,p3)Ga(p2, ps) and @Z;;ﬁ = Gr(p1,P3)Ga(ps, p2).

Only “ladder” diagrams are taken into account here. Due to this fact @%i # Qﬁ%i (even when A = 0).
Here are the key points for the calculation of self energy:

1. Every wavy line due to the averaging produces 6-function representing momentum conservation laws.

2. Integration is taken over momenta of all GFs, which are between the wavy lines. Finally we have the integration
over momentums which are carried by wavy lines and one 6 function, representing total momentum conservation
in the diagram.

3. Except for the case r = 0 diagram with r+1 wavy lines can be obtained from the one with r wavy lines by multiplying
by independent of r magnitude X®). Here it is essential that in the considered model the impurity potential is
constant in momentum space: U(7) = Up.

After all we get?

1p3 1 Gr(p3)Ga(ps)2m6(Eq1 — Es)

s = @)™ 10(p1 + p2 = (p3 + pa))Gr(p1)Ga(p2) X [(zm‘”lé(pl MO = 1% : (2.7)
1p3 1 Gr(p3)Ga(ps)2md(Er — E3)

Dby = ) 8(p1 + pa — (p3 + p2))Gr(P1)Ga(p2) X Q@r)™*1s(py — ps) + et 1— %O . (2.8)

For A = 0 one can obtain (2.1) from (2.7) and (2.8) by integrating over p3; and p4. In case of A # 0 this correspondence
is approximate; the exact one would be if one expands Gr(p3)Ga(ps) in (2.7) in perturbation series up to the second

order by A, like in sec. 2.1.
So, the question arises: must we change the Green functions in numerators of (2.7) and (2.4) or not and (if must)

how? An expansion up to the second order by A would provide the exact correspondence between (2.1) and (2.7), while

the use of exact formula (13.10) would provide periodicity in Ain cylindrical geometry. The latter seem to work, see
sec. 8.12.
So, we have®

Gr(p1, p3)Ga(p2, pa) = [@%i + ”Dziﬁz —¢O - Qﬁm]

1 +O(i)], (2.9)

prl

where ¢© = D©® and ¢ = DD are the zeroth and first order diagrams for cooperon (or diffuson). We can also consider
somewhat “universal” self energy:

Cglzii _ 1 Qn)™25(py + p2 — (p3 + pa))S(E1 — E3) 2.10)
2P4 2 7 .
2TVOT0Te _(E; — Ey) + De (f + s — 2¢A)
2710)25(p1 — po — (p3 — pa))O(E1 — E
D%i _ 1 (2m) ‘(Pl p2— (p3 f4))_)( 1—E3) 2.11)
2mvToTe —i(E1 = E2) + De(p1 — p2)?

21 wrote the formulas in this subsection for more common case with the applied constant vector potential A, see sec. 2.1.
30r may be, instead of subtracting C!) in (2.9) it is better just to say that, by definition, a cooperon has no diagram with one impurity line. I
think this is like I did in sec. 7.


http://theorie5.physik.unibas.ch/shalaev/public.html/spinHall.pdf
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Figure 2.2: Diagrams for (a) cooperon and (b) diffuson.

where D, is the diffusion coefficient. Notice that (2.10) and (2.11) differ from their values in case of constant DoS only
by substitution of 7, D with their energy-dependent generalizations 7., D, etc.

However, I doubt that this will be so beautiful for Hikami boxes.

From this point until the end of the section the ¢ - dependence of v is ignored.

There is no energy transfer in cooperon or diffuson lines, so in energy representation we have simple products of
the type: GR(El)GR(E1)ZgGA(EZ)GA(EZ). In time representation we apparently have complication: we get convolution
(cBépTKy). Let us write the expressions for C and D in momentum- time representation (with the removed (27)?6(E; —
E3)o(Ez — Ey)):

— — — — — — 2
r'o(F + 2 = (s + F)olts + £)3(t) exp |-Dh (71 + iz - 20A) |

Pty _ .
CﬁZﬁMz - 2719 T2 ! 2.12)
s QRIS + i — (s + P)5(t + £)S(t) exp|-Dh (71 - 2)°| .
PaPait - 27TV0T2 ’ .

In coordinate-energy representation the calculation is analogous to the GF in Sec. 1.5: in 3D we get exponential
coordinate dependence, while in 2D we get Hankel function.

In coordinate-space representation for the self energies of cooperon and diffuson we get

77 dpy .4 dE(dE, E
rrt_ —i(E1t1+Eatp) ~P1P3,E1
C?? " (ZH)M 1P1r1 1P3r3ell’72r2 1!7474 (2n)2 i 1(E1f+E28n szp4 iy (2.14)
it _ d’ pl 4 zpm ipzﬂeimﬁ ity dEldEz e {E1ti+Eaty) P1P3; iE1
At (2n)4d (2n)2 p2pasE’
d/2 1 2 _ 2 Zd =
7175t Tt (TZ 7’4) . >
3D CHMtt = 57 — )0(7 — 74)d(t: + tz)S(tl)z — ( Dtl) X Gt P [_W] exp [2ie(, - 1)A] 2.15)
", 412 1 (o — 73)%d
DI = (7 = )07 — Fa)d(t + 1)t (n) x LR 2.16
o = 071 = 72)0(73 = 74)0(t1 + £2)9( 57— — oo \Dhy i O |4 e (2.16)

From (2.15) and (2.16) we see that C””_t1 D’Jrf_“ for A = 0.

Because of §-functions in (2.15) and in (2 16) in coordinate representation it is natural to draw the diagrams for C
and D like in Fig. 2.2. In coordinate space we arrive to somewhat new diagram technique: a solid line denotes Green
function with coordinates in the ends of the line; to a wavy line corresponds cooperon or diffuson self energy given by
(2.15) or (2.16).

We are interested in processes, which have characteristic times > 7. Here this means t; > 7; as a consequence, the
characteristic space scale of a cooperon and diffuson is much bigger than /.
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When studying in 2D case cylindrical (or torus) geometry with A = A, # 0, we will have to study discrete version of
cooperon self energy (2.15). From (13.13) it follows that

2
2 271 Q 2m\? Q
L ; exp [z(qnx 2eA)ryx — (Gnx — 2eA) Dt] Zn: exp [zL—x (n - %)rx (L_x) - % Dt o

— 271im® /Dy ( mLx)
- 2\/71D 2 e p[ ]

meZ

where © = AL, and g, = 2nn/Ly; n € Z.

the following is to be combined with the previous discussion.
From (13.13) it follows that

¥%0;E X13;E X1 —X7 X2 — Xg 220 F
Coin = crvet E 1) -n1|6 — 1y | = CIH8(x1 — x7)0(xp — x
X7Xg;E2 E; 2L 1 oL 2 E, (1 7)0(x2 8),

ny,Mp€Z

if we restrict the coordinates to have values 0 < x < L.
Finally, let us write the Dyson equation for the diffuson in the mixed (Wigner) Rp-representation. In an inhomoge-
neous case

DR 7)=1+ exp[ (a%00 - aX&D)] X®,7)DR,§), (2.18)

where X(ﬁ, ) is the diffuson “bubble” in the Wigner representation. Dyson equation for cooperon is analogous to (2.18).



Chapter 3

Charge conductivity: simplest case

I probably should erase most of this section, since I've published a good (and short) explanation in [20]. The
general relation between j, E, and ¢ for the system without spatial dispersion:

j@t) = jo‘ o(t1)E(t — t1)dt = j: o(t1)E(t —t)dty, ok < O)ifO = j(w) = o(w)E(w) = a(a))%wAa,. (3.1)

In the important case, when a problem with initial condition is considered, E(t < 0) = 0 and j(t < 0) = 0, so that (3.1) is
valid also for Laplace transforms (which we denote with tilde):

j(-iw) = 5(-iw)E(-iw) = j(w) = 5(@)E(),

provided that functions f(p), E(p), and &(p) have no branchcuts. See also (13.7).

See p.[29]100-102 and p.[29]115-116 for the connection between conductivity (mpoBomumocTs) and conductance
(3JIEKTPOIIPOBOTHOCTB).

Below the conductivity is calculated using two techniques: Matsubara and the one for T = 0. However, both of them
are questionable in this (non-equilibrium!) case.

The Matsubara technique was designed (and guaranteed to give correct results) only for the equilibrium processes,
when the Hamiltonian is time-independent. So what is written in section 3.2 should be considered as a recipe that
works, nothing more. The ground of the method lies in Keldysh technique - see Sec. 9. As for the T = 0 technique, in
addition it has a disadvantage that averaging in it is performed on the ground state only, so that all the excited states
are not taken in account.

At first I will calculate the major (Drude) contribution to the conductivity, which corresponds to the “bubble”
diagram in Fig. 3.1(a). This is a sort of a “warm-up” which helped me to understand different diagrammatic techniques:
zero-temperature, Matsubara (both described in [5]), and Keldysh (described in [21] and in Sec. 9). In Sec. 3.4 1
calculate the WL correction using Matsubara'.

3.1 Calculations using zero-temperature technique

To study conductivity we need expressions for the operator of current density (in the interaction representation) and

its value f(x) = (0| ]?x)|0> [compare with (13.9)]

5 _ ieh ~t A At A 62 - At N . P
) = 2 [V @) — 9 V)| - — AR 0P x = F, 3.2
where the first term called “kinetic part”, and the second — “diamagnetic part” see, e.g., p.[30]160.
> eh . . oné® o
j) =5 Hm (Ve = Vi) Glx, ) = ——A). (3.3)

1If I knew wonderful Keldysh at the time when I wrote this section, I would certainly use it instead of disgusting Matsubara. It is not only my
opinion, see cond-mat /9810191, 0109316.

20
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We wrote (3.3) to first order in ff(x), so the dependence of N = (0 (x)y(x)|0) on x was neglected. In the Hamiltonian
calibration (scalar potential = 0, see ([5]29.1))), our perturbation operator is given by V) = -1 f A(y ](y)ddy To first
order in A we thus have

70 =5 [ dvAw [V 00 - ¥ 0. 5.4)

Then we utilize formulas ([5]8.7-9) and obtain (see I, 67):

2mc

6GD(x,x') = —i f d**1yA(y) lim [V - V)G, )Gy, x)], (3.5)

6G(1)(3?,E;92”,E')=—% d?yA(i,E - E)hm [(V» - V)GEE 7)GE (7,21,

From (3.5) we have:
(1) ’ € dd+1p3dd+1p4 " - -
oG p,p) =5 - @ G(p,p3)G(ps, p)A(ps — pa)(p3 + Pa) (3.6)

- for the case when there is no spatial homogeneity, which reduces to
’ e NA Nz
5GPV (p,p) = =5 —GHIGE AP - p')F + ) (3.7)

in the homogeneous case. In the essential case of spatially homogeneous applied field fT(x) we have A'(q) = Xa,(2n)d6(§ )
and (3.7) reduces to

66 (p, ') = ~=G(IG(PJA(E ~ E)r)'s(7 - 7). 3.8)
But on the other hand we know that 6G®(p,p’) = G(p)V(p — p’)G(p’)/h, so we see that in this case
the electromagnetic vertex V(q) = —%zﬁ(q). (3.9)
From (3.5) it follows that
5 ne o ie’h 41
j) + ——A@) = - —-lim {(va -Vy) f d yA(y) lim [( - V)G, y)G(y, ¥ )]} (3.10)

which is almost? the formula ([5]39.1).
Let’s make Fourier transformation of (3.5) and of (3.10):

d+1P1dd+1P3 d+1

Glx,y) = WG(PhPs)ei(p”_”Sy')/ ff(y)=f

dd+1p2dd+1p4 ) , dd”pzdd”m o
P e i(pay—p2x’) — _ —p, — i(p2x’ ~pay)
(27)2d+D) G(pa, p2)eV P = f (2m)2d+D) G(=pa, —p2)e" > 7P

q
(27‘()”“’1

e A(g),
G(y,x') =

In Fourier-space (3.10) is equivalent to

ie2h dd+1p1 dd+1p3dd+1p4

4m2c (2n)d+1 (zn)z(d+1)
@ - ) [Aps — pa) @ + )] (3.11)

Under the integral we have two Green’s functions that are to be averaged. It is clear that the integral in (3.11) is
nonzero only if 71 and p; are correlated; particularly in the case when p; = p; which occurs in zeroth order of averaging®,
i.e. when (GG) = (G){G). Keeping this in mind*, we consider only the zeroth order and thus have

> ne* -
jla) + ——Ag) = G(p1,p3)G(pa, p1 — q) X

lezh dd+1p S o\ 2 -5 >
o)+ " Ay = 8 f P )G - )27 - AGE2F - 7). (3.12)

dm?c ) (2m)t+?
2Note that (3.10) is not consistent with [5] - in formula ([5]39.1) there stands 1/2.
3In other words, we have no diffuson here. Life becomes more complicated when impurity scattering or GF are not isotropic, and additional

contributions, like diagram in Fig. 7.1(b) appear.
4 This is not true when 7 # 0. See also section 3.4.
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Considering then the case of spatially homogeneous applied field, we have g = (o, 6) = w and®

o)+ "4, = Eh P

me nic | @y CPICP = @PAL. (3.13)

From the relation i 5
d* 5 5 YT P
f (—pG(P,E)G(P,E * wpip; ~ %h—g

2y bij(lw| + i),

. . . 2
neglecting diamagnetic term Y2 A, we have®

2
ne’t & n _ Vopg

. iw .
Je(q) = Z TUkIAI(Q), 0ij = 0djjsignw, 0= —— = —1Dy, =2

3.14
- mh h ( )

o;j depends on signw and thus is incorrect. Apart from this “Kleinigkeit” o is correct, cf. Eq. ([21]4.7).
This problem may occur from the before mentioned illegacy of this technique in calculating any response functions.

3.2 Calculations using Matsubara technique

@From this point insert 4 and c.
The formulas in this section to some extent repeat those of Sec. 3.1.
The current operator and its value are given by

5 1 2 -

) = S (V9 00 — ¢ VY] - = At ), (3.15)
- Y j 2
) = () = 5= (Ve = V) Lemso (3, ¥) =~ Ax) 3.16)

The perturbation operator is given by in the next eq. I've later changed sign which resulted in consequtive sign
changes

V() = —% f dyAW) [(Vp W)Y®) - v EVY®)].

1/T
es@“)(x,x')——E d'y f dnA(g, o) lim (V5. = V)8, §, )8, ;7 7],

Here I insert somewhat new formula that permits me to do the rest of calculations almost automatically (because they
do not deal with time or energy variables, but only with spatial ones):

57, 7"; Ey, Euw )——2— ddyT‘*ZAEk ) hm[ 7 = VB, 7 En, ENS(', 7' Ei, )|,

dip,dd S
Mz 7. ,:—L p3 p42 -5 5 > oy, , > > N N
0P, P’ Ens En) = =5 el T ;6(PIP3/En,Ez)®(P4,P i Ex Ew)AE—E,(P3 — Pa)(P3 + Pa),
> 2 -
577, @) + N—EA@ o) = (3.17)
d’p1 d'psdips
4m2 Z f 2 (2 —ar O, 73 En, EN® (P, pr = ; Ex, Er — wn) X (3.18)
2 - Q)AEk—El(pS — pa)(P3 + Pa)- (3.19)

5this expression can be expressed graphically as closed diagram with v; and v; lines - see Fig. 3.1(a).
8There is also the number of particles missing in (3.14), see the note after (3.22).
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What is the sense of ]?a)n) and X(wn)? I can not clearly answer this question now. I only follow the recipe: to make
analytical continuation to continuous frequencies and get real current and vector potential. VK has told that the proof
is that this technique do coincide with the Keldysh one, see Sec. 9. Ouser EsTymenko advised me to read in [31] about
this.

After the averaging, assuming § = 0, we get

o

Ne? > ie?
flwon + 2= Ay = 5 [

a4 L
(27;;51 Z &P, ENG(F, Ei — wp)pA(wn)p (3.20)
1

And now we arrive to a key point of the procedure. We are to make analytical continuation of ]?wn), /Y(a)n) and
&, to the Fourier-transformation of the current, vector potential and of time-dependent Green functions Gr or Gj
correspondingly. For this purpose we use formulae ([5]17.25):

&(wy) = Gr(iwn), @p >0;  &(wn) = Galiwy), wn <0.

We assume that somewhat a-like relation is valid for f(a)n) and /T(cu,,): ]?wn) = f(iw) and ff(w,,) = AYiw).
Keeping this in mind, we make analytical continuation (see rzi .pdf) of the sum in (3.20) and obtain”:

TY 6@ ENSF E - w,) =
1

+00 dz N N z +00 dz B R . w
= Im EGR(p/ Z)GA(P,Z - (l)) tanhﬁ - [w EGR(}?,Z)GA(p,Z - a)) tanh 5T +

t° 4z 5 5 Z—w 0 4y ) ) Z
" ‘f—‘x’ EGR(’?, Z)GR(P,Z - w) tanh ? B ‘f_oo EGA(pr Z)GA(p/Z - a)) tanh ﬁ" (3.21)

For simplicity let us consider the case of T = 0. Also we are interested in the limiting case v — 0.

We expect that two terms in (3.21) would give us Drude formula for conductivity, while the last two ones are to
cancel diamagnetic term in (3.20).

Using (13.33) with analogy of (3.14), we get conductivity®®:

2 2
= N, NS G G = vDS/L > 1, (3.22)
h d h
where (for the dilute electron gas) u. = et/m is the mobility'® (=moxBrkHOCTB), 0 is the conductance, and G is so-called
“dimensionless conductance”. It is dimensionless Yd, and people (VK) call it “large parameter of the diagrammatic
expansion in the disorder averaging technique”. [However, based on (3.41) I would rather use this name for g] According
to ([0305478]3.10b), the condition G > 1 in (3.22) is crucial for the validity of the SCBA.

The conductance is proportional to the electron concentration: ¢ = |e|ny,, Naively applying Ohms law, we conclude
that the conductance of a wire with the length | and crossection 197! is ¢?/(hd). The quantity ¢?/h = (25813Q)7" is
called “the unit of conductance”; one can explicitly distinguish (=BerzesuTs) it in the expression for the linear-responce
conductivity (8.7). Why don’t I have n in (3.22)? Because of the inapropriate normalization, see the note after (13.30).
In fact, (3.22) gives the conductance per electron. See also (13.34).

e 2myy & Neé*t
01']' = OD(S,']', Oop = ﬁEFT - = EVQD = mh

3.3 Cancellation of the diamagnetic term

(See also Sec. 3.5) The part of (3.20) [see also (3.21)], which was not taken into account in (3.22) is equal to (after
analytical continuation and before the averaging)'!

n_ez > ﬁ ddpl ddp3ddp4
me” " 4m? ) (n)y (n)™

o —1q) [I‘Y(% — Pa, 0)(P5 + ﬁ4)] X (3.23)

z —

d - - - - - -
X f ﬁ {GR(pl,pg,z)GR(m,pl -4,z—w) (tanh 2Tw - 1) — Ga(p1,P3,2)Ga(Ps, 1 — §,2 — ) (tanh % - 1)} .

d
“Note that everywhere the expressions like f (;17’;1 must be considered as approximations of % Xy

8Since we did not took into acount spin, op in (3.22) gives conductivity per spin projection.

9C IpOBOIMMOCTBIO CBSI3aHO XapaKTepHOE BPeMsI PaccachiBaHHs 06GbEMHOTO 3apsa Ty = ¢/(470) — MAKCBEJLIOBCKOE BPEMSI pEJIaKCaIlHH.
10Mobility is useful in not-dilute semiconductors, see pp. [32]14,28. According to ([33]7.36), . = le|t/m.

11t is clear that the inserted ones in (3.23) do not change it.


http://theorie5.physik.unibas.ch/shalaev/rzi.pdf
http://arxiv.org/abs/cond-mat/0305478

Chapter 3 page 24 generated October 16, 2011

The aim thus is to prove (3.23). Let us make the proof for the simplest case of homogeneous field A so that q=0.

d’p1d’ps
WPlzPS]GR(pLPB/ 2)Gr(P3, 1,2 — ) =

d?p1d?ps

o (PPl P IGRIF Y Plp 1) (Pl GrIp) =

VZ Z (Fralpil ) Prnl GrIF P3P 1P3) (P3| GrIpa) =
pln pSm

Z (Pralpil i Yp1al 117 1n)(ﬁ{n|GR|ﬁ3m><ﬁ3m|ﬁj|ﬁ3m><ﬁ3m|i|ﬁ§m)<l7'3m|élz|ﬁln> =

I’ln V%m
‘nln’ pSm’

~ oo N 1 ~ o
= SP (ﬁ iCrp;iCr) = 72 P (piGrp;Cr), (3.24)
where
E 2 171 - 1 ipr 2127
GR/A [E -H=+ 15] , 0=40, |p)= We , ApIp") =05 (3.25)
Sp(piGp;G*™) = Sp(piGp;G) + wSp(piGp;G?), G =G". (3.26)

Note that the term w Sp(p;Gp sz) in (3.26) is a non-universal correction (see p. 30) which must be ignored. I mean, we
must disregard it not only because it is small, but because we everywhere disregard non-universal terms. In order to

generalize the results of this Sec., we perform the rest of the calculation for velocity-operators'? 7. Then

v; = 5 [xl,H] [xl,E H+ 2’1’] %[xi, G‘l],

. , (3.27)
Sp[0:Go;G| = - Sp|(x G - Gxi) GosG] = = Sp(lxi, /1G) = ~0;Sp G,
where we've assumed that [£;, p;] = [£;, md;], which is true without SOI and for the linear SOI Hamiltonian (6.1).
o Im 1 1. o] _im _d .
Sp(piGp;G*) = = Sp[(xiG™" = G 'xi) Gp; G| = — [— Sp (xzpjﬁc) - sp(x,Gp,G)], 5.28)

Sp(xiGp]-G) = Sp([x,-, x]-]G) =0

Eq. (8.28) is important for the derivation of the Kubo-Greenwood formula for the conductivity, which is exact in the
limit of small w, see eq. (2.4) from PRB4815218.
For G, we would have the same. The proof is made for the case of w = 0. From Lehmann representation'®

Grja(7,7;E) = Z (W (P)E — E, £ie, &= +0, (3.29)
we see that in case of no interaction between the electrons we have (cf. pp. [25]28-37)
Gr(7, 7' E) = GA(7, 7' E) = =271 ) 8(E = Ex)u(P)Y(7"), (3.30)
n

where the sum is taken over all distinct states (some of the states may be degenerate), so that

]- - 2 - 2 .

v f d?% [Gr(7, 7 E) — GA(7, 7:E)] = —2miveV, (3.31)
where v¢ is the density of states defined by (1.13). Note that (for a homogeneous system) coordinate integration here is

fictitious, because integrand does not depend on coordinates. (In fact, it only gives V)
From (3.31) one obtains:

LY (R, E) ~ Ga(f B)] = ~2miveV. (3.32)
p

Supposing that disorder averaged Green function has the form (1.9) one obtains

1
v Z e = 2mvETE (3.33)

128ometimes (6.8) 7 # ﬁ’/m.
13Seems that some people mean other things [than (3.29)] by Lehmann representation, see p.[29]134.
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GRr 5 - —eTA
J -
J —evA - qg—p
(b) Weak localization contribution. Two forms of the same diagram are shown, see
Sec. 3.6.
Ga
(a) Main (Drude) contribution.

Figure 3.1: Diagrams for calculating conductivity. The current and electric field vertexes conserve momentum. Because
we have no diffuson or cooperon on Fig. 3.1(a), for w < 1/7 it is w-independent. (BK, 03.05.2002)

3.4 The weak localization correction

See the literature list in [4], and also (some of numerous) experiments: PRL89276803, [0703053]. In addition to the
zeroth order diagram, considered in section 3, one can consider a sequence of “crossed” diagrams, each of the terms
in which can be unbinded to a cooperon-like diagram [see fig. 3.1(b)]. This “cooperon” has a pole at #; = —p;, so p; and
ps are again correlated like in case considered in Sec. 3 .

In the weak localization diagram, we are lucky that only small values of g contribute to the result.'* Imagine the
opposite: in case of large g4 we could approximate cooperon line with it value on q ~ 1/I, and then perform 2 independent
integrations: by g and by §—p. This would mean that the Hikami box'® on the right of Fig. 3.1(b) splits into two bubbles.
The largeness of an additional bubble is compensated by the smallness of the coefficient of the cooperon, but still we
would have the diagram of the same order, as the main contribution to the conductivity! Fortunately, this is not the
case: both of two bubbles have only one vector vertex, which makes them zero.

From (3.11) and (2.7) we get the correction to the conductivity for zero temperature technique

00 = —si na)ez—D ddq !
- TSN ) 2n) Silwl + Dg?’

We see here again strange sign - type singularities, like in section 3.1. As before, Matsubara technique is free from

them: J
d
& 50 =-20D f 91 (3.34)
(2n)? —iw + Dg?

One can see that (3.34) produces negative correction to the conductivity, which can be considered as decreasing
propagating ability of electrons. This is a reason to call (3.34) the WL correction'® To calculate the integral in (3.34) we
should substitute!” —iw by —iw +1/7,. Also we should introduce a cut-off, upper limit'® for integrals by g: I ~ I. Finally

4This is not completely true: in 2D, in the wide region of values of the integration variable g, the integrand behaves as 1/4, so we get log. However,
the upper cut-off ~ 1/I is not important; see also below in this Sec.

15The physical sense of a HB is explained on p. 71, Fig. 14 of arxiv/0712.1154.

16Note that SOI may lead to positive corrections to the conductivity — “antilocalization” [34, 35].

7Note that the way of calculating 7, is still not clear. It occurs from evaluating the complete (that is infinite) perturbation series for the electron-
electron interaction. Its physical sense: in mesoscopic systems, we always look for coherence effects. The coherence is broken by the temperature
fluctuations and by the interaction between the electrons. With each of these factors we can associate some length, on which the coherence is
broken and compare these lengths with the size of the sample L. If these lengths are both larger then L, they (and corresponding effects of coherence
breaking) are not important.

18In reality we always have a cut-off at g ~ 1/I our HBs behave like ~ (1 + 1>4?)~!. We loose this cut-off when we assume that the diffusion
approximation holds.


http://arxiv.org/abs/cond-mat/0703053
http://arxiv.org/abs/0712.1154
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we get for f%#&f (cf. [1] and p. [36]282-283)
N
in (quasi) 1D 2;7 ,
. T 1 Ty 12
) 3t |1 1 fBT [Te 1
in 3D 2 {E ~7 E arctan( %E]}
From this it is easy to see that
o0 T 1
—~ e~ ——. 3.36
o vy  Dygli-2 ( )
In the future, the following will one of our parameters of smallness'®:
dd
6_0 = l 1 ; (3.37)

o v J n)—iw+Dg*

Our considerations are correct only if (3.36) is small. @BTW, where could one find the proof?° of the fact that
in 1D there is always localization? We usually work in 2D, which is special, since an infinite 2D sample is always
localized, but finite ones — not neccesary [37].

A small resume: When considering the average of two Green functions, one should always keep in mind that
actually there are always two contributions: cooperon-like one and the diffuson like. In our particular case the
zeroth order gives Drude formula (3.14), diffuson contribution is equal to zero, and cooperon contribution gives weak
localization (3.34).

3.5 How everything is simple in Keldysh technique

Eqgs. (3.2), (3.3), (3.4), ([5]8.9) and (3.5) hold also for the Green function G¢, and ordering T, originally defined in
Keldysh technique, see (9.1). One can show that (3.5) is also conserved by the “matrix” isomorphism (9.2).

Note that operators in quantum mechanics are introduced in the same manner, as in [38], when the fluctuations
are discussed: we invent a hermitian operator, which has the average equal to the quantity in which we are interested
in. Once these conditions are fulfilled, we say this is an operator of the considered quantity. In this way becomes
absolutely clear the derivation of (3.4). From (3.5) we arrive to (3.8) note that here

OUG(HE,E - @) = G B) |- 254, | GF E - w),
— — e L2 -
6GK(p; E, E - a)) = (hE - hE—m) GR(P: E) [_%UA(U] GA(Pr E- a))/ (338)
so that ¢ = vDé?.

insert h in the last eq.
The diamagnetic term « A in the current operator (3.2) is cancelled by

0(Gr = Ga)(Fi E, E = @) = [Guf, EXGR(, E ~ ) = Ga(F, EGA(F, E = )] |59, (3.39

From (3.38) and (3.39) we see that 6Gk is not proportional to §(Gg — Gp). This contradicts a usual belief that in linear
responce “everything is like in equilibrium”.

Somewhat more tricky is the calculation of the correction of the conductivity due to the interaction. Now we have
a perturbation operator consisting of two terms?': (a) external electric field and (b) the interaction. Because our
measurement (current) operator is a vector one, only terms with odd numbers of our electric field vertices produce

9cf with G (3.22) and g (3.41).
20HapTi 1 pacckasaThb 06 3ToMm B. H. 3axapbeBy.
21Somewhat similar situation had been already considered in Sec. 2.1
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Figure 3.2: Correction to conductivity due to the interaction (see condCorr.nb).

non-zero results. So, the largest non-zero correction should be the one that comes from the mixed term in the
second order of perturbation theory: (Vl(tl) + Vz(h)) (Vl(tz) + Vz(tz)) — Vi(t1)Va(ty) + Va(t1)Vi(t2). We see that effectively
we have commutating®? operators: Vt;,t, [Vl(tl), Vz(tz)]_ =0, where V,(t) is given by (3.4) and Va(t) - by ([5]16.4) with all
Y(7) = Y(7,t) (the same for Y*; t is one and the same for all ¥ and ¢").

One could naively think that it is possible to perturb with V, Green functions in diagrams for 6G) already perturbed

with V;; however this would lead to the loss of the diagram from Fig. 3.2.
Literature to learn more on the topic:

e Scaling theory of localization PRL42673. Bpone 6Bl 3TO €CTh TaK¥Ke U B KHHKKe ['aHTMaxepa.
e Correction to the conductivity due to interaction: [39, 40].
e Hall effect: [41].

e Weak localisation correction Ap,, = 0: [42], as well as my own (easy) calculation.

3.6 The loop expansion

This Sec. is written in [20]; see also Sec.[43]III.3.c and especially p.[43]296. During my talk in Korea there were several
questions about the loop expansion. Apparently it is not described in the known literature, so let me do it here.

There are two ways of representing diagrams in the disorder averaging technique. Consider two diagrams in
Fig. 3.1(b). The first diagram is understood by a larger number of people than the second one. It's cooperon is
represented as a ladder. This way has intuitive connection with the calculation of the cooperon; it reminds the fact
that a cooperon is represented by an infinite series of diagrams, see Sec. 2. However, once we have learned how to
calculate a cooperon, it is better to represent diagrams in an alternative way: by taking the inverse Fourier transfor-
mation of a Green function, it is easy to notice that, in coordinate space, our averaged Green functions are short-range
objects: e.g., in 3D Gg/a(7,7’) o exp[|[# - 7’|/I]. Thus, thinking now in coordinate space, we can say that the length of
a Green function line is /. Since in the disorder averaging technique we are unable to observe any effects on scales
shorter than /, to say that the length of a Green function line is /, is the same, as to say that this legth is zero, which
means that we can consider it not as a line, but as a point.

Consider now the lhs-diagram in Fig. 2.2(a), which depicts a cooperon in its “usual form”. Being an average of two
Green functions, a cooperon has four external line ends. From Sec. 2.2 we know, that (in the coordinate space) the
distance between points 1 and 2 is of the order of an impurity size (i.e., practically zero). This is the reason for us

22and this is the only qualitative difference from the ordinary case that I see.


http://theorie5.physik.unibas.ch/shalaev/public.html/spinHall.pdf
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to merge points 1 and 2 into one point; we have done it on the second (rhs) diagram in Fig. 2.2(a). Analogously, also
points 3 and 4 in coordinate space get merged into one point. From Sec. 2.2 we know that the distance between 1 and
3 is much larger than /. Thus the second diagram in Fig. 2.2(a) reminds us about the spatial structure of a cooperon:
in a coordinate space, a cooperon has only two external line ends. The explanation for the diffuson in Fig. 2.2(b) is
analogous.

Based on these arguments, we give the recipe to transform any diagram from its “usual form” to its “coordinate
form”: just transform all CD lines into their coordinate form according to?® Fig. 2.2. The simpliest example of one and
the same diagram in two different forms is the WL diagram depicted on Fig. 3.1(b). More complicated example is the
diagram in Fig. 11.5, who'’s “coordinate form” is the first diagram in Fig. 11.3(b).

Ok, now we can transform any diagram from its “usual form” into its “coordinate form”. The “coordinate form” looks
better from estetical point of view, but this is not its main advantage. Let me now finally tell what loops do I mean, when
speaking about the loop expansion. If I take a diagram in its “coordinate form” and squeeze all Green function lines
into points, the result will contain only CD lines, which will form a certain number of loops. For example, a bubble in
Fig. 3.1(a) has obviously no loops (since it has no CD lines which could form a loop); a WL diagram in Fig. 3.1(b) (on
the right) has one loop, and both diagrams on Fig. 11.3(b) have two loops.

Why the number of these loops is so important? Because (see Sec. 12)

(number of loops) =(number of CD lines) — (number of GFBs) + 1 = (3.40)
=(number of independent “small” momentum variables). '

Here by “large” momentum variable I mean, e.g., an internal momentum p of a GFB; its characteristic value (given
by the convergence scale of f dp/(2n)?) is p < 1/1. Normally (except for the case of ZLA, when there are no CD-lines
carrying non-zero momentum) we prefer to work in the diffusion approximation. (This permits us to assume that
gl < 1 during the calculation of the CDs and GFBs). That is why we say, that the “mass” standing in the denominator
of a CD, is small, so that '/ <« 1, where 4" is a characteristic momenta of a CD; it corresponds to the momentum of a

CD line, typically denoted by ]?,lf its characteristic value depends on the particular problem. Possible candidates are:
1/L (like in Sec. 10.4), or L, from Sec. 10.4 with w = T or w = T. In case of SOI, it can be x/I [where x is defined in (6.3)].
The WL-correction represents an important exception®* from this rule: in fact, from (3.36) and (3.37) we realize that in
this case g = 1/, and 4"l is not a small parameter, so that the diffusion approximation, strictly speaking, is not valid.
[See also the note about the cut-off for f dg before (3.35).]

Let us compare two diagrams for the same physical quantity (this means, that they have the same number of
external vertices2® of the same nature). An estimate for a GFB is « v7"~1, where & is the number of Green function
lines composing the GFB2°. Every CD line « (2rtvt)~!. Let us estimate v according to (13.11). Let us denote Ly, Hy,, C12
number of loops, GFBs, and CD-lines in the two considered diagrams; quantities /;; denote number of GF lines in the
jth GFB of the first diagram, and h,, do the same in the second diagram.

L H _
1st diagram f T2, d?k; | T1 [ ! 271”}11’ 1] (27-[1/17)C1
2nd diagram leL:zl dg, [Hnil 27-“”/12”—1]

=|L=C—H+1, I Inj = X1 hoy = 2(C1 = C) | =

(2mvr)©2

2 L1,
— (va)Hl—Hz+C2—C1 x e Hi+C=Cr o 22(C1=Co) o (q")d(L1—L2) = |:4ii(/1 *)d:|

A%z p
d ( 1)2 Li-L,
=[a~2]= [4n (Z ) Pr l] =[in 2D] [4 2 [;Fl ] , (3.41)

where we used (3.40)13.11). Note: from (3.41) we see that DA ( q°/ < 1) is not necessary for the validity of the
loop expansion (however, it is usually used out of the ZLA in order to simplify calculations cf. Sec. 13.2) The final
note: to generate diagrams, some people who don’'t know how (or don’'t want) to use computers, use their brains in

Li—-Ly

23CM. Takske MOIO IPE3EHTAIHIO HA PyCCKOM SI3bIKe.

24Formally - yes, it is an exception, however, we are mainly interested from the MF and temperature dependence of Ly, which occurs on the lower
limit of the integral. In other words, nothing would be changed, if in f dg we would set the upper limit not to 1/I, but, e.g., to 1/(10l), given that
10l << Ly, so in reallity also in the WL-case we can say that g/ < 1, if it is so important to assume this.

25E.g., all diagrams for the conductivity have 2 external vertices: one for the applied electric field, and another one which measures the current.

26gometimes, like in (13.35), GFB gains additional smallness of the order of §*/ < 1, where g* is the characteristic momentum of a CD line (i.e.,
“small” momentum variable). However, one has to calculate a GFB in order to reveal how much of g*/ it has. As I noted, the characteristic value
of g* is non-universal - it depends on the problem. It is clear that both pp/ and (4*]) can be varied. My estimates.nb, written for a metal say that
pel ~ (g°1)' ~ 100. So one should be careful.
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an unpleasant way: at first they have to draw all possible diagrams in the “usual form”, then redraw them in the
“coordinate form”, calculate the number of loops, and prey that no important diagrams are forgotten. If this brings you
headache, follow my way instead: use the set of the procedures which I have developed for this purpose, see Sec. 12.

3.7 General thoughts on the precision of the diagrammatic technique

This section has to be corrected in accordance with [20]. For energies close to Ep, the GFs are very different from
GFs of the disorder-free system; the latter are strongly modified due to the disorder. In fact, the averaged GF is the
result of the summation of infinite perturbation series (SCBA). The situation is different for energies far away from the
Fermi level: the first-order correction to the disorder-free GF is 6(V¢F = U[¢F]? < ¢F so that the disorder-free GF is only
slightly changed. This behavior can be modelled by introducing energy dependence in 1/t — 1/7(&) + 1/7.(&), where T,
is the relaxation time for the electron-type excitations in the Fermi liquid theory. The elastic relaxation time 7(§) = 7
is constant for |£| < 1/1; it increases with increasing |£| > 1/I. The inelastic relaxation time 7., is infinite at the Fermi
level; it decreases with increasing |¢|. Based on these arguments, we estimate the relation between “universal” and
“non-universal” integrals:

fj; dég? min[El%Tge - 1]

= ~ < 1. (3.42)
[ dégiga Ert

Check with DL: We argue that even in a dirty material (but with high concentration of electrons) with Ert ~ 1 the
relation (3.42) still must be small. It would be of the order of 1 if one neglects interaction effects, which diminish the
effect of external fields on the deep states. One can think of an analogy with a wind creating waves on the surface
of a sea. The correction (3.42) is analogous to the effect of the bottom on the surface waves. This effect is large only
if the wave amplitude is comparable to the depth. When the wind (external perturbation) is weak, it creates small
waves which can be calculated neglecting interaction effects. One would strongly overestimate the wave amplitude
created by a strong wind, if he neglects interaction between the water molecules. The interaction together with the
gravity, stabilizes the see surface: if the depth is large, the interaction effectively makes it infinite. Analogously,
interaction between electrons stabilizes the Fermi sphere against strong external perturbations (e.g., strong disorder).
It only seems in our interaction-free calculation that the disorder affects the electrons near the bottom of the energy
spectrum. In reality, because of the interaction, the effect of disorder is much smaller on deep electrons; that is, Ep
in (3.42) is much larger than the Fermi energy.

During our calculations of diagrams in DAT we use the following approximations:

1. Ignoring diagrams with crossed IAL in the diagrammatic expansion for (GrGa) (Where every IAL connects Gr with
Ga). This is not an approximation, since every such “crossing” is included into another diagram, where an IAL is
substituted with the ladder. This is analogous to how 1.1(b) is included into the diagram [0305478]5.c.i.

2. In the SCBA (see Sec. 1.4): ignoring diagrams with crossed IAL, which would result in the £- and (in case of SOI)
spin-dependent corrections to 7 in the GF’s denominator.

8. [Tdix~[Tde = [

4. (without SOI) Average DoS~ const — must work fine in 2D. This is the same assumption, as KBaIpaTHYHOCTb
(?=quadracity) of the energy dispersion. In fact, at least in semiconductors, electron dispersion law is not
quadratic, see, e.g., this Chinese paper.

Gﬁ(ﬁ ) = 0, n > 2. This means ignoring non-universal corrections, see p. 30.

5. @Requires discussion with guru. Ignoring IAL with more than two ends, See pp. [36]80-81. see p.[5]428. This
is really strange, because, apparently, averaging must be Gaussian, and for such an averaging we know that
UAUF")) o 6(F = 77) = (UFR) U UF)UT)) o 6(F) — 72)0(75 — 74) + 6(F1 — 73)0(F2 — 74) + 6(F — 74)0(F5 — 72). so that no
lines with more than two ends can occur.?’ An attempt to study a diagram with a disorder line having 4 ends in

the model (1.11) results in divergent integrals [ f dEGR(E)r, which I don’t know how to interpret.

2"However, people draw lines with 3 ends, see, e.g., arXiv/0902.2571.


http://arxiv.org/abs/cond-mat/0305478
http://theorie5.physik.unibas.ch/shalaev/public.html/31-05-2005.pdf
http://arxiv.org/abs/0902.2571

Chapter 3 page 30 generated October 16, 2011

6. (Better call it not “approximation”, but “assumption”) Segregation of length scales (required for the loop expansion;
see Sec. 3.6): the charachteristic GFB momentum must be much larger than characteristic CD momentum:
p ~ pr > 1/ > max[1/L, x/I], where x determines “mass” of a CD-line [e.g., in case of SOI x is given by (6.3).] In the
simpliest case, when CD-lines are massless, the required segregation is provided by the diffusion approximation:
I/L < 1.

7. Consider now lonely IALs, which we sometimes insert into HBs (cf. Figs. 7.2(b), 7.2(c), 11.1, etc). Such IAL can
be (on both ends) appended with an additional IAL, connecting two GF, to which the considered (“*main”) IAL is
attached. Such a structure can be considered as a “renormalized” IAL, which will weakly (« (pFl)‘l) depend on the
momentum which flows through it. This effect is similar to what we would have if we connect by a IAL two GFs
(of the same type) belonging to different HBs. Thus, in order to make the procedure for generating diagrams self-

p
consistent, we have to impose a rule: an addition of an IAL should not lead to « (pgl)~!-smallness. @Can these
corrections be ever important? E.g., if the first loop contribution to some quantity is zero, can these corrections
have the same order of magnitude as the contribution of two-loop diagrams?

Many (if not all) of these approximations have relative correction ~ (Ert)~!. Does it make sense then to calculate first
and second loop corrections if I've already used all these approximations to calculate diagrams of the zero loop? E.g.,
the 1st-loop contribution can be of the same order, as corrections to all aboveenumerated approximations (which I've
neglected!). Thinking in this way, one concludes that only calculating the ZLA makes sense (because I will die before
I'll take into account corrections to all these approximations).

Fortunately, the situation isn’'t so bad. Concerning the 3rd approximation: When Altshuler-Aronov studied WL
contribution to the conductivity, they considered only the WL diagram 3.1(b), which should be of the same order, as
corrections to the Drude diagram 3.1(a). However, the integrand under f d¢ is MF-independent in the Drude-diagram,
so it was clear that, even if they would calculate f_ OZF d¢ precisely, they would not obtain MF-dependence.

Read this section until the end, but let me make the conclusion now: We are always allowed to use the 3rd
approximation (and, I suspect, other approximations, too). This permits us to use computer symbolic calculation
programs (like Mathematica or Maxima) to calculate analytically huge expressions for complicated diagrams. We can
only calculate the main contribution to a physical quantity. E.g., I don’'t know, how one could calculate corrections
~ (Ept)7! to the WL correction, or, e.g., a correction ~ f(xa,xﬁ)(EFT)‘2 to the SOI-dependent charge conductivity. [since
from (8.13) I know that the leading SOI-dependent contribution is ~ ¢?/h x (Ert)7'].

3.7.1 Universal and non-universal contributions
Thoughts form 03.07.2008: from the discussion with DM about the SCBA we conclude that 7 is independent on SOI.

Older stuff: See my email to DL 17:27 20.01.2008. Let us give a definition: we say that “integral | = L O;F f(&)dé

converges on (the scale of) 6¢&”, if J5c = _655 f(&)dé has the same order of magnitude as |. If |Js:| < |]|, this means, that the
integral does not converge on 6&, but on some other scale > 6£. Obviously, this definitions wouldn’'t make any sence
for oscillating integrals, but we don’t deal with them. (All our integrands are rational functions — products of GFs.)

In Eq. (3.41) we estimated GFB with i GF lines as 2y, This is based on the assumption that f d& converges on

the scale 6& ~ 1/t so that f dEGEGR ~ 7""-1_The simplest example of such a GFB is a bubble v f dEGR(E)Ga(E) = 2mvT.
It is universal, because only values of & = ¢z — Ep out of close vicinity of zero (i.e., &5 € [Er —1/1,Eg + 1/7]) contribute to
the result. Only in this close vicinity of the Fermi level Landau Fermi liquid theory (see pp.[44]22, [45]76, [8]25,31,
[46]1345,347,350, [47]395-400) is valid. Some integrals, e.g., f dEG%{(E), we call non-universal. We don’t like them and we
want to forget about them because (i) they are smaller (at least by the factor of (Er7)"! < 1) than universal integrals from
GFB having the same number of GF lines, and (ii) we cannot calculate them, because we don’t know the integrand in
the important region of integration, i.e., for ¢; < Er—1/1, see Sec. 1.4. [In addition, we don't know the energy spectrum
and the density of states far away from Eg.]

The universal corrections are produced by (i) both real and imaginary parts of the f deGRGY, (i) f désp I Gi A

and (iii) f d&Sp [Gﬁ - G"A]. All other contributions we agree to neglect due to good physical reasons. Due to the same
reasons we always approximate f_ O; dé = f_ O:O dé .

But what is even more important, long ago, before we started to calculate anything with the diagrammatic technique,
we have sacrificed our ability of going far away from Er in order to be able to ignore effects of interaction (or consider
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them perturbatively). Long ago we have sworn to great god Landau that we never calculate any integral involving the
states far away from Er, and we must not forget about that.

I can not exclude that sometimes, e.g., when the quantity of interest is given by two-loop diagrams, it can happen,
that non-universal corrections could be of the same order of magnitude as universal ones. However, I have never
experienced such situations. Anyway, universal contributions are crucially different from the non-universal ones.
Non-universal ones are much more individual®®, so if we found a non-zero universal effect it is extremely unlikely that
non-universal corrections could cancel it (though may be could sometimes change sign).

In conclusion, we must always ignore non-universal integrals, because

e due to the invalidity of the SCBA for the values of ¢ far away from Ep, we don’t know the integrand. Electrons
deep under the Fermi level can not elastically scatter off impurities, because they don’t have free slots with the
same energy. I expect that these “deep” electrons behave very similar to the dilute electron gas in the absence of
the disorder; one could express such behavior with a {-dependent 7 = 7, such that 7: » 79 =const for [£| < 1/7
and 7z — oo for £ — —Eg.

e we have no reasons to believe that the loop expansion works for non-universal corrections.

e far away from the Fermi level, the Landau theory may not work; then the effects of the interaction between
electrons may not be neglected.

e See #3 on p. 29 and the introduction in [20].

3.7.2 Precision in problems with SOI

Example from my experience: calculation of f %ﬁGR(p, E)Ga(p,E — w) in Sec. 7.1. [For the moment let us forget about
corrections to the 2nd approximation, and believe that our expressions (6.23) are absolutely precise.] From Sec. 7.3
we know that it is 0.k. to employ 3rd approximation [see private compunication with MSH], which also gives relative

corrections ~ (Ept)”'. What is so special about the 3rd approximation?

Theorem 1 Suppose B(&, x) [or B(F, x)] is an integrand for some GFB; & [or ] is the integration variable, and x represents
parameters (frequencies, SOI amplitudes, etc). Suppose ﬁ O:o déB(E, x) converges on 1/t <« Ef (see Sec. 3.7 about what this
means). Then

0

3 f déB(E,x) 20 = f d&B(E, x) =
_ —Er

1+ @} f ) dé&B(&, x), (3.43)
EFT PSS

and a(x) contains no large parameter Egt > 1. IMHO any GFB integral must converge on & ~ 1/7; I think, this property can
be considered as a part of the GFB’s definition.

Note that because of the Sec. ?2? I have doubts that (3.43) could be rewritten for f ddp. @I’ll prove (3.43), when time
permits... Once we believe in (3.43), it is clear, why it is possible to use 3rd approximation for both diagrams in
Fig. 7.1.

Now let us explore more interesting case of SOI-corrections to the charge conductivity in Sec. 8, see (8.7). This
case is more complicated, since the corrections are small compared to the main (Drude) conductivity. The recipe: as
ususally, calculate every GFB of a diagram separately, but two times: first perform f d¢ for the integrand with SOI
amplitudes set to zero, obtaining the main contribution to this GFB. The result will not be precise because of the 3rd
approximation involved; however, the corrections are going to be x-independent. Such corrections can not spoil our
party.

Then, we integrate the integrand with the Drude (i.e., x-independent) contribution subtracted. When the main
contribution f_ O:O déB(&,x) # 0, the situation is standart: we can employ 3rd approximation. A dangerous situation is
when the main contribution is zero, and not due to the matrix structure of the GFB or due to the angle integration,
but just because of the 3rd approximation. (note that at first I calculate matrix part of Sp together with its angle part,
f dQy, and only then I take f dé) Such a situation would require special treatment (until now I've never faced it).

Based on this, we realize that we can employ the 3rd approximation when calculating the diagram in Fig. 7.1(b).
But what about more complicated ones, e.g., on rhs of Fig. [20]??? There GFB depends momenta k of CD lines - these
momenta are part of x in (3.43). Thus, after we already calculated the GFB [i.e., integrated over its “main” big moment g

(lp—prl ~ 1/1)], we will integrate it over k. To estimate the precision of the final result, we will have to integrate a(x) = a(y, I?)

28BTW, we also have no grounds to believe that DAT works for non-universal contributions.
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over k. Will this integration make our small correction large? No, because k is a “small” momentum variable. In fact,

the k of the GFB will be always expressed in terms of kI, so in the 6th assumption kI <« 1 our small correction has no
chance to become ever important. (unless f d’k kills the main contribution which should never happen)

3.7.3 About SCBA

@After the discussion with DM, this section has to be completely rewritten. (See Sec. 1.5 and 6.9.) Now its time to
remmember that our expressions for GF are not absolutely precise, because of the 2nd approximation (SCBA) used. In
fact, DL was attacking me saying (in my approximate interpretation with additions) the following: “Let us now calculate
self energy for the self-consistent Born approximation in more honest way, without approximating f_ 0; dé = f_ o:o dé and
also taking corrections to the 2nd approximation into account. We will obtain spin-dependent 7 (i.e., not a scalar, but
a 2 x 2 matrix) The spin-dependent correction is expected to be relatively small as 1/(Eg7) ~ 1/(prl). However, since the
main contribution to the charge conductivity is by (pgl)? larger, than the resulting spin-dependent correction to the
conductivity, the effect of this spin-dependent 7 has to be taken into account.”

First, in order to get rid of blaming my 7 in that it has spin-dependent corrections, I will consider all spin-dependent
terms (i.e., Rashba and Dresselhaus SOI) in the Hamiltonian as a perturbation®®. [Before I used GF (6.23) with
implantated Rashba SOI, while the Dresselhaus part of SOI was considered as a perturbation.] In this way, my
zeroth-order GF is a (independent of SOI amplitudes) scalar.

It's 7 is a constant, if I permit myself using the 2nd approximation; otherwise t has corrections like the one in
Fig. 1.1(b). Due to them, 7 may gain E- and |j| = p-dependence (which is expressed in terms of &-dependence):

T =19+ 01(p,E) = 19 [1 + pilg(ém, ET())] , 8(0,0)=0, (3.44)
F

where we have omitted constant part of the correction. The E-dependence will lead to temperature corrections of
the final result; however, according to my estimates.nb, T can be of about 800K (in a metal), so this can be safely
disregarded. As for the p-dependence, the analogous of (3.43) can be utilized: (reminder: at first I calculate matrix part
of Sp together with its angle part, f dQz, and only then I take f dé)

00 00 Toe) 1
f dEB(E,T=T0) 20 = f dEBIE, T = 7()] = [1 ; i—Z]f dEBE = 1), O~
— —Eg -

o 0o To EFT

Seems obvious, that also the 4th approximation can be justified analogously.

Finally, I've justified all approximations except for the 5th one, which I still have to understand. . .

3.8 Conductivity from the kinetic equation

See also: 0812.0024.
Let us take the simpliest KE ([21]2.80) for the simpliest case of 6-potential of impurity [so that U(ﬁ - ﬁ ") = Uy =const].

Note the definition of the distribution function ([21]2.77). @I must understand, how ([21]2.80) coincides with (9.5).
Let us make the first change of variables in the distribution function, introducing f(e, ,7,t) according to

- - le~p2 2\ ﬁ—; af_—)a 18~ 8f_8ua aN
f(PrT,t)—f[%—FU(T) EF/?],T,t], a_ﬁ_|:0£+p_}:ﬁ:|f’ &—?— §£+&—? f, (3.45)

so that the KE for f looks like

r

9 L9 1|+ on .
|r§ + Ua—_)— ﬁp_]:ﬁ]f = St[f], p = prn. (3.46)

Since the integration in St[f] is performed only along the direction of 7, St[f] is not changed: St[f] = St[ f ]. The advantage
of (3.46) with respect to ([21]2.80) is that (3.46) shows explicitly energy conservation: neither the left part of (3.46),
nor St[f] contain any operators, acting on variable ¢. So let me from now on write ¢ as an index. We are interested in

29BTW, this speeds up the calculation a lot! Unless you don’t want to go into very high order.


http://arxiv.org/abs/0812.0024
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the steady situation, so that f(e,,7,t) — f.(i1,7). I know that only anisotropic (in ) part of f is going to contribute into
current. I am interested in the simplest w = 0 case, so my current is conserved: it can not depend on coordinate. Then
I conclude that also momentum-anisotropic part of f is coordinate-independent. In case of homogeneous vu, (e.g.,

when the applied E =const), 1 apply 67 to ([21]2.80) and obtain that Ayf = 0. Solving Azf = 0 with the apprpriate BC, we
get p-isotropic part of (3.47).
Playing the same trick with f and its KE (3.46) leads to

Y fons 2 L[ U a2y,
- F ‘Oridri  pr |drjor;  Jr; drj de a

which in case of U = —eEx simplifies to

zvn 9% +z](35)98 ~
. F 'Jr;or; pr  de on; f=

Note that BC for f are different from BC for f, see Fig. 3.3.
My life experience [which consists of §[8]3.2-3, (9.39), p.[48]347, and Journal Club] tells me that the following
ansatz® is good for f:

fO - L (1 - %) £t 7) = FO 4+ mEfL. (3.47)

That's all I can imagine if I don’t want to include higher orders of E in the ansatz.®! (I am interested in the linear
response.) Substituting (3.47) into ([21]2.80), and neglecting terms, quadratic in E, we obtain f! = vpt( fgL - ng)/ (EL), so
that nEf! = (ff - f®)n,l/L, which contains smallness I/L. To obtain the current, we have to integrate the resulting f.(#, )
by 71 and ¢. But at first, just to understand how (3.47) coincides with the DF from §[3]3.3 (which is homogeneous), let
rewrite (3.47) for f(p,7) using (3.45):

fow = feo- fo 2
f(ﬁ,x):féx)_w(x &)N ~ fhy - )( %l), e(x)zg—m—Ep—eEx.

fé(X) Px

When calculating conductivity. we only need anisotropic in p part of f(7,x), which is eE—52 l which is the same as in

([513.15)

Obviously the current given by (3.47), obeys charge conservation: divj = 0. Hoquy—To nojay4aeTcd B 2 pasa
6ospite — HemoHATHO. I was not careful up to a numerical coefficients, but it is clear that it leads to qualitatively
correct value « ¢?D for the Drude conductivity.

What happens in the presence of SOI? See cond-mat /0510024 and this paper.

Can we use the usual form of the KE ([21]2.80) in order to obtain the same results, as from (more complicated
than the “Drude bubble”) diagrams with the number of loops > 0? My answer: most probably, not. This is because
the usual form of the KE ([21]2.80) corresponds to keeping only the largest term in the gradient expansion, which is
used on p.[21]331-332 in the derivation of ([21]2.80). Gradient expansion is valid since we have “small” and “large”
scales for momentum variables, see Sec. 3.6. In an infinite-size system with SOI, “small” momenta g ~ x/I; since
Gria(F7) ~ explipe(F = 7) + |F — 71/1], there are two candidates for the role of “large” momentum scale: p ~ pg or p ~ 1/I.
That is, small parameter of the gradient expansion is pg ~ x/(pgl) or pg ~ x. Thus, if, e.g., like in [49], we are interested
in calculating corrections ~ opx?/(pgl), we can not use the usual form of the KE ([21]2.80) without extra justification.
Without such a justification, we need to keep higher derivatives in the gradient expansion, which is going to change
the form of the kinetic equation.

E.g., can we obtain the weak localization correction? —Probably not due to analogous reasoning.

30Note that the real life is reacher than (3.47), see p.[S]61.
S1See §[5]3.2; BTW, 1/7 = [ W(9)[1 — cos(9)]dQ/Qp ([8]3.11) is not true in 2D.


http://theorie5.physik.unibas.ch/shalaev/public.html/31-05-2005.pdf
http://arxiv.org/abs/cond-mat/0510024
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> €
@ fe(x): fe(0) = fl# fuL) = fR=f-,

> €
(0) fe(x); £:(0) = fe(L)

Figure 3.3: f, and f.. Thin green dashed lines ~are parallel to coordinate axes. Steps in energy dependence of f.(x)
result in the steps in coordinate dependence of f.(x). The current of electrons flows in the direction from x =L to x = 0.



Chapter 4

Non-linear c-model

4.1 Keldysh technique in terms of the functional integrals

The main textbook is [50]. For the moment please assume everywhere that 7 = 1. Let us choose some moment f; in
the past (following Kamenev, we will assume that t; = —oo, remembering that this is unnecessary). The density matrix
evolves according to!

JAU(t, ty)

pr = Ut to)p, U' (t, ko), iR >/

= HU( k), Ulto o) =1, Yt U(t+ 6, 1) = exp [—%Hét], 5 — 0.
The expectation value of some physical quantity O in the time moment ¢ is
0 =8p[p0] = 8p [p1,Oi] = Tc {Sp [Ucp, O]}, O = U'(t, to)OULE, o), 4.1)

where T¢{...} is the closed-contour-ordering operator, see Fig. 9.1.
In the momentum-coordinate representation matrix element of the evolution operator is ([51]2.48)

. f)
(e IU(ka, 1)) 1) = f DIOpOexp 156,05, = f [ - H(p, )] dt. 4.2)

Analogously, in the space of Fermionic coherent states
i S
(21t tlg0) = [ DlptpNexe[zst0.9)], s@p) = [ o= (gt (4.3)
t

In the Keldysh technique ¢, = ¢ and instead of f: dt we substitute 35 dt. The trace of the evolution operator over the
closed time contour 9.1 is equal to

Sp aC:fd(pld(Pl (@1 |U(t1, 1)l 1) e P19 =I}]ii§ofd(ﬁ1dfp1---fd¢2Nd(P2N
2N (4.4)
<(P1|~~-|(P2N><(P2N|-~-|(P2N—1>~--<(PN+1|~--|(PN><(PN|~~-|(PN—1><(P2|~--|(P1>~--H€_(plq]1.

i=1
Let us define discretization step 6; according to
Vi=2..NtHi—-ti1=06;>0, Vi=N+2..2Nt1—t;.1=-6:<0, fori= IL,N+1t;—t1 =0, tg = ton.

Keeping in mind that

o

ILater, when we start the NLoM-derivation (see Sec. ??) we will assume that unperturbed GFs are homogeneous in time; for that p;, must
commute with the unperturbed Hamiltonian. But until that point, no reg‘%ictions on the DM py, are required.

0 10
(Pi—1> ~ (@ilpi-1) exp [— #H((Pi, (Pi—l)] = exp [@ipi-1] exp [_#H((pi/ (Pz’—l)] ,

exp [—%Hét]
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we get discrete representation of s(¢, ¢):

i T _ _ o _
ﬁS((P,(p)=l(pTg o, @ =(P1.. PN, PN41---P2N), QT = (@1 PN, PN - - P2N),

-1 0 0 0 0 0 0 1 7
1-2H -1 0 0 0 0 0 0
0o 1-2g -1 0 0 0 0 0
0 0 1-2H 1 0 0 0 0
4 ol = h
where, e.g., for N=4 ig™ = 0 0 0 1 - 0 0 o |’
0 0 0 0 |1+%H -1 0 0
0 0 0 0 0 1+%H -1 0
0 0 0 0 0 0 1+2H -1 |
where H = {H;;} is the matrix of the unperturbed Hamiltonian:
Vi<ij<oN gHp = [P e+ [ drtia@ede? (4.5)
<Lj<2N @He = | o5 PPeiE) rUais(F) @il )p;(7)- :
It is nice to see that the rhs of (4.4)
f DIp(hp()] exp[ip"s ™ p] = det(~ig™") = lim ON&}) =0
is the same as the lhs of (4.4):
SpUc = qublokm (1 |Uc(tr, 0) 1) e ™17t = fd@d(m expl@1p1] exp[-@1p1] = 0.
In the equilibrium case
~ _ exp|-H/T d? dvy’ lﬁiﬁexp [—H/ T] Vi .
Jipow; = A, P W H=H- . 4.6)

Spexp [—H / T] "= J ent ) eny Spexp [—I:I / T]

Thus, when calculating expectation values like (4.1) we meet the evolution operator U always in company of the DM py.
So, if we want to rewrite (4.1) in terms of the FI, in the upper argumentation we should substitute s = S, ¢ — G, where

matrix iG™! differs from ig~! by substituting “one” in the upper right corner with the unperturbed? DM,? see. ([50]5.4).

N
We split the integration over the closed time contour 5£dt in two ordinary time integrals, defining {(pf(ti)} | . and
o -
LDl
df df i o S .
Pt =i,  @p(ti) = Qony1-i = ﬁS[q), ¢l =ipG g = f [(Pb({)b +ippHpy — ¢y — z(prqof]. (4.7)

If we now change the notations, taking into account that ¢ = (¢, ¢;), then in the continuous limit G™! is described by
the following 2 X 2 matrix in the (f, b)-space:

.0 .d ~ _ .
G'= (ZE - H) 03 = [(15 - p) - H} 03, Slg, ¢l = hpG . (4.8)

Already from that (4.8) doesn’t contain any information about the energy distribution of electrons, it is clear that
continuous representation of the matrix G™! can not satisfy us: during the transformation from the discrete description
to the continuous one we lost something infinitesimal, but important. Consequently, we can not utilize (4.8) for
calculating GF. On the other hand, discrete representation is also not suitable for the practical usage.* We see that

2More precisely, with the DM-value at “initial” time moment #; in the past.

31 don’t understand, why, differently from the bosonic case ([50]2.8), in ([50]5.4) in front of the DM stands minus sign. However, it is not
important for what follows.
4Tve tried to invert, and then to transform according to (9.2) discrete matrix G™! for N = 4, and I could not see that the result is the upper

-1
triangular matrix. However I've noticed that the inverse matrix o [1 - p(1+82H?/ hz)N’l] .


http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.5.4
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.2.8
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.5.4
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the we've got into a dead end (=Sackgasse) — we have to “dig the tunnel” from the opposite side, i.e., dancing from
calculated before (without FI) GF (9.1) and (9.2).
New variable change ([50]5.11,5.12):

y=losp, D=Lg, g=ol’y, ¢=L§, ¢’ p=g(LG L")y,

where L is defined in ([52]15) or in (9.2). GFs, calculated with the help of FIs using (for the moment unknown) correct
matrix G~!, must coincide with GFs, obtained in a usual way (i.e., without using FIs). In other words, the following
equations must hold:

A A\l A-1 [@1
LG oL (%R gi) :[g [G?]K]: 4.9)
(GG =G -[E ) et as A
) SR e e

where, according to ([50]2.30), the quantity [G‘l]K is infinitesimal, and, consequently, invisible in the continuous
limit (4.8). We know that in GF (4.9) a chemical potential u appears in the same way, as it appeared before in (4.6).

The result of above manipulations® is the regularization of the continuous limit of the matrix G-!: now we realize
that instead of (4.8) one should use its regularized form (4.10), and even better — more convenient and well-known
form (4.9). See the discussion in the end of Sec. [50]5.2.

4.2 Averaging over the disorder
In Sec. 4.1 we concluded that in case of non-interacting electron gas

S[, ¥] = hPG™y, (4.11)

where instead of G one should substitute (4.9). Let us now add the disorder potential to our action. In (4.7) [see
also (4.5)] the disorder potential can be hidden in H, and this helps us understanding that the disorder potential Ugis
couples to the action as Vg in ([50]116,118), i.e., through the unity matrix )?d = g,. So it seems obvious that ([50]120)
should hold — we did not assume the diagonality of the matrix H in Sec. 4.1. So I don’t understand attempts of proving
this anyway obvious statement in Kamenev’'s papers. So, we are switching on the disorder and we are going to average
over it, like in Sec. [50]6.1. Instead of (4.11) one should use effective action®

exp{ S[¢, l,b]}—exp iG] f Udls]exp{ f dr [~rvTlU (7) + iUase(F)P(F) (r)]}

(4.12)
(44:/»} wor = [ o y [ awrgowin oo

=exp {II/JG (s
a,b=1

As we know from the diagrammatics, dashed lines (representing averaging over the disorder) are quite similar to the
lines of the electron-electron interaction with the difference that they don’t transfer energy (frequency). We see this
similarity in the action (4.12): it looks similar to the action of the interacting electron gas. Consequently, we treat it in
the same way, as we would in case of the interaction — performing Stratonovich-Hubbard transformation’ (introducing
matrix field Q) and integrating over the Grassmann variables. This is all what we going to do until the end of this
Section.

If we assume that all elements of the matrix Q are independent I have no idea how I could calculate the rhs
of ([50]155). The situation improves if we assume that Q is a hermitian matrix [see between ([52]11b) and ([52]12)].

5still this procedure hasn't completely satisfied me: seems that the difference of off-diagonal blocks of the discrete matrix ([50]5.4) should contain
DM, but we don’t see this in (4.10).

6Since $G~1y and <y are not matrices, but numbers (more precisely — products of even number of Grassmann variables which doesn’t change
the potnt). exp 15619 + Uas7y] = exp G-y x exp U]

7Stratonovich invented it two years before Hubbard.


http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.5.11
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.5.12
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.2.30
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#subsection.5.2
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.5.4
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Introducing notations:®

Qtt' Qt’t = Sp Q= Z fdd fdtdt Qtt’(r Qt’t(r) =2 Z fdd ft‘ dtdt’ Qtt’(r)Qtt’(r)

a,b=1 a,b=1 2t

In this expressmn Sp is the product of three trace operators over three pairs of indices: Keldysh (a,b), time (t,t') and
coordinate 7; trace over coordinates is just a simple integral, since Va,b,t,t' the quantity Q% is diagonal in coordinate
space. In order to handle Q in the same way as G™!, we introduce notation

(7,t,alQIF", ¥, by = Q(F)o(P~7'), Sp= Sp Sp Sp

Keldysh time coordinate

Then

PQy = Z f dtdt Po(F) QL (YL (7) = Z f

a,b=1 ab=1 tz

, dtdt tt,(l’ )1,11,5(7’ I,Dt/(r + Qtt'(r)[lpu T)lzbt' 1’)]}

and the integrand must not contain any singularities of the form 6(t — '), so that t = ' is a set with zero measure in our
two-dimensional time integrals. Let the indices a, run all the values of the discretized set {t < #'}. Using? Tab. [51]1.1
(See p. [51137) for Hyp = 320ap and 1 = 11y, we get

2
= exp 2711VT ”; f d’r L , dtdt’ (&?qf;)(&wi’,)} =
y T \2
_4nlw Z fddrfdtdf' Wivh) (SEH’?)} = exp [—(Eil}
a,b=1

vQy
2t

|ECE [—Z—: SpQ?+

= exp

This new effective action!®

exp {75101} = f DlQlexp |- 1= 5p ] f (gotexp[if (7 = 52)u].

We remember that nothing changes if we add a constant to the action and that logdet = Splog and taking in the last
expression the same sign as Kamenev has, we obtain ([50]157)

25101 = ——SpQ2+Splog[ +2§+V] V=ooVa+a1V,, (4.13)

where we for generality wrote some external (e.g., AC electric) field V.

4.3 Gapless excitations above the ground state

Because of the Sp the first variation can be easy calculated (like derivative from a function):

VneN 6SpQ"=nSp[Q"'sQ)].

8We enlarged the set C, introducing Grassmann variables in it. The bar over a symbol denotes complex conjugate if the symbol is a usual
complex number, and (unusual) Grassmann conjugate if the symbol is a Grassmann variable. This construction is so durchsichtig that I believe
that ([50]187) is valid also in case when | — is an element of our enlarged set. We follow the standard definition of Grassmann conjugate — see
p- [53161 and ([51]1.142b). Lerner in ([17]15) writes smth strange. In general, the title of [17] has affected its style — after reading [17] I felt being that
“pedestrian” (BC explained that this is a politically correct synonym for “complete idiot”).

9See also ([50]187).

1ODon’t forget that Y = (7 t) and Q « 5(F—7), but G7! is not diagonal in coordinate space.
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Let us calculate variation of the action in the vicinity of the stationary solution Q (where Q must be found from the
condition 6S[Q] = 0). For shortness we will omit the summation over Keldysh indices and over coordinates:!!

f ddr’ [(Q+6Q)  (Q+6Q), -2,Q,]= f dedt’ [Q, 6Qu +06QwQ, | =2 f dtdt'5QuwQ,

Splog|G;? 12+ 50) +V|-Splog|G:t Q 1% dtdt {|G:! Q v_1 Q-
plog|Go + ——5——+ VI =5plog |Gy + 50+ Nf ot T 27 !

tt

5Sp 02 5Splog|Gt+ 2 +v|
0L 2P g[o_ had I [G +9+V] ,
6Qtt’ —tt 6Qtt’ 2"[ »

from where we understand why ([50]158) holds. 12 Please note: like in Sec. 1.5, also here arises the question about real
part of the self energy, which is silently assumed to be zero in ([50]160).

If our action would be a finite-degree polynomial like on p. [54]81-86, then we would calculate also 6*S[Q], and then
say that
5S[Ql

502 00Q} =Sy + Sy,

where Sy would correspond to Goldstone excitations (particles with zero mass). But, unfortunately, our action doesn’t
allow us to calculate 625[9], so that we have to approach the problem in an indirect way — through the Goldstone

theorem. We hope'® that our extremum

Qw = Aw = (g) 2_7;(;)) v7~w c {(TS) \7:60 (7’2) - aa)))' rml aw € (D} T A“)T_ — (4.14)

S[Q +6Q] - S[Q] = Sp {6Q o

corresponds to the minimum of the action (we call S “action” which is not quite rigorous). Note that in the absence of
perturbation (i.e., for V = 0) our action obeys continuous symmetry:'*

{Q‘ S10] =S [Q]} - {Q =ToAoT |7 e T}‘éfz, T = {fr—l =7 | 70 (?) = ﬂ_t/}, (4.15)
because matrices from the set T commute'® with Gal (but doesn’t commute with A, unless they are proportional ¢j in
Keldysh space). Note that sets T and Z are isomorphic:

T1,T2€T, T1#T2 & Q,Q€eZ Q=Ti0oAoT;'#Q=T20A0T," (4.16)
I interpret ([50]6.10-6.11) as
wrong statement: Z = Zy % {Q' Q*=1,9pQ= 0} (4.17)

In reality the set Z is smaller than Zy.'® Following the text after ([50]6.10), we call the set Z in (4.17) “Goldstone
manifold”. Analogously with the argumentation on p. [55]250-251 (i.e. fro the Goldstone theorem) we expect that Z
will generate gapless excitations. More precisely, in our case the Goldstone theorem claims that in the expansion

S[Q]-S[A]=Sp[QoTloQ]=
_ dd 1dd zddq dE1dE2da) > N N
=a;1f (2m)3 f (2m)3 (P1 = §,E1 — w,al|Qlph, E1, b) <P1,E1,b Iz

lim Iz, =0, QeZN‘E{szTvoT—1|TeTN}, TN={7‘1=7*|V7&/(?)}, Q=1

§,0—0

ol P2 B2, ) (1, Er, c1Qlf — 4, E1 — w,a), (4.18)

UFor the moment I don't see any small parameter which validate our stationary phase approximation. Or this is just a quasiclassical approxima-
tion? But then I placed % incorrectly.

12Spatial coordinates in the rhs of ([50]158) coincide because Q « §(7— 7). In our notations 6Q; is a coefficient in front of this 5-function.

13These hopes have grounds. Later we see that this is minimum (or at least — not maximum) on the subset Ty; see. (4.18) and ([50]6.15). So, now
we know that it is extremum and later we will see that it is not maximum. Thus, it is minimum.

14Like V7 € T, matrix ([50]6.9) is also diagonal in the frequency space (because we are interested only in stationary energy distributions), but not
diagonal in Keldysh space - it has off-diagonal 2%, see. (4.14) and ([50]6.9). That’s why for fixed A but different 7 in the rhs of ([50]6.10) we get
different matrices Q.

15This claim is checked for Pauli matrices assuming that [G(; 1]R = [Gal] N and [Gg 1]K=O: then Vi=0...3 [0}, Gy 11=0.

18In fact, Zy 3T o Ao 71 also for V7 ¢ T.


http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.6.10
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.6.11
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.6.10
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.6.15
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.6.9
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.6.9
http://quantumtheory.physik.unibas.ch/shalaev/arXiv/0412296.pdf#equation.6.10
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I'z., approaches zero when 4, w both approach zero. This statement is not obvious; in case of the vector field it is proved
(no, not proved, rather “shown”) on p. [54]81-86.!7 The set Ty is larger than T: its elements 7~ weakly depend on
coordinate and on t + .8

We substitute in (4.13) ansatz for Q (4.18), multiply the log-argument by (Q-independent) constant Gy. Now we throw
out of the (4.18) all terms, which are independent on Q. We get the new action'®

. . -1
%S[Q] =Sp10g[G61 + % + V] = Splog[ 7G5 17'+ +7— 1V7']
iA A%+ B? (.19
zsplog{[cgl + E] TG, T + fr*lv'r} —Splog{l + A +B) ~Sp {A +B- T —AB},
where AL G [GE Ly ]_ and BZGT-1VT. We perform calculations in the frequency space.
4.4 Isotropic diffusive metal
Calculating the trace in the momentum space, we use the following MEs of GF and of 7 and 7'
(PolGylw'p’) = (w 5p)5(w WVo@-p"), FolT1w'7") = Tow ()T = 7") = PolT 0P’ = Tow @ - 1),
5 I d?k dE
P, EIQIp —q,E') = Wf 1<P,E|‘Tlp K EDAR (P -k E(T - 4, E) = (4.20)
d’k dE;
LT e () AR, Tk, b K
(27z)df: £ £y (K)AE, Ty o (§ = K).

We assume that in (4.19) one is much larger then the other terms in the log-argument, and we expand the log. In
Keldysh space G;' o« unity matrix: G;' = [w — &]. The first order of expansion gives us

Sp{GT ! [GoL T} =sp{GT "o, T1} -sp{cT ' [&, 7] },

If we calculate the first term in the coordinate space, then, due to (4.20), G under Sp will have coinciding arguments.
Keeping in mind that Yo G(7 = 7’) = —invA, and that Yo Sp [0A] = 0, we get?°

Sp{GT ' [w, T)-} = —imvSp [AT T | = —invSp [wQ] = mvSp [3,:Q]. 4.21)

”H

Note that the following matrix element depend only on the direction of the “main momentum
its modulus p:

, but is independent on

- - dd ®
FIE T - F) = ToEp — Ep.0) ~ Toeiid f Pooy [ ag, (4.22)

(2n)?

In other words, the differential operator & = p?/(2m) — u = —A/(2m) — u acts on the product of fast function G(7) by slow
functions 7°(7) and 7-'(7). From (4.22) it follows, that the result of action of £ on G(7) in our case is cancelled so that

& ~ qzl2 < pil%. Keeping in mind (4.22), we conclude that the first-order term in the expansion of the action (4.19) in &
is zero:? J
-1 _ P q 1 dQ d 9 i ” -1 —
Sp{GT'[&, T} = v B O Tl = vev f G | d&GENT T =0, (4.23)
so that the action (4.19) must be expanded up to the quadratic terms in &:
dd dd dd > 0> - -
Sp{(c7 16,71 )} =vet [ ag, [ [ IR G TG T G+ 4 ) (4.24)

7See also Fig. on p. [55]250.

18In addition we assume that 7~ is not proportional to the unity matrix in Keldysh space. Kamenev doesn’t say this at this point, but assumes it
further, in ([50]6.22).

19To save the letters of latin alphabet, we denote all our numerous actions with the letter S; but this doesn’t mean that they are the same.

2()Certainly, the result (4.21) can be also obtained in the momentum space, remembering about (4.20).

21The next (quadratic in g) term in (4.23) will not be zero, but we conceal ourselves with assumptions that this term will be very small.
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where we used (4.22), and disregarded the difference in momentum arguments of GFs (taking into account that anyway
we already have quadratic smallness in g). From (4.24) we conclude that

d?k dd%ddqz ddp _
@ny ) o f @y 736 a T (e 60a) TG T (6= 600

sp{(G711e.71) | =

In this expression the momentum § is much larger than all other momenta. The integrand is proportional to the
square of the small momenta. In order not to introduce additional smalnesses, we assume that momenta of both GFs
coincide (equal to p), and integrate over . We get

o o 3 2 27‘[1/1’0 ddkddqldqu 1 - —
V= 7 (V)7 = sp{(GT Ue, T } Zf 77% (L +sM) T 0T (0 _SA)T-El—sz]

(2 )3d
_ F L e[V s (9T) (1o 7] < B 5o {[(97) AT 4 (97) (97} = s (V)]
We remember about the external field. Its linear contribution into the action is??
Sp[GT VT | = —invSp [AT'VT | = —invSp [QV]. (4.25)

The last term in ([50]6.15) is the least clear to me. This term is stiff, it is independent on the impurity concentration,
appears during taking the trace over frequencies (it should be taken the first). Since 7 are soft modes, they transfer
small frequencies w.?> We assume that ME <ﬁ,E Vel F— 4, E- a)> is independent of 7 and E [that is, for the case of

applied electric field (??) the results (4.26) and ([50]6.15) are wrong®*]. We search for the terms integrals from which
converge at large “main” energies E. For these terms we can ignore the presence of 7 in the leading order, so that

Sp [(GT‘1V7’)2] ~Sp[(GV)*] =Sp[he (GE - G3) VaVy + (Gh + GA) V2 + (G — Ga)’ V2HE +2GrGA V2. (4.26)

Let us try to get the last term in ([50]6.15) from the first term in the rhs of (4.26) using (3.32).

d d
Sp [ (G2~ G2) Vv = (;‘n’;d f e (c2-G3) (s L f Ay @, V()

ocT«liE{rlm(vE +v_ E)f(2 f Cl(q,a))V( g, —w) ~ 2vf(2 f c21w Cl(q,a))V( q, a))_vSp[V 01V]

so that Sp for the last term in the action ([50]6.15) has somewhat different sense than for other terms in ([50]6.15).
I don't like the assumption that DoS is a constant, vg = v = const. On the other hand, we remember about my old
assumption which appeared during writing the Sec 1.5: if we say that f dip/ (2n)dG§ = 0, then we have to say that v¢
is a constant in the vicinity of E = 0, asumingly, in the interval®® |E| < 1/7. Correspondingly, in (4.27) we should by
E* — oo understand E* — 1/7.

Consider other terms at large frequencies E > T,w (where w — are frequencies transfered by 7)), = hZ ~ 1, so that
the rest terms in (4.26) are equal to

(4.27)

Sp(G3 +G2) (V2 + V2)] o (Gk + GL) |E_ =0,
where we disregarded the frequency dependence of V;, (assuming that we are not interested in high-frequency pertur-
bations,?® so that Va,, transfers small frequencies, just like 7.
Finally, if V corresponds to external electric field (??), equation (4.27) cancels the diamagnetic term.
So, we?? got the desired action ([50]6.15). It is rather simple, so that we can calculate its second varia-
tion ([50]6.25,6.23).

22Eq. (4.25) is applicable only in case when V is independent on the modulus of momentum. For the case of electric field this means approximating
23More precisely, we assume that sz, E T3 E,E—w(lT ) — 1 for |w| — . See also the text after ([52]47).
241n fact, when substituting (??) in ([50]6.15) we get divergence Sp {VTalV} 2 f (Zﬂ)d (Ep X ) © dE AE A-E

2mc —o0o 21 Tx el "X
25We implied that Tt < 1, when we refused to consider stiff modes.
26High-frequency perturbations would lead to stiff modes from which we disowned from the very beginning.
27 Apart from the lost coefficient which I order LATER.
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4.5 Moral

Learning NLoM is useful because of the following reasons:

¢ This is an alternative way of calculating transport effects in diffusive conductors. Sure, not very convenient, but
it is nice to hold it as a back-up.

e NLoM wakes up rememberings about relativistic quantum mechanics, and this is beautiful.
e NLoM allows understanding of NLoM-articles, and search for mistakes in them.

e Some people will think that you are very clever only because you use NLoM o©.

e Some people will think that you are an idiot only because you don’'t know NLoM o©.

Up to know?® I have found no real calculational advantages of NLoM in comparison with the usual diagrammatics, but
I've noticed disadvantages:

e NLoM is harder than the diagrammatics.
e Also in the diagrammatics the accuracy control is not ideal but in NLoM it is worse.

e How could one describe SOI in NLcM? I suspect — very uneasy. . .

28Hopefully - temporary, and everything changes when I read the articles cited by Lerner between Egs. ([17]2-3).
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Chapter 5

Extrinsic spin-orbit: Vi, - [pxp’].

Literature: for general interest: cond-mat/0504175.

Note: Extrinsic SOI can not be ignored on the interface: there is a term in the Hamiltonian & « (ax%—lyl - ay%—lj),
where U is a confining potential of the quantum well responsible for Rashba SOI « (%—LZI».
When we remmember about spin, we can generalize our non-interacting Hamiltonian to
3
A=Y e, Myhun, (5.1)

a=0 AN

where A is some quantum number without spin degree of freedom. Below we consider some particular cases of

(5.1). According to Pisma v JETP 41527,in the presence of magnetic impurities, a disorder averaging line is given by
fapys = % + % (In the same article, also expressions for cooperon and diffuson in this case are given.) See also

appendix B from cond-mat/0402203.

In this section we consider the case when spin-orbital scattering is provided by impurities. A physical situation
for this may be [56] “randomly placed heavy-ion impurities, which can simultaneously scatter electrons and flip their
spin”.

Let the potential of one impurity consist of 3 parts!:

U(P) = o' Us(7) + G - [VUs(7) X flpe| + S(F)3,  (VUs)' = —VU,. (5.2)

Other ways of writing this Hamiltonian: cond-mat/0506589. How could one rewrite (5.3) in coordinate space?
According to [58], the impurity potential ME in the momentum representation is equal to

faa’ (ﬁ/ ﬁ/) = Véaa’ + ngigaa’ - Z‘Vso[ﬁ)>< ﬁ,] : gaa’-

@Better see PRB419548.
It might be described in [59] and in §140 of [60] how from this potential one comes to the one in [34], which is (in
momentum representation):

U(ﬁ,ﬁr) — u*(ﬁ’,ﬁ) =y [(;0 +1i 4 /Tio*- [Txi']+ ,/%S?},Tsm Tm > 7, (5.3)
SO m

where 7 is defined according to (1.10), and # = jf/|p| and 7i’ = p’/|p’| denote the directions of momentum of an electron
before and after its scattering on the impurity. The last term in (5.3) describes the presence of magnetic impurities; let
us ignore it for the moment. One can note that, in 2D, extrinsic SOI conserves s,.

From (5.3) it follows that the complete disorder field (from all impurities) will be

uw,p') = u[ao +i,/§(5’,ﬁ,ﬁ’) +,B§5]Zexp[i(ﬁ—ﬁ’)f;], (@, d,i)y=c-[iHxi'], (5.4)

IH.-A. Engel with Rashba in cond-mat /0505535 say that Uz = Uj, so that apparently, 7, in (5.3) is fixed. Hans-Andreas Engel is not sure that
(5.3) is equivalent to (5.2). He supposed that they are equivalent in case Xvilen Sherman function (see my Journal Club presentation here )


http://arxiv.org/abs/cond-mat/0504175
http://arxiv.org/abs/cond-mat/0402203
http://arxiv.org/abs/cond-mat/0506589
http://arxiv.org/abs/cond-mat/0505535
http://theorie5.physik.unibas.ch/shalaev/public.html/31-05-2005.pdf

Chapter 5 page 45 generated October 16, 2011

i
A

_____bél_____

k—p+q =T

A

7 -

Figure 5.1: A block with one impurity averaging (dashed) line from fig. 2.2(a). W = [fx7—q] = —[px{l. W' = [k-pxk—p+{] =
k-Fxql~W.

where Y, ¢ guarantees connection of dangling scattering lines while the averaging. Then the rest of the expression
is just u(9) in ([5]39.6), so that we deduce that for Gg,s taking spin-orbital interaction into account results only in the
renormalization of 7. Below we immediately prove this statement rigorously.

Important: 7 and 7i’ can be considered as totally uncorrelated. (because processes with a spin flip are relatively
rare in comparison to “normal” scattering processes, that is, the ones without a spin flip)

Look on the diagrams with dashed lines in fig. 2.2(a). The integration is performed over the momentum passing
through the all but one of these dashed lines. Let us consider one of many dashed line, see fig. 5.1. The vertices at the
ends of the dashed line are just

1+i1/1_;o W—1+z,/ (o,p,q)_1+z,/ efk TPk, (5.5)
14iy 23 -W’—1+z1/i( i-p )—1+i1/iel"m (ke = D) (5.6)
Tl T  GKP D = Tl T Pl '

The complete expression has to be integrated over the transfered momentum 4. The integration over its absolute value
g must leave to some renormalization of 7y,. What is really important is the integration over the directions of 4. Instead

of 71 can integrate by W ~ W’. Due to the fact that

Vk, 1 f dWW, =0, f AWW,W,, o S,

spin-orbital part is not mixed with the usual one, so that there will be no linear in ,/Ti terms in the resulting

expression.
As a result, after the averaging we obtain an effective interaction line with an expression
1 (1 1
V=5 (3000 4 —37), et (5.7)
2ny Tso

Dealing with this expression, it makes sense to divide different spin components into a singlet and a triplet. That’s
because singlet and triplet are the eigenstates of the GG’ operator, so that for triplet y° = )/0 05", and for singlet

70 =92%"", where
O_L(LFL) 0 L(l_i)
D s v Tso )’ 7S = o \7 Teo/

2= 00"

Repeating the derivation from sec. 1.4, we see that for a Green’s function we always have G’ = ¢%"
change will be that 1/7 will be substituted with 1/71 = 1/7 + 1/74.

In other words: without spin-orbital interaction and for constant density of states we obtained from (1.12) that
2nvty O = Zm/’mug = 1, see (1.10) and (1.15). In case when we have spin-orbital interaction, from (5.7) we have

ZHVTT)/(O) = 2MIr (% + %) =1, so that

2 \7

, so that the only

11,1 (5.8)
T T
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The cooperon’s self energy is equal to for triplet and for singlet. Thus in the triplet case one obtains just a

usual expression with 7 substituted with 71 given by (5.8), while in case of a singlet cooperon gains a mass: Seems
that actually it is on the contrary: triplet gains mass, and singlet does not! See the text before ([10]2.14).

1 1 1 1 1 1
G = —a, a = . z 4
T 2nv1? D —iw 7 2mvts1 - [l -1r(D? —iw)]  2mvt3 Dg? - iw + Ti
where we have taken into account that % — # ~ 2
T SO

As for the diffuson case, it seems that the only difference from cooperon’s one will be the change of the sign of W
in fig. 5.1. Thus the expressions for the diffuson can be obtained from those for a cooperon by changing the sign in
front of 7.



Chapter 6

Intrinsic spin-orbit

Literature: [16] and [61] are my favorite; despite that [62] is a bad book written on purpose to confuse people, I still
sometimes open it if I don’t find the information elsewhere. Here is the Hamiltonian which we are interested in:

52

A= §—m +a(o1py — 0apy) + b(orPs — 0apy) + u(P), =iV, abeR. 6.1)

6.1 SOI and disorder

See definitions in [20]. In the denominator of a GF, we ignore all terms which are higher than linear in £. Thus if
we considered cubic SOI (instead of the linear one), then we should have substituted p3 — 2m(Er + &)pr. Thus it can
happen that the cubic SOI brings different physics than the considered here linear SOI. However, higher-power terms
(e.g., « p°) are similar to the cubic one, so considering them is senseless.

Rashba Hamiltoniam in the second quantization can be found in PRL91226803(2005); on the lattice - in
cond-mat/0504218. The exact eigensystem of the Hamiltonian (6.1) with the magnetic field is claimed to be found
in [63]. Also take a look on how SOI is affected by the interaction: PRB77233310. Let us define the s.c. SOI lengths
Ao [0409054]%:

h
— =m(a+b), (6.2)
Mp
Without loss of generality (since the contemporary sign change of 2 and b does not change the conductivity, which
we are interested in?) we assume that a + b > 0. Later, in (6.19) we will expand our GFs in small parameters x and 6
defined in (6.3) and in (6.19) using a — b = sign(a — b)x V1 — 6/(2pr1); so we will have to consider two cases sign(a — b) = 1
separately.

The amplitude of the SOI can be characterised with a dimensionless parameter x, as well as with the characteristic

momentum ps or energy A:
h h
ps =mNa? +b% = %, Ao =2pp Va? + b? = x? (6.3)

Note that H’ is invariant with respect to the time reversal: KH’K™! = H’, where K is defined in Sec. ??. The advantage of
this new (rotated by n/4) CS is that conductivity tensor is diagonal in it.®> Formally applying Legendre transformation
(just like in classical mechanics), we arrive to Lagrangian

2(?
p (U) -1 2 = -

T u(Rn}4r), p(v) = mv —

L= A

[ e

1See other SOI lengths in [64].

2This is true even without averaging over the disorder. In fact, let us first build unaveraged GF operators CR/A using the Hamiltonian (6.2) with
a = b =0, and make perturbation expansion of (8.7) [including the SOI-dependent part of the vertices 9,4] in powers of some SOI amplitude [which
should change sign when both a and b do that]. Let us consider odd terms of this expansion. The expression under Sp in (8.7) will be proportional
to some linear combination of ¢; and o,, so that Sp = 0 for arbitrary odd (in SOI amplitude) term. (Here we have used the fact that our Hamiltonian
and vertices 0, do not contain terms o« 03.)

31 realize it in the end of the calculation. I would like to prove this using (6.9) and the explicit form of the velocity operator (6.8), but I can't.
47
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where A is defined in (6.8). Analogously to the spirality operator in QED,* our “spirality” operator Mj; (denoted by $§
in [20]) commutes with the Hamiltonian in the absence of disorder. The Hamiltonian has a specific symmetry with
respect to rotation® by 7/2:

H(p, &) = H(=f,=3) = HRurjoP, Rarpp®) |, (6.5)
or, in other words, Rashba SOI is invariant under arbitrary rotation [66], while Dresselhaus SOI is not; the rotation by
7t/2 is special [66].

Note the significant difference of (6.1) from (5.3): here spin-orbital scattering is not disordered, and the disorder
potential is considered as spin-independent. Also division to singlet and triplet does not work: it is impossible to
diagonalize spin-orbit term in the Hamiltonian independently of the momentum value. For the same reason Ggs are
essentially non-diagonal matrices in spinor space.

An expression for the electric current can be derived in two® ways. At first, from the charge conservation law

a—f + div j_) = 0. The second way is to substitute velocity operator (1.5) into the classical formula j_) = end, that is,
j_)= ie[H,x]/h = eﬁﬁﬁl , so that a state |¢) would produce the current density jﬂ‘z et (7 )5’1]!)(17 ). However, this quantity will
be non-hermitian. Without being upset by this fact, we just take its hermitian part, and obtain the usual formula for

the current density and its operator.
Let us try to follow the first way in derivation of the current, trying to obtain it from the conservation law’

2 N > -
09 0y) =~ D)oy + oy (A1) = 17 (o, — o, Ty -

. + +
1 0,01 ll’ 010y 0,02 020
_i(¥oonyy Y0y Yo ""X _ ) Ly s 6.6)
m Ay Aa M A
For y = 0, we obtain the charge conservation law with the charge current given by®
> ] h - - +O' +O'
In the rotated basis: ]=£ [(Vg{) )4} 1,[1 Vz,b + 2 Aa,l,b 1#] IP ZIP Ld 11’[},0 , (6.7)
2m A A
5 op_lehfie 4 fe p 4 too ot to ot
In the original basis: j=5 V') —¢TVY + 2hCAa,1,b Y| +e\byT o —ap o, ap’ o1y — bipoay, 0).
Comparing it with (13.8), we see that to calculate the current we can use the usual charge current formula [20] with
a fictitious® vector potential'®
j__E(_Qﬂo) C[(Hb)g (b — )1, 0] é—i[H?]—h—ﬁ—i(ﬁ+5) (6.8)
- e A /\ 2 1, 7 - h 7 - m mc 7 .
H—ﬁ—m(a2+b2)+U(?) Ropi= (%) = Ron(Z + A)+ A 6.9)
= 5 ’ n/2V = —0, = Rn/2 m G R0 . .
4a) CiemyeT UMeTh B BHJY, UTO, CTPOTO T'OBOPS, CIHPAJbHOCTh H KHPAJIbHOCTb — 3TO HE OJHO M TO ke, CM. cTp. [65]110. 6) HpOBepI/ITb, 4To
CIIMPaJIbHOCTB B3JIEKTPOHa coxpansieTcs. = From QED we know that spirality is a projection of spin onto momentum. However, [20](??) seems a
different quantity. The common thing between these two definitions is that spirality remains invariant under the time-reversal:
M%Z 02 [M_ﬁ]T g2. (6.4]

This property is valid not only for any bilinear form A(g,5), but also for many polynomials, e.g., cubic Rashba and Dresselhaus. [BTW, this is why
quadratic (in momentum) SOI is impossible.]

51 can consider such a rotation as a unitary transformation. The corresponding unitary matrices (in both momentum and spin space) are given
by (13.40) at ¢ = n/4.

®There is a third way described in §[60]115 - see the 3th footnote before Eq. (13.8): “The variation of the Hamiltonian with respect to the

electromagnetic vector potential A gives electric current operator.” This way has (apparently) been used in [67] for the spin current, and no
additional rot-term has been obtained there. Finally, I want derive the current operator from the Noéther theorem in the QFT-fashion of [68].

7I used brackets in (6.6) to emphasize that in the expression (¢'H)g, ¢, the differentiating operator ﬁ in H act on ¢*, not on ¢,y. By definition,
e (H Pt

8And what about the case of random (extrinsic) scattering from the 5th chapter? Is the current there modified as well?

9From (6.8) we see that the velocity operator is affected by the SOI. In ([0603144]3) it is claimed that the coordmate operator 1s changed as well.

10This permits us using formulas like (3.38), derived for the case of no spin-orbit interaction, by replacing j — - —A Note that A gets renormalized
according to (7.13). Note also the importance of the inversion of the order of quantum numbers A = (7,t) and A’ = ( , 1) in (9.4).
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Note that we don't get the rot-term mentioned in the 6th footnote above; if we are interested in this term, we should
manually derive it from the Dirac equation; it is an “external ingredient” of the same type as SOI.

From (6.9) one obtains BC!! for the connection of WF in two neighboring materials with different SOI amplitudes
and disorder. Using the second expression for H, we integrate SE Hy = Ey over the infinitesimal neighbourhood of the

border, and see that a generalized BC is that the spinor 341(? ) must be a continous function of the coordinate. Without
SOI, this corresponds to the usual text-book requirement that ¢’(7) is continuous.

6.2 When = +b

In the special case a = +b, the Hamiltonian H’ is diagonalized by the unitary transformations. In the original CS:
a=b=U VU = -V2a(p, +p|)os, Ud"U} = -V2a (Zz)

a=-b :>U2V;U§ = - \/Ea(p’y —pL)os, U3’ Uf = V2a (_053),

_ 1 (1 —eim/4 _ 1 (1 —e /4
U =)~ = @ (1 pin/4 ), U, =UhH' = % (1 pmin/d )

Especially nice this looks in the rotated CS:

px
a=b=U V.Ul = -2ap,05, UoUl = (py m ),
- 2a03

m

7t + p = 2a03
=-b =>UZVS ll2 = —2ﬂpx0'3, UZw Py , (6.10)
m
1 ({1 -1 1 (1 —i
-1 _ L _ -1 b
Ul _(Ul) - \/E (1 1 )/ u2 - (Uz) - \/E (1 i )

In Sec. 7.5 and 8.2 we see that this case leads to the same results, as in the absence of SOI.
6.3 Spin current (non) conservation
Let us rewrite (6.6) for the z spin component:

-£+ _h_z"*Jr _+"_l+_+ tooo ot

ih;@'o.y) = 5V [(Veho:p - plo.Vg] - - [Wjoay = $oapy)/t + Wl - plory)/di . 6.11)

Since the right part of (6.11) can not be written as a divergence of any vector, s, is not conserved'? (and neither s, and
sy do), so that we have to use the second way for the derivation of its current':

PleoV, =88 dei=impe-fyyl|0Y_oX)_ ez
[A, 7] =2V, Js, =Siv, Uv=r= h[H,r]— mV+ (/\2 )\1] ch, (6.12)
ST PR Ve RIS e
1, o
]s<r>——[]s<r>+;s @) = 5168 =
il I N =T o Nt o 2i€—>+_, - . .
—— [1/; DoVP@) - (V! P (7) - T Ay Do )], =123, 6.13)
In the (usual) o—basis, b =0: 7= —%ﬁ + a(alﬁ’— 023%) - %X, (6.14)

Ha) Cm. nucema B JKOT® 1. 30 cTp. 574. b) A consideration of such a boundary must involve additional (extrinsic) SOI effects, see the beginning
of Sec. 5.
12That is why it is unclear, how spin current should be defined, see PRLO6076604.

5\2
13P've written it for more general case when we have (ﬁ— fA) instead of ]:J2 in (6.1). Cm. [60], §111, cTp. 530-531.
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We see that spin-orbital terms in the Hamiltonian make no effect on the expression for the spin current!*. It is easy
to obtain an expectation valuse of the spin current from (6.13): just remove operator’s hats, integrate over coordinate
and take a spin trace. If the integration is done over the whole space, then the second term in (6.13) is obtained from
the first one using integration by parts.

Now we can rewrite (6.11) as

5.(7) +div = = []x +Ji)

A A
Thus s, is not conserved'®, but still expressed in terms of spin currents. This is not true for s, and Sy.
In practical calculation of s, current, one should use the usual charge current formula [20] with the removed

diamagnetic term A 5 0 and e substituted by o3h/2 (with a Sp operator added). As for A, we can set it to 0 because,
if we calculate averaged over impurities spin-current, the diamagnetic term is given by some combination of terms
Sp [03GRr/a] Which both are equal to zero due to the fact that averaged Gg,a depend linearly on ¢; and o, and does not
depend on o;.

Some papers contradict this reasoning: [70], cond-mat/0410607.

6.4 The eigensystem and Green functions

Without the disorder part, the eigensystem of the Hamiltonian (6.2) is given by!6-17-18;

— eiﬁ’? S\/_p—: d N - hz > SAﬁ
o = P - o = S = — =
(Pps(r) \/Z_V( 1 )/ j‘;d r[(PPs(r)] (Pps(r) 1/ EPS Zmp + 2 4 s il/ (615)
Px Py ~ df
.= +i—, = |p.| =ap. 6.16
== Ty P lp+l = ip (6.16)

Using Lehmann representation (3.29) we obtain expression for the GR Al

cop o) 1 svik
Grial7';E) = 2WLIE-Eg+Ertic(sV=-it> 1 )
pS
0) 7 E GO+M;7 UO_M" 6.17
R/A(P/ )_E E—Eﬁ++EFii€ E E» + Ep +i¢ B (e47)
1 oo + Mj oo — My
= + =
2|l g Py po e p g
E—Epi1£+—Mﬂ o B p (6.18)
— & =+0, = ps— = psfi, :
(E-& -4 +ie)E-&+ 4 £ie) A

where Mﬁ can be considered as a generalization of the splrality (=helicity) operator defined in ([24]5). Its generalization
for the case MF is done in ([0508681]3).
The spirality is connected with the SOI-induced spectrum splitting as [20]

in@ V1 — Osi -b) - V1+0
py= P ng T+ Gcos@p), 16 =p= ZOMPNIZ 050D Z02c00pNI+0 - 200y 5y (6.19)
Pr 1+ 0cos2¢ a’+b
where sign(a — b) = 1 if we additionally assume'? that |a| > b in [20](??). The parameters x and § are correct expansion

parameters?® for o,, and oyy in the sense that, for arbitrary function f(Aﬁ), [in other words, the expansion in (x,0) is

4 An interesting expression of spin current through the distribution function: ([69]7).

153pin-orbital term does not violate time-inversion symmetry. In round quantum dots of VG it violates rotational symmetry, but in my dirty metal
I don’t have it anyway, so basically I loose no integrals of motion.

161n the original, not turned basis, the energy spectrum Ej; and eigenvectors ¢ look differently from (6.15). Take a look on chiral.tm, [71], and
[49].

I7Note that in the special case a = b the spin part of the WF can be made separate from its orbital part (like in the absence of SOI). One can see
that after making discrete variable substitution s = s’ signpx. Then, e.g., Ez, = f—:l p? + ¢'lalpx. [This substitution is, actually, compulsory: without it
the Hamiltonian would depend on badly defined operator [px|.] A similar situation must happen also in case when a = —b.

18] should carefully realize that the basis in (6.15) is invariant under the time reversal transformation.

195ee the discussion before (6.3).

20x/2 and 6 are called correspondingly “quadratisches Mittelwert” and “harmonisches Mittelwert” of x, and x;.
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uniform]
1n 11

d
}c—>o &x” 6—>0 &6"’ f (A7) hng aém x—>0 axn f (Ap), (6.20)

which is not true for the expansion in x, and x;, see the p. 65. In addition, it is nice that x and 6 have physical sense:
the amplitude of the SOI and the strength of its anisotropy.
Note that #KGr(7)K™! = Gg(ﬁ ), where K is the time inversion operator from Sec. 6. In case?! b = 0, eigenvalues are

the same in o- and o-basis. (since in this case they are independent on the direction of 1); eigenvectors in o-basis
can be obtained from (6.15) by substituting Vi - i; as for M and GF, they can be obtained from (6.17) and (6.3) by
substituting O12 — 012.

2
A useful identity in 2D :arg(f + §) — argp = g sin(arg§ —arg ) + O [(g) ], g <p.

Note offdiagonal elements of (6.17) which are proportional to k., which correspond to the L, = +1 total momentum state.
In fact somehow I could say that (Grsa)1y and (Ggrsa);; correspond to the triplet with S, = +1. It would be nice to draw
the inverse Fourier images of k. /k in real space.

In case when a # b this defines two Fermi surfaces (lines in our 2D system) instead of one, which are nor circles,
nor ellipses [72].

Let us now calculate the series for the self energy in the self-consistent Born approximation. It is given by the
series of diagrams (1.7). Only diagrams without intersecting dashed lines are considered in (1.7) because, according to
[5] and Sec. 1.4, every intersection results in the reduction of an integration volume in the momentum space, leading
to the smallness of the order of (pel)™! < 1. Then, in the approximation of the constant density of states all terms in
(1.7) but the first one are equal to zero due to the analytical properties of Gr/a: indeed, every such a term contains at
least one multiplier « v f £ déGh / AP E) xv f déGh R/ A7, E) = 0. [the quality of this approximation is ~ (Ept)™!, as it is
discussed on p. 51.] Calculating the first term in (1.7), we see that the spin dependence from (6.17) is smeared due
to the integration over the directions of momentum. In other words, in case when |a| = |b], the presence of spin-orbital
term in the Hamiltonian (6.1) does not affect T = T = 2nvnUZ)™.

Now an averaged Green function is equal to??

Gra= ——————. 6.21)

One can check that

aog — bM aog — bM — Co3
2_p2 7 _rR_2

From (6.21) one obtains an expression for the averaged Green function. Just like in the usual case (when there is no

Rashba term), the expression for it can be obtained by substituting ¢ = +0 with %:

Va,b,ce R (acy+bM)™' = (aco + bM + co3)! = (6.22)

Con (B = E-&(p) + 5 +5M 6.23)
R/A\F/ 7 .
! [E—&(p)-4+ le[E Ep)+ 8+ 4]

Gr/a(P)o3 = 03Gr/a(=p),  Gyja(PxsPy) = GaAR(=Py, —P2),  02G(=F)o2 = Ga(F) (6.24)

where?® by ¢/, we implied “usual” averaged Green functions (1.9).
One can insert the resulting Gg/a from (6.23) into the self-consistent Born approximation, to check, if it is really
self-consistent. The answer is “yes” within the approximation A/Er <« 1. In fact, if we rewrite (1.7) as

1 00 —Eg
oo = Sf d&Grya(é) - Sf d&Gra(&) =1-T,

2lWhen both 4,b # 0, in the original basis M = (apy + bpx)o1/A - (apx + bpy)oa /A with A2 = (a? + bP)p? + dabpyp,,.

22During the calculation of self energy in (6.21) I approximated ak ~ apg. Also without this approximation the self energy would not be just oo/21,
like in (6.21), but 7 # 7. In principle one needs not doing this approximation; if we don’'t employ it, then in 2D we substitute £ — p 2/(2m) — Eg, so that
(for Il =1)
P

P2 c.
E—m+EF—[Xp +4_[—2

o o
#0x =~ U -], 0= [ dp

suspect that there is + instead of — in the last eq. The result for the averaged Gr,s will still be (6.23), but now with 7 # 7.
23Note that this result (checked by myself) is in contradiction with PRB64144423.
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then one can estimate I’ ~ [/(Ert). This looks like a small adjustment of 7, so that it is not important. However, the
same reasoning is true for the integrals (??),??, and this is equivalent to say that cooperon and diffuson have a (real!)
mass of the order of 1/(Ert?). This can be taken into account by keeping in mind that there is always a small ~ 1/(Egt?)
cut-off for the frequency. For example in the result (7.9) we have to remember that in reality always |w| > 1/(Ept?), and
this determines the order of limits in (7.9): first one has to take lim,_, and only afterwards®* lim,_.

This discussion can be expanded for quantities like f % g+(p, E)ga(p, E — A) which occur in the calculation of (??):

whenever we consider an integral of this type, we do it with a precision (Er7)~! < 1 given that all other energy scales
in the system like A and temperature are smaller than 1/7. The assumption A < 7~! permits me to treat A as a usual
frequency variable.

Then cooperon and diffuson are calculated almost like in the spinless case. One notes that # ~ jj/|p| for Gg/a(7) and
it ~ —p/lp| for Gr/a(@ - P).

6.5 Dealing with SOI without SCBA

The calculation of the averaged GF from the previous section can be implemented in a more elegant manner. Let us

suppose the SOI-part of the Hamiltonian is small so that we can consider it as a perturbation 6H. Like we did it

before in (??), let us then use perturbation theory expansion for Gg. Let us at first consider the situation, when the

Dresselhaus contribution to the SOI is absent, so that b = 0 in the Hamiltonian (6.1). Then the infinite perurbation
series sums up into

» 1 -1 (G(O))_1 +apM

Gr=GP Y (oHGY) = |(GP) " —apm| = (6.25)

O\~
n>0 (GR ) - azp 2

where Gg) stands for the averaged GF without SOI, see (1.9), and
. R . 1 9
O0H = a(o1py — 02px) = apM, M = ;;(pyol —p:02), M*" =oy.

and we've used (6.22). From (6.23) we see that (6.25) is just the same as previously calculated GF for b = 0. In a
completely analogous manner we take the (more general) Hamiltonian (6.2), A/2 [defined in (6.16)] instead of ap, and M
from (6.3), and directly obtain an expression for the averaged GF, which will be valid for arbitrary SOI amplitudes a and
b because I considered an infinite perturbation series expansion. O.k., may be not arbitrary, but at least it will be still
valid for x,, ~ 1. So may be it is time to stop abusing computers and try calculate everything in an analytical way.

Differently from what I thought before the resulting averaged GF can be obtained from the GF for the system without
impurities by substituting ¢ = +0 — 1/(27). It would be interesting to check if this GF indeed solves the SCBA, which,
however, appears difficult, since JGg is given by a long expression, which can not be easily integrated by 7. (The
difficulty of this calculation is comparable with the conductivity calculation; so let us just believe that our GF solves
SCBA.)

6.6 The chiral basis

At some point I thought that it will be cool to calculate everything in the chiral basis. This idea appeared to be deadlock
(tymukoBasi, Sackgasseidee), but still interesting: Let us make perturbation theory in the Dresselhaus part of the SOI
in (6.2):

Hoifu(f{ b:()) ut = hzz—fj —apo;, U=U'= Jo% (1 _p;':,-:f], 6H = —ba3p§ _ P; - ZbGZPfy.
Consequently, in the spirit of sec. 6.5 we obtain
P -1 [Ep - % +ap+ %]_1 0
Grja = [(EF o + E)Oo + 0(}70'3] = 2 1
0 [EF — 5. —ap+ Z]

24provided that o(w = (Egt®)™!) ~ o(w = 0), which is equivalent to say that o(w = 0) is a smooth (riankas) function with finite derivatives in @ = 0.
For a metal I estimate (Ept?)~! ~ 17K.
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Let us now diagonalize the complete Hamiltonian:

SR (e P I [N JRRYN N TR (e
Val1 onetoined e | S5\ e o BT )T T T Vs
7
. -1
[+ 54 0 aGR/A‘ 03\
Crya = ( 0 ce-8ag) 0 T N g PCRACS2P

Working in the chiral basis has aparent advantages:

¢ the “physical interpretation” of the SOI (as an effective MF) is now very visible. [Especially in the 2nd loop, where
we can approximate p = pr in the SOI-part of the Hamiltonian, because we are not interested in the corrections
o (pFl)‘l, which, e.g., lead to corrections to the velocity operator, see (6.7).]

e We see that in case 6 = 0 the system behaves as a 2D metal without SOI subjected to a constant external in-plane
MF, which clearly can not affect conductivity tensor (even retaining its isotropic part). This fits Sec. 8.2 very well.

e [ claim even more: we can eliminate the momentum-independent part of this external MF, which should simplify
the calculation.

e Some MEs of the diffuson gain mass due to the MF, but, differently from the usual bases, the characteristic
2
convergence scale of f Lk [ La

o | G s~ (x2 +x7)"/*/l1. In the spinor basis from eq. ([73]4.5), the diffuson is diagonal
even for g # 0!

However, all this fancy stuff does not work (except, may be, for the ZLA), since our simple disorder potential in the
original system corresponds to a very complicated one in the chiral basis and vice versa.o

6.7 Cooperon and diffuson

BN said that this [i.e., the employment of (13.37)] corresponds to the division of a diffuson into singlet D and triplet
(DY, D??,D*). 1 think, BN was wrong, see sec. 14.2 together with the footnote ?? on p. ??. Look on eq. ([73]4.5): I could
also work in the spinor basis (0y,0+,0-,03) instead of (0¢, 01,02,03). It is interesting, what would it change.

Note also that D* can be interpreted as elements of spin DM, see p. [10]19.

Frorn cond-mat /9905028 I've got an impression that only cooperon gains mass due to the dephasing (I mean
the term 1/7, in the denominator due to the interaction and ...), so that all components of a cooperon are in reality
finite, while some components of the diffuson have a true pole for 4 =0 and w = 0.

Note the symmetries:

X4 0) =X (-G, -w), X)) =XPF), aprlora=p=2,

(6.26)
X¥(§)=-XPG), a=2B+20ra+2,p=2,
Concerning the symmetries of D(§), see (8.17),8.18,8.19.
Finally, let us see the correspondence between my expression (??) for the cooperon with the cooperon components
in the notation of [35], namely in ([35]6,7,13). From the comparison of my expressions for the WL correction (7.21) with
([35]6) we obtain, that

3 2
4 ’ ’ 1 ,
ar Y SV vy vy _ = al Yy ¥
Cit= ), o7, O = 7 Y Cionoh, 6.27)
yy'=0 apur=1

6.8 Diffuson for |a| # ||

We see that only the (1,1)-minor (i.e., matrix block) is affected by the SOI. So let us work with this minor in Xp and D.
The following property has been checked?® up to the precision of (x,, x,, 19)°:

XD(’T/ Xa, xb) = ny [XD@ Xa, _xb)] = ny [XD(_q)r —Xg, xb)] = XD(_q)r —Xg, _xb)/ (628)

25BTW, (6.28) holds also for the diffuson (6.37).
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where C,, is defined in (8.17). Obviously the same relations hold?® also for the diffuson:

ny[D(Qm eré =0)]= D(er Qx, 6 =0). (6.29)

The diffuson®’ is obtained using (??) with Xp given by

X2 = X% x1 4 x3, Es-Xp ;ZXD 2 YO - [PY0D 4+ 5Y00 4 5. 2y (D) 3%, Q<1, (6.30)
02 10 -2iQ (-1 0 i
YO = =F; + -[ 0 1 —ZiQy], Y0 = —[ 0 1 -iQ,, (6.31)
2 202Q, 2iQ, 2 2\-ig, iQ, 0
e ¢ 1+3Q> 30:Q,  —iQu(4+3Q%)
Yoo _ 3E3[ ) ]+ | seQ,  1+3Q  -iqe+307)|, (6.32)
iQ:(4+3Q% iQ,(4+30% 2+ 307
1 3(1 + 2Q§ +Q? 0 —i0.(8 +3Q%)
Y12 = Z 0 -3(1+ Zij +Q%  iQ,8+30Q% |, (6.33)
Hoio8+30)  -iQB+30)  6(Q2-QY)
8det Y0 =2+ Q2+ Q° = (@ +1)(Q* ~ Q2 +2) = (Q* + 1)(Q2 -1 ‘2”5)(@2 -2 *2”7). (6.34)

The above expressions for Y coincide with the exact result (6.36) for Q = 0, and, apparently, with ([73]4.8,4.9). The
limit SOI— 0 corresponds to YO = %ZEg,, Yg,z) = —20Q%;, and Y(? = 0. The matrix (E; — Xp)/x* — Q°E3/2 + 3Q*x*E3/8 is
Hermitian and its (3, 3)-element is a sum of (1,1)th and (2,2)th.

The contribution of terms from [...] in (6.30) to the diffuson (??) can be taken into account perturbatively:

N -1
4rve?D(@) = 22 (B3 — Xp) ' & {YO = [2YOD 4+ 5Y0D 4 5. 2YID] 2 dO0 4 230D 1 5. d00 1 25 - 40D,

-1
400 Z[yO]™ 402 = j00y02400 400 = 00y(L0) 400
[ ] (6.35)
402 =400 (y(12) 1 YO24O0Y(10 4 yAOGON YO} JO0) = JOOYAAFOD 1 gOIY1L0 00 4 OO y1010

=00 Y1200 4 1LOYONFO0 4 gONYO0GL0 32 5 « 8det YO ~1, 0<Q 1.

The resulting Dij(@) will have denominator « (det Y»)" where # is an integer number, see (6.34). The expression (6.34)
for 8det YO is independent on the direction of the small momentum é so the same is true for the denominators of all
components of diffuson. Consequently, an arbitrary diagram with two loops (e.g., rhs of fig. [20]??) has denominators

[consisting of (det Y)* for momenta K, (j and K + (j] which are invariant with respect to two “mirror reflections”: (i)
(Ky = =Ky, Qx = —Qy), (i) (Ky, —» -K;,Q, — —Q,), and (iii) (Ky & K, Qy & Q,).
It is interesting that the original Hamiltonian (6.1),6.2 does not possess any of these symmetries.

1+Q? 2 2-Q? QQ 2-Q? 2iQ,
1+Q? + sz Q*+0* 1+QZ + Qny2 Q?+0* 2-Q2+Q* 2 1T 0 0
0,0) Q:Q 2-Q? 1+Q7 2-Q? 2iQ 0,0
400 = o e +Qny2 Q£Q4 oo +Q§2 ng@ z_szf@ , for Q>1 400~ > 0 1 0].
_2iQc 1+Q? 0 0 1
Q2+Q4 Q2+Q4 2_Q2+Q4

The corrections (due to 6§ # 0) to d®” maintain parity and maEMOCTS, i.e., €.g., elements (1,3) and (2,3) are purely
imaginary; d(loéo) o Q:Qy X P(Q3,Q;) (Where P is some polynomial), etc.

2670 realize this, I can represent the (E3 — Xp)~! as [(1 + Q?)E3/2 + £]7!, which is an infinite series in &. Since (6.29) holds for &, it holds for every
term in this series, so it is valid also for the entire series, i.e., for the diffuson. (note that this series is really infinite, unlike the expansion (6.35)
which is cut on the second term.) Or I could make a little more effort, checking this explicitly for both terms in (6.35).

27Note that, in general, Xp is not the same in ¢- and o-representations. There is an exception — the special case g = 0 and x;x; = 0) due to its
diagonality and Xg = Xéz. Based on our (no more present here) calculations we suspect that it always holds for 4 = 0 and x,x, = 0. Note (see
ORIG-BASIS/diffuson.max) that in the original basis diffuson is non-diagonal even for 4 = 0 if x, # 0 and x; # 0: elements 11, 23, 22, 32, 33, 44 are
non-zero. Other MEs are zero because of spin summation and angular integration (i.e., without the help of imprecise f_ OZ_F dé ~ f_ o; dé&).
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6.9 D(g =0) can be calculated without expanding in SOI amplitudes

Let us introduce

1 _ _ 1 _ _
M= E(ﬁpycﬁ tpo), M=o, (6o MP=2(00xM), Cras 3 [(00 +M)g, + (00— M)8:]~
Then . .
Gr(F) + Gr(-P) — Gr(-F) = Gr(F),

which leads to the fact that X% = XX’ — X1! + X? (see above). For q = 0, Xp is a diagonal matrix with elements:

1+K 1

00 _ 11 _ 33 _ 22= 00 _ 11 33
X5 =1 Xy = ek B op XX -Xp (6.36)
1+K 1+K K
— 2 _ 2 — di
K= L+ (x + 220+ (x — 22, 4nv7D|q=0 = diag (oo,l s e el | (6.37)
For g # 0:
Sp[Gr(7)Gal 0 0 0
! SpIGr(7)Gal  SpliosGr(—7)Gal  Spl-ioaGr(~7)Gal| _
4rvt SpIGr(=p)Gal  Splio1Gr(—7)Gal
SpIGr(-F)Gal
828t +8a8¢ 0 0 0
_ f“ de SpIGR(#)Gal 0 Spl-io2Gr(~F)Gal
0 2m SpIGr(-F)Gal  Splio1Gr(—F)Gal

SpIGr(-F)Gal

where G = Ga(F — 7). We can calculate Xp out of the diffusion approximation [i.e., for not small (x,, x;)], though the
resulting expressions will be complicated.



Chapter 7

The spin-Hall effect

This section resulted in our paper [74]. Related papers: cond-mat/0706.4273, [24, , , s , , ], 0405065,
cond-mat /0410295, 0502478, 0503616, 0504035, 0504147, 0503616, 0505131, 0504218', 0506189, 0507007,
0507149, 0510114, 0509702, 0512054, 0509678, 0512458, 0601315, 0601525, 0605687, and many others.?

In the current vertex of the left diagram in fig. 7.1, I approximate 7 ~ pgii. The relative accuracy of this ap-
proximation® is max[(Ert)~!,A/Efr], so that I can think that the result of calculation is in reality multiplied by
{1+ O(max[(Eg7)~!, A/EE])}.

Can I ignore A given by (6.8) in the current operator because it has amplitude (Er7)~! < 1 with respect to the main

part? Yes, I could, if the main part of ]ﬁwould give non-zero result. However, it gives exactly zero in case of the left
diagram* in fig. 7.1, and gives only a correction in the first order in (pgl)™ in case of the right diagram. That is why the

o« A part in the current vertex has to be taken into account in both diagrams in fig. 7.1. The diamagnetic term for spin
current is zero due to the presence of g3 in the spin current vertex®.

notes from V. Yudson (Trieste, June 2004) (i) there is such a small effect: when we switch on the vector potential,
the spin-orbit part of the Hamiltonian changes. ..look on the paper of Aleiner and Fal’ko about this. (ii) a diffuson
has a zero-mass mode which would give giant contribution if it would not be zero. May be in reality it gives important
contribution represented by this great number weakened by some small factor like A/Eg. (iii) As for the cut-off in the
ballistic limit: it is better to say that it is not frequency that has an infinitesimal imaginary part, but the 1/t which has
an infinitesimal real part. In fact, when we have no disorder, Gr/a are given by (6.17), so we can say instead that it is

given by (6.23) with 1/(27) = +0. @— as I've checked, the cut-off for T does not help us; it is essentially different from
the frequency cut-off, that we really need.

7.1 The two diagrams

In this sec. we perform calculations in case x;, = 0 and in the (usual) o-basis.

The problem was inspired by the paper [75]. What they do is just calculating the diagram with a diffuson in fig. 7.1.
The method used there I could not understand. It seemed to me perverse and probably is incorrect. So we decided to
do it using standart disorder averaging technique.

The spin current formula can be obtained from the usual charge current formula [20] with A 0, where ]_fﬁ ) given

by (1.5) multiplied by o3h/(2¢) according to (6.13). For Gx we use (3.38) with i substituted by # — ieA/(cpr) where A is
given by (6.8). We imply that the electric field is applied along the x axis, while the spin current is measured along the

112.04.2005 DL was going to send an email to Haldane about his cond-mat /0504218,

2J. Sinova in Korea has called all these spin-Hall activities a “Field”. May be he is right, if we judge according to the number of papers. Anyway,
in 2008 this “Field” seems to be dead.

3See the discussion on p. 51.

4Using (6.3), we obtain that in the most general case (when a # 0 and || # 1) the left diagram in fig. 7.1 changes sign with respect to py — —py or

py — —py. This means that only the part of the vertex o« A gives non-zero contribution to the left diagram in fig. 7.1, and this does not depend on

whether we approximate |7| ~ pr or not. At first I thought this is also true for the right diagram, however, as the authors of [79] have pointed out,
the p' term in the current vertex gives the correction of the same order, as the « A term, so it has to be taken into account, see sec. 7.3. As a result,
our the first version of paper [74] was incorrect.

5 For the normal current - see Sec. 8.1.
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(b) The vertex renormalization (VRD).
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(a) The bubble.

Figure 7.1: Diagrams for the spin Hall (and charge) conductivity in the zero-loop approximation. For vertices see (7.1).

y axis. Using (3.14) as the definition of a conductivity, we get the formula for the spin-Hall conductivity®:

e o]y Gl - LA
© 2mm? SP[ZPyGR(Px hch)GA]' 71

After the averaging (7.1) produces (in the zero-loop approximation) two diagrams in fig. 7.1. For both diagrams we need
to calculate

3 d’p 03 X, T/2
= Ga(p, E—w)=Gr(p,E) = ———=(01,02,0), 7.2
f(2n)2n Alp E - w) > r(p, E) T ———" (01,02,0) (7.2)

Consider the first diagram. One can see that the term « p, makes zero contribution to (7.1), because
Sp [05Gr(P)Ga(xp)] = 0. (7.3)

The rest of the expression gives us

and the result is

_ _cehv SIS S 7.4
@) = P (A —irE . Brd+ 2 wr (74)

where we used (13.11). Note that Ro©® does not and J¢© does become large in the limit when 7! < w = A. Now let us
calculate the second diagram in fig. 7.1 with two bubbles. One obtains that

d2
PF f ﬁfl’GR(p, E)Ga(p,E —w) =0, but remmember about (7.14)! (7.5)
27TVT x2/2 + (1 - iwt)?
Gr(p,E)o,Ga(p, E — 2 - 7.6
Q= f(Z R(p, E)o2Galp @) = —iwt 22+ (1 - iwt)? (7.6)
Note that 2
1 1 1 1+x%/2
XZZ - XZZ P - a
D™ 4nve Splo2Ql, - Xp w0 2| 1% x2 1+x2
where Xlzj2 is a notation defined in[20]. From (7.3) and (7.5) it follows that for both diagrams in fig. 7.1 it is safe to

approximate the spin current vertex as p, 2 ~ pgn, %, since the corrections will give contribution to 0}, not larger than

~ il
The contribution of the second diagram in fig. 7.1 equals to”

3
a _ _epF_ 1 1 ,
O = [ 5 SP[ ] bt XT Sp [—PR(Q +Q )Gp] / (7.7)

u=0

6DL: (7.1) is the generalized Kubo formula. OS: about (generalized) Kubo formula see pp. 54-60 in Russian edition of: Madelung, “Physics of solid
state. Localized states.”
“The multiplier % comes from (13.37). Before MSH has pointed out our mistake in [74] v. 1, I had Q in (7.7) instead of (Q + Q’), so that the result

was that for w = 0 the contribution of two diagrams in fig. 7.1 was |e|/(4m) instead of 0. (that is, GZ(O) + af&l) 0, which is the result of MSH [79]) This
mistake has been corrected in [74] v. 2.
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where Q’ is given by (7.14). One checks that only u = 2 gives non-zero contribution to (7.7), and

1 ' o2 1+Sp [g"—z
Oy = Oy S [Q +Q G—] GO ot = g0 2 7.8)
_ Y22 7 ¥ . .
1-X5 mt 2 1- Sp[m_f%]

From (7.8) we observe that the renormalization of the current vertex (=VRD; corresponds to considering the second
diagram in fig. 7.1) results in the cancellation of the « A, term in the electric vertex. In other words, I can forget about
the second diagram in fig. 7.1) if I ignore the term o« A, when calculating the first diagram.

It is especially important that massless singlet diffuson mode XY) does not give contribution; otherwise o could be
much larger than ¢. Using (7.7) together with (??) and (7.6), we obtain (with A is defined in (7.4))

2
A0 _ 20 % /2 1 O 4 #) _ 20 A-1 (7.9)
yx ¥oy2 4 )2 22’ T yx yx K2/2+A27 ’
a A — e A — ==
x2+A2 X242
.l it .
Oy = ~n ——7 , ayx(cu =0)=0, (7.10)
(1 - 2iwT)% — iwTA?

which is the same as ([79]25).

7.2 The renormalization of the charge current vertex

The result (7.10) can be also obtained from calculating only the “bubble” (8.7) with one of speed operators substituted
with its renormalized value. From Sec. 8.3.2 we conclude that at zero frequency

— ~ —~E & E| _ 0 b—a —
forw=0 Sp[o,GRmGA]—ZmT(a+b 0 ), i,j=12 (7.11)
When calculating (7.11), it is essential that p # pr in (6.19). Looking now into Sec. 6.7, we write
X Xy 11
o Ly o PV e vl vl B 0 (a - b)Xp,
Sp [alGR ( ch’) GA] =27 [—)/(\—%2 );_%] =2mt (—(a + b)X2D2 0 , (7.12)
1 2

where MEs Xp are given by (6.36). Finally, we take the sum of (7.11) and (7.12), and see that taking vertex renormal-
ization into account results in the cancellation of the anomalous contribution to the velocity:

3
forw=0 =0+ ) D" Sp[s,GEoGK] =
')//)/’:O

3=

, (7.13)

where D is given by (??),6.36. In our convenient §-representation, the diffuson is diagonal: D" = D' (g = 0,w) =
D”76,,.. Note that, because of the w-corrections to (7.11), (7.13) is not exact when w # 0. In case when 0 < wt < <1
the main contribution of the anomalous part of the velocity operator (6.8) is cancelled, so that (7.13) has corrections
o x;W?; in case when 0 < x> < wt < 1, the main contribution of the anomalous part is not cancelled, so that (7.13) has
corrections oc x; W.

Finally, the fact that diffuson’s divergence is cancelled by the bubble, means that actually the vertex renormalization
correction can not be called “local” or “non-local”. I mean, it is correct to say that ZLA-contribution is local, despite
that it contains the vertex-renormalization diagram which has a diffuson.

7.3 The correction in the current vertex due to MSH

Ex and and/or rewrite this section together with sec. 3.7. I realized what is written here thanks to the private
P g P
comymnication with the authors of [79]. In fact, the recipe is simple and is written in this file:

Now let us Calculate@insert h from here till the end of this subsection and rewrite (7.14) without approximation
ap = A/2
02

’ d2p —w _ 02
Q=52 5p [Uz [ G CEERCE 0| = g )~ (-], (714
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where @BCTaBI/ITb gacToTy w # 0:

o PZ
= - d .
hw=3 [ P E—ap-E +Ere 2)(E-ap- B+ Er2)

If I approximate p = pr in the denominator of Iy(«), I get:

Ip(ap) = 2nt®!? (z2 + L)Z (7.15)

472

Substituting E = 0 and disregarding terms « 1/(Er7), we obtain

I(A) = Io(=A) = =2rtm®? \Ep (V2 + AJEel - Vi2 - A/Egl), (7.16)

which gives us in the first order in A/Er an incorrect result:

A
Io(A) = Ip(—A) ~ ~TIpEM L, Q' = —m710,/2. «— incorrect!!! (7.17)
F

Let us now recalculate Q/ from (7.14) with Gg/a given by (6.23) with A/2 substituted by ap # apr. In this case instead
of (7.15) we have

0 p _
L,(+A) =f0 dp(El BT Y = (7.18)

:L’de(E’ -5 i(];(z)R—)w—ﬁ—L) =hFh, E=E+breby

- F~ 2m ' 2t F m T 21
+Efood (p ¥ pr)
L B R ) (E-e- 54
If—[l—sz : 4—4PPR _ z—8nnjopR:—2nn.ﬂpFA,
(Bi-L+ L) (Bp-w-L-4) 1-iwt  1-iet E

r_ P
EF 2m 472

PR - pr)’ 1 (2mEg)*? 1 (AY
12 = f dp (p zplg) ~ g( TZ R) 1 = mTpF X l (_) 7
0 ( ) 1 Er~ + sl 48}91: Er
where we assumed that Eg = ma?/2 < Eg. Note: if I substitute p* with p2 in the numerator of (7.18), and say that in the

denominator % — Er = vp(p — pr), then I get twice less result, that is, (7.17). If I substitute p2 with p% in the numerator of
(7.18), but keep the denominator untouched, I get I(+A) ~ mmtpr(Er7t)~!. This means that the linearizion or other tricks
with the denominator, like substituting ap — A/2 change drastically (7.18). Finally, the correct expression for Q' is

Q' = —mtoy/A. (7.19)

Just to save myself from paranoia, I've experimented with

dZP E/ =2\ E/=> “
2mvT = f s %) f dppg:ga- (7.20)
0

If in (7.20) I approximate p ~ pr in the denominator, the result is not changed; if in (7.20) I approximate p ~ pr in the
denominator and linearize the denominator, the result still is not changed; From here I conclude that normally these
approximations must work, so that the case of (7.18) is really special.

On p. 490 of [5] we read that it is essential that in (Ggr/a(F,7") « 216(F — §")Gr/a(P)) |F| and |p’| are of the order of pg.

Note that all the values of p in I, are far away from pr, thus if this integral would give important contribution, this
would mean that the values of p far away from pr are important in (7.14). This would mean that we are in trouble
because Landau Fermi-liquid theory is broken by the fact that excitations far away from the Fermi surface become
important®.

To conclude: at first we suspected that in I(A) the values of momentum far-away from the Fermi energy are relevant;
however finally we realize that this does not happen. In the following subsection it is explained more in detail.

8In this case we would not be able to approximate ap ~ apr in the denominator of the Green function (6.23), and thus 7 would be very different
from 7, and the expression for the diffuson would be different from (6.37), Sec. 6.8, etc.
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7.4 The weak localization correction to o,
Let us calculate the weak localization correction to o},. It is given by the diagram in fig. 3.1(b) with g = 0 and corrected

vertices. Let us use the first part® of (13.37).
Then we see that the diagram equals to

d2q dzp E— 03 E
— A7 1) O3 >\ y
Tl T T (“Sp{ @ryOn P PGP

[0'} Gr(@ - P)(qx Px—‘ )GE “(F- P)]}

_€ y p < V' > 7 d2
~ D= WZ;‘OSP{I(Z )ZG ¥)a” [U, G (—p)] }f(z E VV( ), (7.21)
G(p) = GA(ﬁ)Py%GR(ﬁ)I G (7-7)=Gr(@-P) (qx —Px - ;AX)GA(I?—;?), (7.22)

where components of the cooperon C”'(§) for q = 0 are given by (??). Due to the fact that I have not yet calculated C'7'(7)

for g # 0, I can use ([35]13) together with (6.27) in order to evaluate CW( 7). Then we note that its off-diagonal
elements are zeros, and diagonal ones are (see [35] for notations)

d? N
[ @ =

The approximation (7.23) corresponds to taking into account only diagonal terms of the 4 X 4 Cooperon matrix. These
terms are special because only they can produce logarithms Inx, or InL,. The same is true for the approximation
(7.21) in the sence that corrections to this approximation do not contain terms logarithmic in x, or L,. Note that the
assumption x?* < 1 is mandatory for obtaining logarithm; if x2 > 1, only massless cooperon element [that is, Cy(7)] will
give us InL,/I; the others will not produce Inx,.

Using this result one obtains that, in the electric vertex, —p, gives zero contribution.

(2 @n)?

/f)é)/y/’- [7.23)

ixu/Z

00 2mvd <
. _ +2 -2 _ ; — to o2 = L
ll(xa) =V \[oo dégr 8a = (1 _ 3 ZZ(x“) v f_;o dégr 8ré&a 4RVT (1 zxu)

ix,)?’

The “undressed” Hikami box in fig. 7.2

*Vy__]TpF { (2 )ZG< )ny [O}G>( P)] }

Then
Vo = —i Ji1(x,),  Tii(x,) = Asymiq(x,).
v 1(xa) 1(Xq) xy 1(xa)

Vi —A 9311 (x,) + 2R ix(x, V2 =0,
" ‘/_ sym[ 1(xa) 2(xa)],

V3 16 \/_ Asym [11(xa) + 2%12(3@1)]

One notes (without evaluation of integrals iy;) that Z}, V7 =0, so that the result is zero. The corrections to the Hikami
box in fig. 7.2(a) and in fig. 7.2(b) are

3

, 1 l
Y YHpHY _
V12 = E ’ A12 B12 = . (A12B12)yy , (7.24)

9By using the second part of (13.37), we can rewrite (7.22) in another way:. . . The problem is that I don’t know how to calculate KGr;aK™! taking
spin into account.
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(a) (b) (c)

Figure 7.2: Weak localization diagrams. The spin current vertex is on the lhs (the green one).

where
ar@=sp] [ o2 cproci-por], B0 =sp{ [ L0 G- (oa 0T (7.2
1 (2n)2 A ’ 1 n)2 A ’ :
Yoy _ dzp <[ . Wy =y _ ZP/ " > v 1> 21T
A7 (q)=5p oz’ (7)o" [0 Gr@—P)] {. By (@) =Sp 2mz° Gr(p")o" [G7 (-] ¢,
and 2 2 2 2
(Alfl)* — _Az}l, (Bil )>(- — _Bg , (Aili)x- — A?ZH, (B}ll)/)* — BE’V’ y + 2, (7.26)

so that we immediately see that YyV} + V] € R in (7.24). Mote that symmetries (7.26) are conserved by renormalizations
(7.27), and remains true also for the case 7 # 0, that is, YyV!(7) + V}({) € R.

If I approximate the electric vertex in (7.1) as (px - ﬁAx) ~ (ppnx - fo), then after integration over momentum I see that
the main part of electric vertex o« pgn, gives zero contribution. I was unable to demonstrate the fact that it gives zero,
playing around with substituting p, — —p, in By, and utilizing Gr/a(=px, py) = G£ / AP, Py). Moreover, as I emphasized, 1
obtain this cancellation only after performing the integration. This brings me the feeling that, analogously like we saw
it in the zero loop approximation with diagrams on fig. 7.1, I can not approximate the vertex in this manner. Instead,
it’s time to remember about the lesson of MSH from the sec. 7.3.

So, I calculated it. In both vertices (electric and spin currents) I did not approximate 7 ~ pgii. Then I saw that

e the diagram in fig. 7.2(c) is a complex conjugate of the diagram in fig. 7.2(b);
¢ The only non-zero elements of A in (7.25) are (0,2),(1,3),(2,0),(3,1).
e The only non-zero elements of B in (7.25) are (1,3),(3,1), and B"® = —-B3..
e Thus the result would be zero if A”® = A%, which is not true.
As a result, V% = V22, so that the term « InL,/L does not contribute and the result « Inx, remains finite even when
L, — o, given that x, is finite (though small'®). This result is strange. Since
§(t) = —2maj>(t), k=1,

the constant spin current would result in an infinite growth of magnetization per electron (in a non-interacting system),
which is impossible. I tried hard to get zero, and I was unable to. I did not analysed the anisotropic part of diagrams
in fig. 7.2(b) and 7.2(c). May be it could cancel my non-zero contribution (although, if it behaves in the same way, as
for the diagram on fig. 7.2(a), it is impossible). Due to the lack of time, I have to stop here. I conclude that there is a
mistake in my calculation. The mistake must be not simple, but deep.

— Due to this, at first I wanted to expel the calculation of the weak localization from our paper [74]v. 2. However, I
still need weak localization diagrams if I want to achieve accuarcy o« ¢ in the calculation of o7,. See [74]v. 3 and my
presentation .

10The assumption x, < 1 is essential for the approximation g — 0 in the Hikami box. E.g., in case of the diagram in fig. 7.2(a) the anisotropic part
o g2 - qi of the Hikami box has a large amplitude, and we would be obliged to take its contribution into account for not small x,. However « g3 — qﬁ
must give us an additional power of x, in the numerator after integration.


http://theorie5.physik.unibas.ch/shalaev/public.html/spinHall.pdf
http://theorie5.physik.unibas.ch/shalaev/public.html/spinHall.pdf
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A fresh idea from DL: I have forgotten about the possibility of the renormalization of diagrams in fig. 7.2 with
diffusons carrying zero momentum. [As we know from (7.13), taking them into account results in the cancellation of
the term A, in (7.22).]

G(p) c<<p>+ZGA<p>o“GR<p>D““Sp{a“ f 2’ ¢ >}

‘uO

G (-) =G (- p)+ZGR( p)otGa(- P)D”"Sp{ff“f(z B >(—ﬁ)},

u=0

(7.27)

where only terms with y = 2 are non-zero. Note that they have to obey the following property:

[@@@ridlzmﬂp[w@@ﬂ

230 |50 - )| = s e 30600

O —

yx 2
z(1) _

2(0)
yx T Oy =

0=0’,=0

‘0 and oz(l) are given in sec. 7.1. From (7.2),7.6,7.14,7.19 we get

d2 G< TIVX, TP d2p o
&Sp{azf( )* cw )}~ xa+1F’ Sp{o2f(2 )2G (ip)}:SP[—PRQL
&p ;
sspler [ g} =TT o [ ke )} =Sl @+ Q)

Note that the renormalization on the rhs (i.e., of the CCV) corresponds to the cancellation of the term « A, in CCV,
while the renormalization on the lhs (i.e., of the spin current vertex) is just zero (as I've checked). It must be zero,
because it would lead to a term o ;ﬁ in the spin-Hall conductivity, which is # 0 also when x, = 0. After the elimination

of the term « A, in the current vertex, one can see that By in (7.25) is antisymmetric. The contribution to the weak
localization is proportional to

where different expressions for o,

o R [AZBE + ARBR) = R [B2 (4% - A2)).

The problem is that A # A2, The statement B + B2 = 0 is valid both with and without taking « A, term into account

in G”. As we know, the renormalization of the electric vertex cancels this term, so let us demonstrate B(l)2 + B%O =0,
calculating G~ without it:

*2G” E

=88 T8 & +M(8r 8 — 8 8

d? d2
*B?2+B%°=Sp{ f (2752@(—;3) [G£<ﬁ>,02]_}=8p{ f (275 G (-p)io® y[gaoa) ga<p>]}

Very similary,

dZ </ — d2 </ o p — > +,2
ap-ap =sp{ [ GE @[t 7] b =-se{ [ Gc @i s - o) (728

One can see that it is non-zero because the vertex in G*(7) (7.22) is just o°p,,.

From (7.28) we deduce that A% — A2° = 0 if I would substituted the spin vertex on the left with the electric one. Thus
it is correct that in [35] the renormalization of electric vertices with a diffuson is ignored together with the « A, in the
current vertex. The contribution of this term to the electric WL is not just small (as it is written in [35]), but is exacty
ZEero.

7.5 Spin current and spin precession

@To be reinspected, may be shortened.
We have seen that in perturbation theory the spin-Hall conductivity vanishes in the zero frequency limit, in leading
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(< (1 /pFl)O) and subleading (e (1 /pFl)l] order. This result suggests that the vanishing of the spin current is an exact
property of the system under consideration. Indeed, we give now a simple argument to support this claim. In this
section we argue based on general Hamiltonian (6.1) with arbitrary strong both Rashba and Dresselhaus SOI. From the

Heisenberg equation of motion for the spin §=5 /2 of the electron, i.e. ?(t) = %:’?(t) =i, s 1(#), we obtain a simple relation

between spin precession and spin current note that (7.29) works only in case of qadratic spectrum of electrons, see
this paper!
1 A %5, 5. 1 & 5, 52
- %sx(t) = aj(t) + by, (B), —%sy(t) =aj, (H) + bii(h), (7.29)

which is valid unless we there are no o1;-dependent terms in the Hamiltonian, other than SOI in (6.1). That is, (6.1)
remains valid also in case of perpendicularly applied magnetic field B = B,, external (applied) electric field, electro-
electron interaction and long-range-scattering impurities.

A constant electric field, applied to a piece of a metal, or a semiconductor usually drives it into a steady state!!.
Then using (7.29) we get in case a # b

§=0=j"=0 ifazb
That is, it is clear that spin-Hall conductivity must die at w = 0. This is beatifully explained in more words in sec. [74]VII.

The approach of (3 )(t) to its stationary value (in the lin-
ear response regime) can be easily illustrated by taking the

1.2 ) inverse Laplace transform of eq. (7.10) (restricting ourselves
S i to the Boltzmann value). This involves solving a cubic equa-
& g tion for obtaining the poles with respect to w. The resulting
— 081 8 expression for (5,)(t) consists of two parts (too lengthy to be
= o6l | written down here), one coming from the real pole and an os-
Nl cillatory one coming from the pair of complex conjugate poles.
< 041 ] For x> < 1 and t > 1, only the first part is relevant, which has

\|/ 0o no oscillations and decays exponentially'? to zero:
0 ‘ ‘ ‘ ‘ : ‘ ‘ $y)() = —2mafp)(t) = —'ﬂmaxgz-:x e, >, (7.30)

o 1 2 3 4 5 6 71 8 n

t/ T where T/2 = (A?1)7! is the well-known Dyakonov-Perel spin
relaxation time [S0], cond-mat/0601105. For x> > 1and t < 7,

Figure 7.3: The time evolution of (5,(t)) for x, = 4. The the oscillatory part in (8,)(t) becomes dominant, with period
period of oscillation is 1/A, and the exponential decay 1/A and exponential decay with rate 1/t; its time dependence
time is 7. Note that for any x,, (§y(t)> =0att=0. for a particular value of x, is illustrated in Fig. 7.3.

The above consideration can be generalized to the case with electron-electron interaction. In this case, the total
spin of the system, ) ;$;x, and the total spin current, }; ffk k = x,y, obey the same equation as before, i.e. eq. (7.30).
Thus, the same argument goes through as well, showiné that the spin current must vanish in the stationary limit
also for interacting systems-provided this limit exists, which, again, we expect to be the case in the presence of
any finite amount of disorder. Finally, in the absence of disorder, no stationary limit of (?}(t) can be reached, i.e. the
magnetization can change indefinitely, and thus there can be a finite spin current in this very particular case. [We note
that the physically observable quantity, the magnetization change, vanishes for vanishing Rashba coupling.] However,
when the spin current approaches a non-zero but constant value for t — oo, as obtained in the linear response regime
for a clean system [0309475], the magnetization ($;)(t) actually grows linearly in time in the asymptotic regime t — oo.
This, of course, shows a breakdown of the linear response approximation in this case since the bound for a spin 1/2,
i.e. [(8)(t)| < 1/2, is violated. The terms beyond linear response would restore the bounded and oscillatory behavior of

S (t)-
There was another issue in Korea: without interaction, does this general argument works only for the net spin

current, or for its density? EM and I colcluded that it does not work for the density, but I remember that DL said that
it does. To understand it, one needs to define current density operator according to p. [81]358.

HWhat are the conditions for this? Homogeneity? Size of the system? Why MSH get ];‘ # 0 near the contacts? Why my electronic watch is not in a
steady state despite its battery has constant voltage?


http://arxiv.org/abs/cond-mat/0601105
http://arxiv.org/abs/cond-mat/0309475
http://faculty.physics.ta\protect $\relax \mu $.edu/sinova/SHE_workshop_APCTP_05.html

Chapter 8

Charge conductivity

The results of the calculation are presented in articles [66, 20] as well as in my presentation and poster. Here we
calculate the anisotropy of the charge conductivity due to the Rashba and Dresselhaus SOI. The calculations are done
partially on computer, see diagrams.max/EXAMPLES/conductivity-S0I/ The anisotropy of the conductivity is con-
nected with the anisotropy of the energy spectrum. It is also anisotropic without Dresselhaus SOI, but in the presence
of MF [82]. The anisotropy may even arise in case of an isotropic energy spectrum, but in (macroscopically anisotropic)
quasi-1D case. Our final result contradicts the result of the kinetic equation approach [cond-mat/0611328], thus
questioning it. Other occasions, when kinetic equation can fail: cond-mat/0201007.

About Drude conductivity of the disorder-free finite-size samples, see arxiv/0801.0592.

About anomalous Hall effect, see arxiv/0804.4181.

8.1 General relations for calculating charge current

Here are the results of Sections 3.5, 3.3, 9.2, put together. Promoting WF ¢(x) = ¢(7,t) in (13.8) to annihilation operator

(spinor) ¥(x) = (7, 1), we get expression for the current density operator in the SQ f(ﬁ ). We then split it into “normal”
and “diamagnetic” contributions:

. 2
> o _16h oo ro Ao s e2 oo d 2 ~s
Jon7) = 35, (V9 COWG D = @G 0] = 25 3 i@ (Aot + A ) 71, CRY
> S P OIS DN
jSD(fi t) =%Aw¢+(r1 t)¢(r, t)/ ]S(rr t) = ]SN + ]SD/ (82)

where we ignored the (last) rot-term in (13.8). To get the current, on has to “average” ]7(171 t) from (8.2) with respect to
the SQ-DM of the system [cf. (13.21),13.20]:

70 = Gs@ 0y =8p [psOsED| = Y Grama Bs O m)0 oED e, ), (8.3)
SQ

(n},nz...zo

"

,n’z...zo

where the (perturbed by external electric field) DM depends on time, so that averaging (...) is a time-dependent opera-
tion. Eq. (8.3) requires the knowledge of the (non-equilibrium) full SQ-DM, which we don’t know how (and don’t need)
to calculate.! In order to deal with the OP-DM, we rewrite (8.3) in the FQ:

i =sp [pl(t) j}(?)], jr=j Sp=Sp. (8.4)
FQ FQ
For the rest of the derivation, see [20]. Note that the derivation ideologically contradicts to arxiv/0803.1226vV1;

For the experimental evidence of invalidity of the free-electron-gas approximation far away from the Fermi level,
see arXiv/0803.1230.

lIn fact, we can not write the OP-DM in the SQ; see notes after (13.21).
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http://quantumtheory.physik.unibas.ch/shalaev/work/iftt.pdf
http://quantumtheory.physik.unibas.ch/shalaev/work/ictp-2008.pdf
http://arxiv.org/abs/cond-mat/0611328
http://arxiv.org/abs/cond-mat/0201007
http://arxiv.org/abs/0801.0592
http://arxiv.org/abs/0804.4181
http://arxiv.org/abs/0803.1226
http://arxiv.org/abs/0803.1230
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8.2 Symmetries

There are only two notes left in addition to the appendices of [66]:

e The matrix U € SU(2) from ([66]A2) is isomorphic to the matrix C = R* | /ZR,yz € O(3) from the same Eq.

u-= U_n/23Ur2 = (_ ?/: ‘(f), Up,j = 00 COS% + in sin g (8.5)

o At first I used [x; = x, + x, B = (X, — x3)/(x, + x3)] as the expansion parameters, however, the resulting series is not
uniform. In this way I was obtaining divergences when calculating 6¢ with the help of first non-vanishing terms in
diffusons and HBs. These divergences were comming from (0, 0)-components of diffusons. How: first I introduced
dimensionless momenta like (j = I§/x;, then x, disappeared from the expression, so that it remained dependent
only on 5. And these terms diverged. I made a little investigation, why. The conclusion was: it depends how I
expand x2D*(Q = 0) in series in (x,, x;), i.e. it makes difference if I (i) at first expand it in x, and then in x,, or (ii)
first expand in x; and then in x,.

We expand the conductivity tensor in series [66]:

Opy =0 S5, (8.6)
"o h Pr l n;O

From [66] we conclude that for ¢(|6| = 1) = o(x = 0), so, if (8.6) would be correct for 6| = 1, we would stop right here and

say that Yx o,, — 0y, = 0. However, the calculation [20] shows that Sy # 0.

8.3 ZLA and WL

8.3.1 Perturbation theory in SOI
In the ZLA we have to consider the usual “bubble” diagrams depicted on fig. 7.1(a):

2
Gy = % Sp [62GrtGa = _2711—h Sp|faCrjsGal,  Ju = —iedu, Gria = GR/A; (6AGrsa)", A =

pyor _ Py
TI’I/\Z pryal 5501 vr

(8.7

Normally the velocity operator in diagrams obtained from (8.7) must be renormalized according to (7.13). The exception
is ZLA bubble, where only one of two velocity operators must be renormalizaed. Such bubble will correspond to the
sum of two diagrams 7.1.

Eq. (??) was the first to use in order to solve the problem. Later I've realized that (i) one can consider both Rashba
and Dresselhaus SOI terms as a perturbation [BTW this noticably reduces calculation time!] and (ii) calculate in the
original (not turned) basis®?. These are ways to check the calculation; I used them, and they lead to one and the same
result.

Here are the results for the SOI-dependent part of the charge conductivity (ZLA):®

21 x + x
the Drude contribution . (1 0) [xb +x2+ xzxi + O(x )]

h 4Egt\0 1 2
(8.8)

2 1 x + x
the vertex correction = — % 1Et ((1) (1)) [xgﬁi - + O(x )]

The two ZLA diagrams can be written as one bubble if we substitute one (of two) velocity operator with its renormalized
value

20p  8(Ep7)?

o0 X2+x2 (1 o) O _, a+b Ok 8.9)

+ = + ,
0 1) 8(Epr)? 02 8(ErT)?

2Note (see p. 54) that in the original basis diffuson has off-diagonal elements [(1,2) and (2,1)].
3The result (8.8) has been obtained in TEKCT/SPIN-HALL/charge_cond.nb. Later it has been confirmed by
CHARGE-COND/zla-{Drude, renorm}.max.
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so that conductivity tensor is isotropic, which contradicts to [49], where SOI is claimed to induce anisotropic contribu-
tion* to the charge conductivity, see ([49]49,50): 60 = loxyl/0xx = 7ab/ (47;12:). It also contradicts ([0508681]31) (where the
correction is negative), and ([PRB67033104]19) (where the dimension is incorrect). Moral: be careful with the kinetic
equations, see the end of §[48]VIIL.1. The dependence (8.8) coincides with (numerical) fig. [0510842]4.

Finally, I've also calculated the weak localization and found out that it does not produce any anisotropic contribu-
tion (at w = 0) within the prescribed accuracy.

8.3.2 SOI considered exactly

The calculation from Sec. 8.3.1 can be performed without assuming that x,;, <1 (i.e., without the diffusion approx-

imation®). Let us use the results of sec. 6.5 for this. Using (7.13), we deduce that in the ZLA conductivity is given
by
27th~(0) AA ﬁﬁA dzp Papﬁ 1 (3 ~)ﬁﬁA - - + +
N = o - = _Aa - - . .1
&2 Oaﬁ Sp [Z) GRmGA] (2m)? [gr 8a + & ga] SP me mM(gr 8a ~ 8 ga) (8.10)

Obviously, we have to face a usual divergence problem for the charge conductivity. As usually, [cf. the discussion in
Sec. 8.1], we have to approximate p = pr in the current vertex in the main (Drude) contribution to the conductivity:

d?p pabp 7 de ~dp P Sap 2 1
f(2n)2 o lerga rergal s fo g el ,sfo arP i 88 T & &l = 52l = 2 - g (8.11)
which is SOI independent. However, (8.11) is incorrect due to the following subtlety: I claim, that only in the diver-

gent term® we are allowed to substitute p — pr. That is, %% [grgs +47¢7] = 2’7F ) (Zn)znan,gggg2+SOI-dependent

correction:
2T dg dp p 812 do 0
fo o Naltg fo o (8787 + 887 — 28080 = - f > Matg(psil)’ =

= 4mt [(gz + 1) ((1) (1)) +ab ((1) _01)] = ﬁ [(xi + xi) ((1) (1)) + X, Xp ((1) _01)] .

Note that (8.12) has also sub-leading SOI-dependent terms, which I did not write since they are relatively small ~
(el)™! < 1 (the same is true for other equations in this section). The rest of (8.10) equals

A 2
O [ e I 3] M P P
ZSP[( = 4.) B s grga)]—Z; —— ) Sp|Awnpdi=

2 .2
n[)(

fl
= op (e A ) T P om o ooty | = - 2
- 6"‘/32 Sp [( mCO(Aa) 7 m(gr 8a ~ &8r&a ):| 2mt [ (@ + %) (

(8.12)

(&r & —gigz)] =

1 0
) +2ab (O _1)],
where we used (6.3) and the fact that

pp oAy _i_#~_~
jo‘an(grga 8 8)= nPsT[4 ol Z(PFZ)Z}N 4fimar.

We see that anisotropic terms in (8.12) and (8.13) cancel each other so that charge conductivity (8.10) is proportional
to the unity tensor.

P
m
(8.13)
0
1

4Note that the ansatz for the kinetic equation used in [49], is not self-consistent, and this is accepted by the authors; so almost for sure the result
([49]49,50) is incorrect. in march 2006 DL told J. Schliemann about the result (8.9). In November 2006 J. Schliemann coauthored a paper where
he gets a similar result ([0611328]27) for the conductivity: ([0611328](28)) is 4 times smaller than (8.9). I was unable to understand their derivation;
I suspect that it is wrong. From p. 47 we see that in our case ¢ = 7/4 so that in the original CS ¢ = R;}&R@, ¢ =m/4.

5However, the assumption x,; < 1 is also necessary for the validity of the loop expansion. O3HaUaeT JiM 3TO, 4TO B CJydae cHibHOT0o COB nosxHa
HacTylaTb AHIEPCOHOBCKAas JIOKAIH3AITHs?

6A calculation tip: first take integrals over & using residues, as if there were no problems with convergence at [p| — co; then just take the real part
of the integration result. This corresponds to substituting p — pr in the divergent term and the correct treatment of the other terms. See also the
discussion after (3.43).


http://arxiv.org/abs/cond-mat/0508681
http://arxiv.org/abs/cond-mat/0510842
http://arxiv.org/abs/cond-mat/0611328
http://arxiv.org/abs/cond-mat/0611328
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8.3.3 Non-universal corrections

I've calculated the ZLA-bubble by j assuming finite Ept < co, and this produced no corrections to our two-loop result.
However, e.g., there are non-universal finite contributions to the diamagnetic current; how can we be sure that they
are smaller than the two-loop contribution? The non-universal corrections to the WL can be even less controlled -
there we could connect two different Ggs in the HB with more than one DL. In short, for the moment I don’t know how
I could really be sure that all these non-universal corrections can not be of the same order, as our two-loop result. We
only know that non-universal corrections can not cancel the universal ones.

In general (not only in ZLA), it would be nice if I could demonstrate that for all ME

: B : a d [ a ) _
‘premse GFB ME ‘ = ’ approximate GFB ME ‘ X (1 + EFT)' o (EFT) =0

8.4 Two-loop diagrams

BTW, the complete list of diagrams is available in [S83].

In previous sections (8.3.1) and 8.3.2, as well as in [49] we have seen, that the natural choice of precision is
« op/(ErT)?, see (8.9), which corresponds to that we have to consider diagrams till the two-loop approximation.” With
my program (see sec. 12) I generate diagrams of the second loop and see that

e Here are the “skeleton” diagrams. After we expand all the HBs, we get in total 215 diagrams which can be divided
in 7 groups. The most important diagrams are depicted in Fig. [20]??.

e A two-loop diagram with two CDs is generally smaller, as a two-loop diagram with three CDs, because the last
one is “more divergent”. To be more precise, they must be related as®

f d%k d’g 1 1 1 - d%k f d’g 1 1 1 (8.14)
@2n)? J r? a2+ k2 x%+q* 1+ (k—q)*2 @22 ) @n)?x?+ k2 2+ g2 x2 + (k — g2’ ’
where I've simplified the spin-structure of the diffuson, introducing mass x* in the most primitive way. By DL's re-
quest, I've demonstrated (by explicit calculation) in Sec. 8.7, we can neglect all diagrams except for [20]??, [20]??,
and [20]2??.

e It is a good move, before taking f d?k/(2m)? f d?g/(2m)?, to introduce new integration variables: amplitude and
anisotropy — as P = K?> + Q? and A = 2KQ/P. This is possible since we know that the integrand is symmetric with
respect to K & Q, and K, Q > 0. Also the Jacobian is quite simple. The advantage is that an integrand, expressed
in terms of P and A, automatically symmetric with respect to K & Q. So, “false” divergences on small momenta
vanish, see Sec. 8.5 and 8.6.

In order not to make calculations too complicated, I have to work in the DA, i.e., to assume that x,, < 1. Since
the considered diagrams are already on the limit of our precision (2nd loop), no MSH-like problems (cf. Sec. 7.3) are

7One can on the other hand, conclude that the results (8.8) and (8.13) are incomplete since they do not satisfy the condition [66] that at a = +b
the conductivity has to be independent of the SOI.

8Note that this is without taking into account additional smallness ~ ' < 1 in the square GFBs of diagrams [20]??2,[20]??2,[20]??. This is the
general rule VK told me: a diagram is inferior, if there is another diagram with the same number of loops, but with more CD lines. Use fig. 10.1 for
memory refreshment. However, this argument is not obvious for the relation between [20]?? and [20]??, since [20]?? gains additional smallness
because it has lonely vector vertices in its HBs, unlike [20]??.
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a 0 0 1 1 2121313 a 0 0 1712 2 3 3
B 1 3 1 3 113 1 3 B 2 3 21312 3 2 3
y 3120 [1]3[0]2 y 32231 ]0]0]1

153 . 1 . Ligy ,
47TVUFTf(Xn+Xb) 1)1 ! L B e Bl B m 1)1 ! 0 B R e
op . . . . Ra y . . i ]
47TVUFT3/(}J(H+XE) 1 -1 —1 -1 1 1 1 —1 m 1 -1 —1 —1 1 -1 1 1

Table 8.1: Non-zero elements of GFB [first order in (x,,x;)] of the diagram on fig. [20]?? for 4 = k = 0. (Saying that
g = k = 0 in the HB, I get rid of its “classical”, SOI-independent component; This “classical” component is non-zero,
when 6,040, « 00)

expected. (I mean, I can approximate p ~ pr.) Analogously to sec. 7.4, the diagram on fig. [20]?? is equal to
d%k dzq 2 2 e 5,7 ,
— | —= Lagy D (K)DPP(k + YD ()R g+ (8.15)
L=LO+10 410, L(O) = s G (7)0uaGA(F — K)osGr(7 + 7)o, |, (8.16)
1O — 2 S
L), = o ;Spp F1aCa(F = F)os| Sp [Ca(P)osGa~ RronGu'+ ).
(2 N
18 = ;sf GX(F)onGr(F + )0 ]Sp [Gr(F)au a7 = F)oyGr + D],

R=RO+RV+R®, RO = Sp |G (7)0uGr(@ + K)asGa( - 7)oy ],

3
1 >
1 _ >/ > > - N > >
R, = Z Sp |G (#)0sGa(F - 7)o, ] Sp [Ga(@)02Gr(F + K)osGaF - )03,

R® = 47m Z Sp [G”(7)0.Gr(F + K)os sp [Gr(7)05Gr(F + K)opGa@ - 7)o ]

At g = k = 0 we notice that, e.g., LV = +R@ [since the corresponding expressions differ only by the sign of 7; however,
from the simplest example of f d/(2n)¢.(P)ga(F) = 2mv|t| we know that sometimes 7 enters under the “module” sign
into the result of the integration.]

It is quite easy to demonstrate that oy, = 0, = 0. Let us now see if 0, = 0,,. Let us introduce a projection and index
transposition operation C,, for indices a, f,y in (8.15), defined according to the rule:

The definition of Cy, : it exchanges Q, < Q,, K, < K,

and, among indices a,,y,a’,6',7’, Cy, exchanges1l 2, eg.,

ny[R123(‘7x/ qy, Kz, ky)] = RZlS(qy/ Gx, ky/ kx),

ny [R223 (qx, dy, ky, ky)] =Rz (Qy/ qx/ ky/ kx)/ ny [RSZS(%C/ y, ky, ky)] = R313(‘]y/ qxs kyr kx)

(8.17)

The following property has been checked up to the precision of (x,, x;, Ig, Ik)°:

Lts (@, %0, %) = Cy [LY a0 K, x,, xb)] RYs (@K, X0, %) = Cay [RZW(—LT, K, x0,—2)] - (8.18)

If we forget about elements of HBs, which are multiplied by zeros from the diffuson matrices, then we get better
symmetries for the product of the HBs (checked up to the 6th order):

ngyy(xa/ xb)Rz/y’)/ (xar Xb) = ny[LZyy(xar _xb)Ra "y’ (xa/ Xb)] (8.19)
L;Lly(k/ q_)/ Xa, xb)Rﬁ"u’y’ (kl q_)r Xa, xb) = ny[LZm,(_k, _q_)r —Xa, xb)sz‘u/},f (_kr _q/ —Xa, xb)]-
From (6.28) and (8.19) we conclude that, as we predicted in Sec. 8.2,

Oxc(Xa = 0,xp) = 0y (xa = 0,%p),  0xx(Xa, Xp = 0) = 0y (x4, xp = 0). (8.20)
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a 0l0] 1 1121271 3 3 a 0|0 1 1 2 12| 3 3
B 1 {31 |3|1]3 1 3 B 2 3] 2 3 213|213
Y 3 (1] 2 (0|13 0 2 )4 3 (2] 2 3 1]/0(0 1
I , 1 . L, -

47'[VUFT3‘B(’X“+XI7) 11 1 1| -1 |-i|-1 1 Wﬁ -1]1 1 1 - |1 |-1]—-i
i , . . . . R;l ), i X . .

Tty | 0 |0 =201 020 |20 | 0 | <2 || | 0 | 0| -2i| =2i[2 |0 0 |2i

Table 8.2: The same, as in Tab. 8.1, but renormalized with diagrams [20]?? and [20]??. We see that now MEs of R,

which could lead to divergences, vanish.

8.5 About divergences

We know that D®(k) « 2/(1k)? is not affected by SOI, and, in principle, can lead to divergences in [ d2k/(2n)? [ d%q/(2m)?
at small momenta in our expression for the diagram [20]??. Let us at first consider MEs of HBs from Tab. 8.1. For
Ik < min(|x,], |x]), integrand contains four terms oc D% (k):

D(k) [D®(k + D (@) + D*'(k + )D"*(@) - D" (k + HD*(@) - DP(k + HD" ()] ~
~ ZDOO(k) [Dla@Dm@ _ D“(zf)D”(zf)]

First let us explore the case, when both Ik, Ig < min(|x,|, |xp|). In this limit we use expression (6.37) for the diffuson. The
most dangerous MEs of the HBs are those at k = g = 0. Their approximate values are summarized in Tab. 8.1. With
these approximate values we get divergences

d2
Oxx(Xa, Xp) — Oyy(Xa, Xp) o X% f ﬁDoo(q) [Dn(xa +xp)% = D®(x, — xb)z] + other terms.

There would be no divergence, if exact values of L*¥ and R*¥ at k = g = 0 would be such that, e.g.,

atk=g=0 DL} ,R}

si3Rs — DPLY RS . =0, or (1 - XZ)Ly RS, — (1 - Xp)LY Ry . =0, (8.21)

013 02374023 02374023 —
which I've checked up to the 6th order, see 2nd_loop/getSymmetries.max (I am sure it is valid also for other necessary
indices.) So apparently we have no divergence when both k, g are small.

What happens if only one of I?, g is not small? Then we have divergences in diagram [20]??. Let us consider the case
of zero MF. Then in addition to our “main” diagram [20]?? (which does not contain Cooperons) we have to consider
the contribution of other diagrams. Let us focus on the group of diagrams [20]??, [20]??, [20]??. Summing them
all is equivalent to a sort of “renormalization” of the right Hikami box of [20]?? (compare Tab. 8.1 with Tab. 8.2):
R, =R% =Ry, =R%, =R). =R, =Ry =R} =0, while all other MEs of R are doubled (checked up to the 2nd order).
This divergence cancellation occurs according to the theorem on p. [84]4677.

Note, however, that in the automatic calculation of diagrams spin indices and momentum variables in dia-

grams [20]??, [20]??2, and [20]2?? do not coincide, so that there are non-zero MEs corresponding to DI%O and DSP.

This apparently results in divergences at I?,q’ — 0. These divergences are “false”; they get mutually cancelled. A good
way to get rid of them is the usage of symmetric momenta variables (P, A) defined in Sec. 8.6.

Next, looking on expansion, we understand that we risk to get divergences at Ik,Ig > 1, because we expand our HBs
assuming lk, I < 1 (see Sec. 13.2). However, the appearance of such a divergence would mean that (/,4) are not small
momentum variables, which would contradict at list the assumption that we work in the diffuson approximation (and
probably even the assumption of the loop expansion in Sec. 3.6.) Fortunately, in my calculation it did not occur.

Finally, for m > 2 in (8.6), one may face divergences at k,g — 0, if he forgets subtracting the WL-alike diagram with
3 dashed lines, see the caption for Fig. [20]??. One may naively think that this “extra” diagram [which we must 3
times subtract from the sum of [20]??,[20]??,[20]??] can be obtained from any of [20]??,[20]??,[20]?? by substituting
Xp — 0 into the expression (??) for their diffusons. Viewed in this way, this subtraction seems unimportant since it can
not affect terms with m < 6 from (8.6). However, one should also take into account the change in momentum structure
of the diagram. This leads to the fact that it has only one loop [instead of two loops for [20]??,[20]??2,[20]??], so it can
affect only terms with m > 2. Note that the infinite WL-series, in principle, could affect all terms in the expansion (8.6)
[but not Sy as we've concluded in Sec. 8.7.]
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2
8.6 Integrating f (51;’; (;1722 on computer: analytics and numerics

See diagrams.max/EXAMPLES/conductivity—-S0I/5/ We calculate the leading term « Sy in the expansion (8.6). In
the calculation, we use dimensionless HBs and dimensionless diffusons, and we integrate in dimensionless variables,
so we should not forget that

2 &1 1 o o 7 de (T dy
The final result = —(2mt’vpx)?6———=—= | dK | d 5
¢ final result = 5 GmToR ) 03 (o raa)s (2n)2f0 fo Qfo 2 Jy 2 (8.22)

xour dimensionless expression,

where the o6espasmepuBatomuit factor (2mt3vpx)? is introduced manually in integrand.max. Further change of vari-
ables brings us additional coefficients, see (8.23).

Since the angular dependence of the denominator is only due to (IZ + é)z = K?+ Q*+2KQcos ¢, we can easily perform
the integration on the other angle. Then we have to integrate the rational function

2 dy Py(sin1, cos )
L 21 Py(cosy)

where P;, are polynomials. The denominator is even in i, so we can leave only even (in i) part of the numerator. Then
numerator thus can be expressed as a another polynomial:

fzn dy P3(cos )
0

2n Py(cos )’ P3(cos i) = Z a, cos" .

n

We perform the integration over ¢ using the method from p. [85]228-229. Because of the large number of terms to
integrate and large size of the expressions, this analytical integration (i.e., basically, calculation of residues) is done
on computer, see integrate.max. We use the fact that the denominators of all massfull elements of the diffuson D,?Hi

can be factorized into two expressions: uno =1+ (I? +4)* and due =2 — (E +§)7* + (I? +§)*. The size of the integration result
grows rapidly with powers of uno and due in the denominator, so it is neccessary to split integrands into elementary
fractions.” .

Since (according to the basic assumption of the loop expansion) integrals over (k,§) converge on the scale of k < x/I
and g < x/I, we naturally introduce dimensionless variables K = kl/x and Q = gl/x. Next, the integrand is symmetric
with respect to K & Q, and the integration operator has this symmetry too. So we symmetrize'® every term of the
integrand, and express it in terms of new variables!' P = K? + Q%> and A = 2KQ/P. Accordingly, our integration operator

is changed:
00 00 00 K co 1 PA
def dQKQ:Zf ddeQKQ:ZfdedA—,
0 0 0 0 0 0 2]

2K oA K2 - Q? (8.23)
Q- '>|:|4 Ql_ivitw

T+ Tk Q) K+ Q2

9Huge integration results usually contain the difference of large numbers, which is calculated numerically with bad accuracy, which results in
various artefacts, like, e.g., “false” divergences.

10With this symmetrization we get rid of “false” divergences at k,q — 0, see Sec. 8.5.

Since the vicinity of A = 1 is very important for the integration, it makes sense to further change variable A = 1 — B2, see here for more details.
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8.7 Other diagrams

By the request of DL, I've checked that [20]??-alike looking hexagonals (see hexagons/), and saw that their contribu-
tion'? to the expansion (8.6) is (exactly) Sy = 0:

dzk dzq - ay <22\~ —> 7\~ >/ 7 ~ - ~
‘0 - f a7 | ﬁZH DYDY s}; [G=(7)5.Ga(F - K)35G” (7 — k + o, Gr(F + D53,

d2k d2g Sy - I S
= f 2n) f 2n)? Z D,;»"Dfiﬁ SP[G<(p)GZG£(k— 7)55G (p—k+tj)oyG£(k—p)a§],
a,B,y,0=0 p

: de dzq : @ 4 </ = " S\ ~ 2 > \= — ~
- [k 3 ey splo s el - ean]
a,B,y,0=0 p

In principle, one can add lonely IALs into their GFBs, but this will separate current vertices, and will make the

q

argument (8.14) valid. I mean, we can forget about these lonely IALs. No, this is not true!!! (since, e.g, I can insert
IALs into diagram [20]?? without splitting vertices)
In addition, there is a WL-diagram'® together with its two-loop correction:

d2 2 « [0 S\ = NV S\ =
PROIEH T
a,p=0 p

3
L )G 7— )& 2\ = S o\~
o 2, 5P G ()0, GR - )53 ] Sp [Gr(D3.G7T(G - P)oy | +
'}/:0 )4 7

3
1_ <& G (7 - 7)G >N~ T2 =T
e Ly SpICTPICAT =09, [8p[Ga )0, 671G

where (D;‘,ﬁ is the (ppl)~!-correction to the cooperon:

x{ 8p [GL(F - 7151 Gr(?)0,Ga(F - DT GG + 7~ )] +
7
3
1 T,7 S5\ =t S\ ~ T, > \~T ~ S\ ~ > o\=T~T,7 -
A Z('; Sp [GA(k~7)3)Gr(7)oCr(k + 7~ P ] Sp |6:Gr(7)6,Ga(F - D3, Grlk + 7~ )] +

3
1 2 S\ = S\ ~ > S\~ ~ - \= 7?5 o\~ 2 —
* Ioor 2 Sp [Gg(k - )5, Gr(7)5,Ga(F - )OK] Sp [01<GA(P — )55 GR(k+ 7 - )5 GA(k —p )] }
k=0 P 4

12Note that, apparently, the corresponding Sy # 0 — at least before the integration over the modulus of momenta k, g.
13Note that the famous “WL logarithm” cancels away from the difference o, — oyy I had to be anxious about WL diagrams, since I was not sure that
they don’t contain convergent (at small momenta) terms.
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Finally, there is one more diagram of the WL-type:

3 3
d%k / S\ = 7\~ 7 o=
=Y LopRe L= [ 5 Y 0 {sp[6¢)siGhE - plGRE -3+
a=0 BB=0 P

+

3
1 <y~ ~T/7 =T ~ vzt ~T (P oN<T AT 2
y ;1 S}:) [G=(7)3:GRik - )55 | S};} [6:Gr(P)5}GA (k - F)5EGR(k - )] +
3
1 s\2t ~T (7 2\~ ~ ~T 2  NTA~T =T 7
ﬂmésﬁ’ |G=7)3,GAk - 7)as] P [33GA K - )t GRk - )3} Ca )] ),
O d%
~J @ny

3
R, Y. D {sp[G6;GLE - o CLE - 73] +
B.p'=0 P

3
1 ~ ~T /7 = svz* ~T 77 IN~T~T /7 I\~
L ;‘S}D [G>oaGA<k—p>aﬁ/]Spg |Ga(?)5;GR(E - F)SLGA(K ~ 7)5, ] +

1
4nvt

3
+—— )" p[G5;GR(k — )35 | Sp [Gr(P)3:GR(K - F)5EGAk - )5y | }
o=0 P p

The calculation in WL/2.max shows that L, # R,.
From the above diagrams, we are afraid of the following: '*

where we have to calculate the HBs explicitly and demonstrate that they can not alter Sy in the expansion (8.6). In the
first diagram, the zeroth-order (in SOI) of the HB is important, which is independent on the cooperon indices so that

the diagram is proportional to C® — CH — C?? — C*, which is isotropic (I wonder if this isotropy is exact). The second
diagram is almost the same as the first one, but with the renormalized cooperon. As for the 3rd diagram, by using
brutal computer force I've demonstrated in WL/2.max that it is also harmless. I used the fact that only diagonal MEs
of the diffuson survive the angular integration over its momentum.

Later I've made an independent direct check'®: divided all 215 diagrams (yes, 215 ones, if we consider every HB as
a sum of three!) into 7 groups, and demonstrated, that only one (fifth) group of 27 diagrams [shortly represented by
three diagrams in Fig. [20]??, [20]??, and [20]??] gives rise to Sy in (??).

8.8 Finite-frequency corrections

B. Altshuler: the result for the conductivity at @ = 0 in (??) is singular at 2> + b*> = 0, so it would be interesting to
calculate it in case of (large in comparison with SOI) finite frequency. The calculation for this case (x> < —iw1) is
performed in diagrams.max/EXAMPLES/conductivity-SOI/wt_greater_x/ The integrand is much simpler, than for
w =0 - See [66, 20]. The case x? > —iwT is much more sophisticated; for the moment it is not ready yet.

We studied this finite-frequency case because this is the simplest way to take the dephasing into account: sub-
stituting —iwt — 1/7, - see, e.g., before ([7]6.24). Note, however, that Montambaux [1] claims that the diffuson is a
classical object.'®

See Sec. 11.5.2 for the estimate of 7,,.

141f 1 had to calculate higher in x orders of the diagrams in this section, I would have to subtract some diagrams with a finite number of IALs,
since I start my cooperons with one IAL.
15See diagrams.max/EXAMPLES/conductivity—-SOI/

16Discuss this with DL: In particular he says that classical conductance is proportional to the diffuson. I understand this as a claim that

diffuson does not die in a large sample at room temperature.
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8.9 Conclusions

The coefficient Sy gives the anisotropic part of the conductivity tensor of a phase coherent semiconductor, and is
valid'” for x > I/Ly(T), where Ly(T) is the phase coherence length. In case when L, = oo the correction (15) depends
non-analytically on the SOI amplitudes in the vicinity of x = 0. At x = 0 (i.e., in the absence of SOI) the conductivity
tensor is isotropic but [at T = 0, if we believe that!8 L(p(T = 0) = oo] an infinitesimal SOI brings it to the anisotropic
phase. We expect that this spontaneous symmetry breaking does not take place for T > 0, because of the finite value
of Ly(T). Thus at T = 0 we observe a sort of a phase transition,'? which can be described by the following 2D order
parameter:

77 = (Splo10],Sp [o30]).

Differently to a superconductor or a ferromagnet, the order parameter 7(T) has infinite support. So a closer analogy
for us is the Bose-Einstein condensation (=BEC), where the order parameter is

ber of particles in th d stat . . o
S S P e B 22 . However, in BEC there is a non-analicity in the u(T)-dependence at the transition temper-
total number of particles

ature®’. I don’t know if we have such non-analyticities in our system.

The rotation in the coordinate space corresponds to the rota-
tion in the 7j-space by double angle. While the magnitude 7 is zero
for the system without SOI, an arbitrary small SOI makes it finite
provided that L, = co and the “harmonic average” 6 of Rashba and
Dresselhaus amplitudes is non-zero. The direction of 7] is then de-
termined by the direction of crystal axes, determining the “main
axes” of the SOI part of the Hamiltonian. The isotropic phase in
the absence of SOI can be restored by destructing the phase co-
herence, e.g., by increasing the temperature.

In conclusion, it is not clear:

e Do we have a phase transition or a “crossover”?

e Is the transition temperature T = 0 or T* > 0? [T* being the
Figure 8.1: This figure is obsolete — see my scale of the L,(T) dependence.]
poster. The measuring device. The voltage is
applied between two A-contacts. The anisotropic
conductivity results in the non-zero potential dif-
ference between two B-contacts, depending on the

piercing magnetic flux. For the information about BEC, see §[38]45, p. [45]16 and pp. 219-
220 from the first volume of Russian physical encyclopedia.
DL: “the classification of different strange phase transitions can
be found in the (in my opinion — boring) book by Subir Sachdev.”
I understood that this classification is more like a play of words;
this classification does not have deep physical sense.

e Do we have non-analyticities (at the transition point) in the
dependencies of any thermodynamic parameters of the sys-
tem?

7Following the request of B. Altshuler (supported by DL), I've calculated the divergence of 6o(w # 0) here.

18In Fig. 0707.19931 it is claimed that L, becomes infinite at finite (though very small) temperature.

191n fact, according to[S6], the main feature of a phase transition consists in the following: introduction of an infinitesimal term in the Hamiltonian
results in a finite correction to physical characteristics of the system.

20which results in non-analyticity of other thermodynamic parameters of the system. Note that this non-analyticity is usually drawn approximately,
so that % is a discontinous function. I suspect that in reality all the derivatives of the order parameter and u(T) are everywhere continuous.
Mo3skHO Tonpo6oBaTh 3TO JOKA3aTh C IIOMOIILIO TEOPEMBI O HESIBHOM (DYHKITHH.


http://quantumtheory.physik.unibas.ch/shalaev/work/ictp-2008.pdf
http://arxiv.org/abs/0707.1993
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On p. 9 of cond-mat /0201007, they say, that “The phase coherence is not significant for the current fluctuations
in the weakly disordered metals”. In [87] they say that inelastic phonon scattering processes kills shot noise, so that
in the macroscopic piese of metal it is not observed. On the other hand, inelastic elecron-electron interaction even
slightly enhances it!

When the electron-phonon interaction is weak and the thermoconductivity is sufficient, everywhere in the sample
the energy distribution fr is just a shifted equilibrium one, with a width corresponding to the surrounding temperature.
In this situation, the consideration based on the Landauer formalism must fail (see sec. ??), and one has to use
quantum kinetic equation instead.

Now suppose there is no electron-phonon interaction, but there is strong elecron-electron interaction. Then fz is
again a Fermi function, but its width is given by an affective temperature (9.38). This should also give no contribution
to the shot noise, but should enhance Nycquist noise (according to sec. ??).

Sec. ?? demonstrates that splitting noise in Nyquist (equilibrium) noise and shot noise is completely artificial. In a
homogeneous quasi-1D (two-terminal) sample the noise is determined by the effective temperature; the latter depends
on whether the system is in equilibrium or not.

8.10 A note about different types of averaging

One can be confused by the fact that we have three types of averaging that we have: quantum, statistical, and disorder
averaging. In the definition of the the physical quantity, like concentration or current, the first two averages already
present. We can thus calculate only a disorder-correlator, and this would be just the same, as in UCF or with my
current-current correlator from thesis [88]. However, we could also calculate a correlator with all the three averages
involved. Such a correlator will be expressed via the 2-particle density matrix.

Thus one has to distinguish two different types of correlators. The first ones are “normal”, which are in the
textbooks, where no disorder averaging technique is discussed. A “normal” current-current correlator, e.g. gives us
information about the current fluctuatuins in one particular sample.

We are always interested also in averaging over the ensemble of samples. We calculate UCF via neglecting thermody-
namical fluctuations. And we are right to do so since conductivity has no thermodynamical fluctuations by definition.
In case of current-current correlator this depends on what we want to calculate. We may want to separate mesoscopic
fluctuations from thermodynamic; then the calculation goes like in [88] or like in case of UCF.

What type of correlator do we need when studying noise? -The complete one, including thermodynamic averaging,
since we are interested in the spin-correlations in one particular disordered sample.

8.11 Literature

CwMm. [MTucema B dKOTP T.49 cTp. 513.

8.12 Only disorder averaging

CM. Takke MoK mgucepranuio [88]. CuéT TpeTbero MOMEHTA TOKAa, IIPHUTOM C YUYETOM B3aHMMOIEHCTBHS CIEJaH B
cond-mat/0503552.

When we don’t take interaction into account, a physical system can not distinguish between the equilibrium and
non-equilibrium. In real physical systems interaction always present, but in case of equilibrium systems it sometimes
can be neglected - an approximation which is much more questionable in case of a non-equilibrium system. In [38] on
page 82 it is stated that “before relaxation processes finish” the interaction cannot be neglected, no matter how small
it is. But this was told about a non-equilibrium system relaxing into equilibrium state. Is it true for a system in a
non-equilibrium steady state? 1 think - yes, but I am not sure. As an example, let us study current-current correlator
without interaction between the electrons.


http://arxiv.org/abs/cond-mat/0201007
http://arxiv.org/abs/cond-mat/0503552
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8.13 Current in case of no interaction between electrons

Let us derive at first more convenient formula for the current in the coordinate space. We consider equilibrium system
without interaction between the electrons, so that we have one-particle energy spectrum; Due to this we can write

j= Z Fr(En)jn, (8.24)

where fr(E,) is the average number of particles in a state with given energy E,. Now let us obtain (8.24) formally. An
arbitrary state ¢ = ), C,,¢, produces the current

0,5 < Y CuC(@aVey = @1V ). (8.25)

We want now to average (8.25) over the ensemble of the systems, that is, to use the density matrix p! = (C,C;,). For
simplification we now make an unnecessary assumption that the spectrum is non-degenerate. Then the off-diagonal
elements of (C,,C;,) are zeros, which proves (8.24).

From (3.2), ([19]2.7), ([19]12.8), ([19]3.16), ([19]3.11), (13.19) and (13.25) we see that

e . ieh /= =3 ezhz S\, o
j=lim [(—%(vf—vf,) -5 A)K 7,7 ,E)], (8.26)
1 i
1 2 21, — —E/Ty/ 2. = =7, _ = > o, _ —
K (7’,1" /E) =e ](T,r /E)/ ](7’,7" /E) - 2711+ e EIT (GR(T’,V /E) GA(V,T /E))

BHHMaHHeZ HeIlpaBHJIbHAsI pa3MEPHOCTS B (8.26)!

There should be no contradiction whether to define the current from K or K’ due to ([19]2.9). Note that here I did
not use the fact that we have no interaction.

Finally we have

1

)= g [ G2 (= ¥y = 2eA) [Go7) GG, r(E)

m J_o 27 77
From (3.30) it follows that in case of no interaction in (8.27) the integrand = 0 for E < —p, so that we can integrate not
from —oo, but from —u. This is essential to avoid divergences - because (3.30) is not obligatory for the approximate
Gr/a Which we always deal with. Surely we can do this also in the interaction case (like in sec. 10.2), but with the lower
limit slightly changed (due to the change of the lowest energy level). To avoid this, we can set a sort of a “boundary
condition”: zero of energy = place of the lowest energy level. How this would be compatible with the perturbation theory

- a nice question.@

Note also that (8.27) coincides with ([21]4.3). The difference is due to the different normalization of wave functions:
I use the normalization without summation over spins (because we have no spin effects in the whole of this text), while
in [21] spins are considered.
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Chapter 9

Keldysh technique

Correspondence between [5] and [21]: ([5]16.23)=([21]2.10), ([5]16.25)=([21]2.14), ([5]6.32)=([21]2.16). See also NLoM: [89],
[17], 9810191, [26]. See also cond-mat /0506752,

9.1 The Keldysh contour

Let us study the case of a quasi equilibrium state when an external fixed parameter is the energy distribution function
[38]. More precisely, we require that the unperturbed DM commutes with the unperturbed Hamiltonian.

Let us introduce a new time variable, which we call “Keldysh time”. While usual time is described by one continous
real variable, Keldysh time has in addition a discreete index, which can have two values: f =forward and b =backward.
In other words, while usual time is defined on R = (-0, +o0), Keldysh time is defined on (¢, f1) ® {f, b}, where about ¢, we
speak later. There is a trivial projection rule from (to, t1) ® {f, b} to (ty,t1), which consists in removal of the discrete part
of the Keldysh time variable. Below we use only this type of projection.

In the equilibrium T = 0 diagrammatic technique [5], usual time-ordering T is used. This is just a trivial ordering
on R. Let us now define ordering on (t,t;) ® {f, b}, and call it Tc.

A pictorial (=Haraagabl, anschaulich) way to introduce T¢ is using so called “Keldysh contour” depicted in fig. 9.1.
Let us define T¢ for the case of two operators, thus having two times to order!. The difference between usual T = 0-
technique ordering T and T, is that while T depends only on the relation between the two times, T. has also a selected
point ty. This is equavalent to say that in reality we have 3 times to order: two times are “external arguments” of the
T.-operation, while the third time is fixed. This third time corresponds to some point f; on a real time axis.

Some (half-baked) notes on the derivation on pp. [21]326-327: In ([21]2.12), there are three different Keldysh time
orderings (since they have different? “point of return” t;). Two “inner” orderings get their ¢, from the main (i.e., external)
one using projection operation (defined above). The f, time for the main (i.e., external) ordering is given by max(t, t});
however, I suspect that nothing chages if I just set {; = +c0. In order to understand this, it would be useful to write the
analog of ([21]2.10) for u'.

The definition of the one- and two particle Green functions in Keldysh technique is analogous to that in the T =0
technique ([5]7.1,10.12); only now instead of the usual time ordering, Keldysh ordering is used:

Gelr,¥') = =i(Te [Pt ()]), G, x2;x3,x4) = (Te [ () () ()" (xa) ), 9.1)

11 believe that also for T¢ the analogy with a usual sorting is valid: having defined the sorting rule for 2 elements we are able to generalize this it
to the arbitrary number of elements.
21 would prefer to call ty perrep(=Richtpunkt, Festpunkt) if I knew how it is translated into English.

f

>
tto( )ttl
< b

Figure 9.1: The finite Keldysh contour: ¢ty <t <t;. See also [9810191] and Sec. 4.1. See restrictions in (13.28).

78


http://arxiv.org/abs/cond-mat/9810191
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where now all time arguments are “Keldysh times” defined on p. 78. This immediately suggests mapping of G¢ onto
2 x 2 matrix, and G from (9.1) — onto 4-(rank) matrix®.

9.2 One-particle quantities

One-particle quantities like, charge current, are given by Gc¢ (or by its 2 X 2 matrix mapping). One immediately notes
that we are almost always interested in the off-diagonal elements of this matrix, which gives the density matrix — like
quantities (9.4). Then using (13.24) we transform our 2 x 2 matrix*

G (_)(fo (er8 ):(—KT[I/J(X)W(?C')]) —in(y* ()P (x)) )
¢ Got  Gub —-P)Yt(x')) —i(T[Y(x) " (x)])

, ( 6P +GY (6 -65) n [G%H -GP - (G - GEQ)] ] _

2 6P+ 60 -6V +6Y))  —(6W+6Y) +n(cy - 6P)
1 GK+(GR+GA) GK—(GR—GA) 1 Gr Gk 0o — 10
== =T, LosIL™ = , L=—7=—, 9.2
2( Gk +(Gr —Ga) Gk —(Gr+Ga) 7 0 Ga \2 (9.2
where T and T stand for normal and inverse time ordering; all Green functions have (x,x’) arguments. It is more
convenient to work in the representation where Green function is given by the upper triangular matrix G = (%R gi)

See deriveKeldysh.nb for the details of the corresponding transformation.

As far as I remember, y-matrices ([21]2.44,45) are exchanged. The correct ones are written in diagrams.m This
corresponds to the usual “from left to right” way of thinking and drawing diagrams (which is opposite to that used in
[21], see fig. [21]6.)

With the notations (13.19) we have from ([21]2.22) (in the following, upper signs stand for bosons and the lower ones
- for fermions):

G, ) = =i[p(A), P (A)]e) = G, A) = G4, 1), 9.3)

Note that GS)A are the usual retarded and advanced Green functions (see [5]).

In order to calculate one-particle quantities (like e.g., current), we need to calculate expectation values of Gg, o
(W (x")(x)) [which has the same order of operators, as the one-particle density matrix]. One obtains that for fermions
[in (non?)equilibrium but stationary state]

f ” e B ABA, BT (A, 0))dE = % [Gr — Ga + Gk] (A, A E),
fw e EUIRGDT (A, 1) (A, 0))dt = % [Gr — Ga — Gkl (A, A E).
N (9.4)

@) = 3 [Gr =~ Ga = Gl (A, A1)

See [20] for the derivation of the Kubo conductivity formula. .. See also Yudson’s proof from my thesis [88], but it

seems to me that it is valid only for the case of constant A.

From ([19]2.8) and ([19]2.10) it follows that® in equilibrium G*) = G coth £, and we obtain that

Gk = he(GE - G) (9.5)
with e from (9.9). In equilibrium from (9.5) and from the usual charge current formula [20] one obtains (8.27). In our
article [91] (see sec.11) we argue (but do not prove definitely) that Gr/a contain the information only about diagonal

MEs®. Thus any physical quantity defined using Gg,a (like tunnel density of states) can be written in an equilibrium
form (see (8.27) as an example):

1

31 mean, a matrix with four indices; each index has two possible values: f or b. In the zeroth order of the perturbation theory, two diagonal
elements Ggﬁ and ngbb will be expressed in terms of Gg and Gy, [according to ([5]10.14)].

4My notations Gg, Gy, etc correspond to G4, G4—, etc in §[12]92. In the western literature, other notations are used, see §[90]2.1: Gg, = G<.

50ut of equilibrium, e.g., see p. 26 in cond-mat/0506617.

60ne can think about an analogy: in the 2 X 2 matrix Green function they stand on diagonal, so they know only about diagonal elements of the
density matrix.


http://theorie5.physik.unibas.ch/shalaev/public.html/thesis.tar.bz2
http://arxiv.org/abs/cond-mat/0506617
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I think that in equilibrium (9.6) holds for any one-particle physical quantity.
Let us consider an equilibrium of non-interacting particles in some external potential, so that A is a conserving
quantity. From (13.29) and (13.30) we get:

he/r(Ea) he/r(Ea)

()(0) _ )(0) _ _ 7

OB = e GWWB =g e=40, 9.7)

GOWE) = hee(€n) (GO0 E) =GP0, ), 9.8)
0, E <0 0, E < —Ef

hg(E) = , hg(E) = . 9.9

s(E) {coth %, E>0 #(E) {tanh £, E>-Ep ©.9)

In the bosonic case &, is the energy of a boson; In the fermionic case &, is the energy of a fermion measured from the
Fermi energy.
We have from (9.8): .
GO, E) = —2mi X hy p(£4) X O(E = E),

so that (in accordance with ([21]3.21) , ([21]2.66) and (9.5))
G(A, E) = hye(E) (G4, E) - GTV(A, E)). (9.10)

Let us now focus on the case of electrons. We are used to work with their Green functions averaged over the
interaction with randomly placed impurities. After the averaging we get

(Gk (7, E)) = he(E) {Gr(#, E)) — (Ga(F, E))), (9.11)
where Gg/a are given by (1.9).

Consider a special type non-equilibrium system such that (9.5) holds with some (non-equilibrium) hr. Suppose a
physical quantity is given by a time-independent operator:
F@ 8 = lim f7 7 )7, DY, 1).
r—-r
Then from (9.4) we get general expression for some (almost arbitrary) physical quantity W:
ddpddp'
(27‘()2d
In particular, this holds for the current [see (8.27)] and the particle density. Without the interaction Gr — G, is the
density of states, in the general case it is called tunnel density of states and manifests strong decay near the Fermi-
energy level under the influence of even small interaction (ZBA).

A common application of Keldysh technique is a steady non-equilibrium state of a system with the interaction. It
can be introduced via the ansatz for Gg) = hE(Gg)) - Gf)) with the appropriate (non-equilibrium) #. Some one can object
that in this way we do not describe the presumed state of the system completely, because we do not insert off-diagonal
elements of the density matrix into it. However, once diagonal elements in the zeroth-order approximation are fixed,

the off-diagonal ones are completely defined by the interaction. Thus one can say that non-equilibrium steady state
can be completely characterized by its energy distribution function fz.

FPFVW(E,7)(Gr — Ga) B, B)-

Wi = [ SEESEWGE), WG B -

—00

I think the formulas in section 3.1 are true also for G, from ([21]2.18). Also they should be valid for G if one
substitutes A by 4 - see ([21]2.41).

So, we get from ([21]4.2), (3.12) and (9.8) in accordance with (3.20) and (3.21): @to be revised because ([21]4.3) is
incorrect!

o Ne? ie? d*
iy + N Ay = f d

m T 4m?

2n)i [(ho(E) — ho(E — w)) GR(p)Ga(p — ) + Gr(p — q)Gr(p)ho(E)— ©.12)

— Ga(p - 9)Ga()ho(E)] (25 - DAWG2F - 7),

The lack of “ones” in ([21]4.7) is apparent; they can be added just like in sec. 3.2: because their poles are on one
side of the complex E - plane, they give zero contribution into the integral by E.

Note that formula (8.27) used in section 8.12 can be easily obtained from Keldysh technique; actually Gg — Ga comes
from the zeroth - order Keldysh component of G, see (9.8) and...
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9.3 Two-particle quantities, e.g. current correlator
A two-particle quantity can be calculated out of the following two particle Green function:

<lz}+(f;/ O-i/ tl)lﬁ(?l/ 01, tl)’jﬂr(f;/ OJZ/ tZ)I)z;(?Zr 02, t2)> [9~13)

At first I must express the correlator in terms of Gg defined in (9.1). The required [i.e., the same as in (9.13)] sequence
of operators can be achieved in several elements of the 4-matrix (p. 79) GICI. However, the best element to look at is
Ghp'

— Gl (62, %158, %3) = {(T [y (63) ) (T [ G2y (ea) |- (9.14)

We get (9.13) from (9.14) for t3 =t +0,t4 = 1, + 0, 73 = 71, 's3 = s, 7} = 1, 54 = 5).
Now let us derive the expression for G}Lfb in the external field, but without interaction. [It is now oportune to read
[5] between ([5]10.12) and ([5]10.14).] The absence of interaction must simplify perturbation theory for Gg down to the

perturbation theory for G¢:

Ge(x2, x1; x4, x3) = Ge(xo, x4)Ge(x1, x3) — Ge(xa, x3)Ge(x1, x4),

- . ~ B (9.15)
G (X2, X1; X4, x3) = Gei(x2, X4) Gob (X1, X3) — G (X2, X3) G (X1, X1),

From the diagrammatical point of view, the first term in (9.15) is similar to the UCF-type current-current correlator
from [88] and sec. ??. However, the components involved are Gg(x1,x3) and Gy, (X2, x4), instead of Gg,(x1, x3) and Ga,(x2, x1)
[which are implied in sec. ??]. But the Keldysh components are the same in both cases, and thus I suspect that
the first term [in the second order perturbation theory in Al in (9.15) gives us exactly the UCF-type current-current
correlator from sec. ??. One can note that this first term will be time independent. Without disorder averaging, it gives
just the square of a curent expectation value”’.

On the contrary to the first term, the second one will depend on difference of times of two current operators®. Due
to the fact, that an unperturbed Green’s function gives zero charge current, only second (exchange) terms in (9.15)
survive in the linear responce:

8GR (x1, x2; X3, X4) = —0Gc(x1, X4)Ge(x2, x3) — Ge(x1, X4)0Ge(x2, X3), ©.16)
OGpg, (X1, X2; X3, x4) = —0Gip(x1, X4)Gpe(x2, X3) — Gy (1, X4)OGpe(x2, X3), )

From (9.2) we see that we need perturbation theory expressions separately for 6Gx and for 6 (Gr — Ga), which I already
have, see (3.38) and (3.39).

9.4 Kinetic equation

See also: arxiv/0710.3222. See sec. 3.8.

See also p. 30-32 from cond-mat/0210125 about Eilenberger & Usadel equations; About usadel equation, see
pp- [21]1352353. About Eilenberger with Keldysh & SOI see cond-mat/0601525.

Suppose we have right- and left-hand Dyson equation for the 2x2 matrix Green function with some self-energy o

G=G"+G%00G, G=G"+GeoeG?, GO'-neG=1, GGV 'l-0n=1

or
GO 1 _p)eG=1, GGV 1-0)=1.

Then we subtract one equation from another. The only non-zero component of the resulting matrix equation is the
Keldysh one.

Now let us explore several different cases of ¢: (i) when we have no interaction but just averaging over the disorder,
(ii) when we have a metalic strip subjected to the voltage, and (iii) when we have interaction. See dephasing.pdf for
more information.

7Since now we have two types of averaging, there are two different possibilities of defining a central moment. @ask DL: Which is the correct
one? The disorder averaging is special: we can do it only at after quantum one(s).
81t can not depend on both times, but only on difference, because we are considering steady non-equilibrium state.


http://arxiv.org/abs/0710.3222
http://arxiv.org/abs/cond-mat/0210125
http://arxiv.org/abs/cond-mat/0601525
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In Korea I asked Halperin and EM about cond-mat/0505535. EM told me that it must be possible to get the effect
of side jump? from the kinetic equation, only one has to understand, what is the important set of diagrams. E.g., weak
localization one catches with the kinetic equation on p. [21]344.

The first non-vanishing contribution to the QKE is given by the second order (in interaction) diagrams, see
p- [12]487.

9.5 $PyHKIHOHAJIBHBIE HHT €rpaJjibl

STy CEKITHIO Hallo OyneT OOBENHHHUTD C CEKITHEH 4.

9.5.1 BBeneHHe B TexHHKY Keinsima

OG603HAYHM: |j) = 3JIEMEHT JIMHEAHOT'0 IIPOCTPAHCTBA (PYHKITHH, COGCTBEHHAs (PYHKIHS (6e3 yka3aHus npedcmasneHuUs)
olepaTopa UMILyJibca f? COOTBETCTBYIOLIAS C.4. . (A| = IMHEHNHAs (pOpMa, UK 3JIEMEHT CONPSIKEHHOTO JIMHEHHOTO IIPO-
cTpaHCTBa (BCIIOMHHM HAvaslo Kypca JIMHEHHOM aure6pbl). CooTBeTCTBEHHO, (A|f) € C eCcTh CKaJSIPHOE [IPOHU3BENEHHE.
PasymeeTcsi, YHCJI€EHHOE 3HaYeHHe (A|7) 3aBUCHT oT A | . Hamp., (fJy) coBamaer co 3HaueHHEM C.b. HMIIyJIbCA B TOUKE
7 (AP) = explipr]l/ VV.

B ciyuae, ecin raMHJIbTOHHAH KBaIpaTHYHO 3aBUCHT OT HMILYJIbCa, MATPHUYHBIF 3JIEMEHT olepaTopa 3BOJIOIHHA
MOXKeT ObITh 3allMcaH B BUze (cM. cTp. [51]61):

2

V= [ Dix@lexp {-Lsixn),
x> f x(t exp{msz x(t } o1

SIa(] = [ diLlxn),  LIx) = "5~ Vi),

exp [— %H(f Pt - t,-)]

B 6oJiee obmeMm ciayyae ([51]2.48)

(e

Temnepb naBafiTe BMECTO KOOPAHHAT (T.€. C.4. OIEPATOPOB KOOPIHHAT) HCIOJb30BAaTh IIPOCTPAHCTBO C.4. OIEPATOPOB
YHHUTOXKEHHS. Harmpumep, 3T0 MOTYT GbITh OIIEpPATOPHl YHHUTOMKEHHS B KOOPAHHATHOM HJIH HMITYJIGCHOM IIPOCTPAHCTBE.
Torna mosygaem '©

exp [—%H(S?, Pty - ti)] x,-> - f Dlx(t)p(t)] exp {—% [t - Hp, x)]} . 9.18)

P . tf
<<pf exp[—%H(d’f,ﬁ)(tf—tl-)”(pi>: f D[(p*(t)(p(t)]exp{—% f dtZ[ih(p;(pa—H((p;,(pa)]}, 9.19)
t; a
2N+1 N 2N+1
Y. [ih@ipe = H@i 9] = Y 11030 — H@h 9] + Y| [ihpipa = H@h )] (9.20)
a=1 a=1 a=N+1

OTo oyeHb IOXOXe Ha ['aMHIBTOHOBY popMy 3amucH (9.18) 3BOIOIIHOHHOTO onepaTopa. KoopnwHaTe COOTBETCTBYET
@, & UMIYJIbCY — ¢*. OTO €CTECTBEHHO, €CJIH BCIIOMHHTH, UYTO COOTHOIIEHHSI KOMMYTAI[HH MEKIy OllepaTOpaMH 7 K

f aHAJOTHYHBI COOTHOIIEHHUSIM KOMMYyTAIlMH MeXIy 4 U 47, u BooOIle, Hamp., B [63] B HEKOTOPBIX HOKA3aTENbCTBAX
HCIIOJIb3y€eTCs TIOICTAHOBKA 4T — %.
MartpHuna ([26]5) yauThIBa€T ION. IKCI. MHOXKHTEJD B ([51]2.62a), a Takke oOpallleHHEe BPEMEHH B IEHTPE BPEMEH-

HOro HHTepBaJa.!! DJIEMEHT B BEpPXHEM IIPABOM YIJIy COENHHSIET HAYAJO KOHTYPA C €r0 KOHIIOM, [IOXYEPKHUBAsi, UTO
HHTETPHPOBAHHE NIPOXOIHT IO 3AMKHYMOMY KOHTYpy. B 3ToM ajieMeHTe comepKHTCcs p(wp), T.K. omepaTop po B ([26]2)

9See p. ?? for my new ideas about side jump.
1B nmuCKpeTHBIX 0603HAUEHHUSIX (), €CTb 3HAUEHHE ¢ B MOMEHT BPEMEHH f,. CJeNyeT OIHAKO e OMHHTb, uTo Ya ¢, — 6ECKOHEUHOMEPHBIH (1 He
00sI3aTeJIbHO CUETHBIH) MACCHB KOMIUIEKCHBIX YHCEJI; PA3HBIE YHCJIA COOTBETCTBYIOT PA3JIHYHBIM OLIEPATOPAM YHHYTOXEHHUS, HAIP., Pz (fa) U Yy, (ta)-

1 3ameuy, uTo MATpHUYHBIE 3JIEMEHTHl B BEPXHHX NPaBbIX yriax MaTpull ([26]5) u [6onee mosnnei] ([50]10) omauuaiomes. @CTpaHHO, He IIpaBIa
au?
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OTHOCHTCSI HMEHHO K HadJaJIbHOMYy MOMEHTY BPEMEHH t; = t; = tony1 = ty. HTak, mepenHceBaeM gercTsHe ([26]4) B SBHOM
BUze: S = limy_,e Sy, TIIE

N
i0:SNLe", @l = @] [(1 = dsiwo) Pans1p(wo) — @1] + Z(P;“ [(A = bticwo) Qo — Pas1] +
a=1
IN+1

+ Z (P;H [(1 + Oriwo) Pa — (Pa+1] .

a=N+1

(9.21)

IIpu a = 1...N BeIpa!KkeHHs BEJIMUHHA 4.1 —t, = 0y > 0, B To BpeMms kKak Ya = N...2N +1 {441 — t, = =6; < 0, 9TO IIpHUBEJIO K
U3MEHEHHIO 3HaKa Ilepen §; B IIOCJIeIHEM CJIaraeMoM.
ClenyolmuH mar: BMECTO (@ . . . Pan+1) BBOOIHM IBYXKOMIIOHEHTHOE 110J1€ (P; ... Py). A mMenHo Vi = 1... N BesmunHa O;

HMEET JIBE KOMIIOHEHTHI, 0603HaYaeMble HHIEKCaMH f U b: Oir = ¢; 1 Dy = PNyt @HonyqaeTcsI, YTO U3 PACMOTPEHHUS
BBbIIQIA€T “IIOBOPOTHBINA” 3JIEMEHT 4+ . AHAJOTHYHO IIEPEXOAHM OT ¢@* K ®*. B HOBBIX 0003HAYEHHSIX

lim 5tZN‘f(p;+1 [%_5—:%1 - iw%] - [ ) @, (-@ - iwdy) dt,
o o0
. o . Pa = Pat+1 . (s . 022
leflfolo Ot (X:ZN;J Pt [6—t + 1w(pa] = j:oo D, (q)b + za)q)b) dt,
TaK UTO B HEIIPEPBIBHBIX 0603HaUEeHUsIX (9.21) M.6. IEpPEMHCAHO CIEAYIOIIHUM 06pa3oM:
S|, 0] = G0, O = (0, D)), = ( d)i)’ Gyl = .s(i% g i » %0_ l,w). (9.23)

HenpepeiBHas ¢dopma 3amnucH (9.23) comep:kUT MeHblle HH(popMauy, 4eM (9.21), npudéM sTa HemocTamlass HHQOP-
Manus BasxkHa. Ham ke xodeTcs: 3a6bITh IIPO TUCKPETHYIO (pOPMY 3aIlMCH U BIpeNb 0Jb30BATHCSI TOJIBKO HEIPEPBIBHON
dopmor. I npuBHIK K 3anucH I'® B dopme (9.1), a Tenepb MHe IPHIOETCS IPUBBIKATh K (popme ([26]8). CienmyeT 1IOHH-
MaThb, 4TO cpenHue (...) B (9.1) u ([26]8) — pasHrie: (9.1) ycpenHsieTcs corsaacHo (13.20) u (13.21), B To BpeMsI Kak

(@D = f D[q)*(t)CD(t)]q)iCD;exp{—%S[CD*,(D]}, iielf,b). 9.24)

st mepexona MeXIy IPelCTaBICHHUEM UHCEJ 3aIlOJIHEHHS M KOT€PEHTHBIMH COCTOSIHUSIMH TE€OPETHUYECKH MOJKHO HC-
M0JIb30BATh MATp. 3JeMeHT (n|p) ([51]1.114,1.139). Ctpororo nokas3aTeJbCTBa TOr0, II0YEMY 3TH ABa CPEIHHX COBIIANAIOT,
s He 3Ha. B ([51]2.67b) coOTBETCTBYIOIINH IIepeXO0 eJaeTCs THXOHEUKO, 6e3 IITyMa U IIBLIM, U BOOOIIEe — He 3a0CTPSIs
BHUMAaHHE.

Ham xodeTcst 3a6BITh HABCETIa O TUCKPETHBIX 0003HAUEHHSIX. [IJIs1 TOro MBI pa3ieJisieM II0JIs ¢ U ¢ Ha “KBaHTOBBIE” H

“rJIaccuyeckue” corjacHo ([26]10). Ecau MBI Teniepb 6yZIEM UMETh B BBUY, UTO BEJIMUYHHA [Gfl] ! B ([50]32) He paBHa Hy-
JIo (HO ecThb 6eck. MaJjoe €), To MaTpuIia G y Hac Tenepb o6paTUMa, U Mbl MOKEM OTHBIHE I10JIb30BATHCSI HEIIPEPBIBHBIMH
0603HaYEHHUSIMH, JIUIITb B MHHYTY AYIIIeBHOH HEB3TOMBI BCIIOMUHASI IIPO TUCKpeTH3aIHi. Harre ksadpamuuHoe nefacTBHe
OOHO3HAUHO OIpeliesisseTcsl CPETHUMH 3HaueHUusMH ([26]11). Takum ob6pas3oM, HaM CTAHOBHUTCS MOHSTHBIM ([26]19).

Hanpiie TaHiyeM oT Hadajsa ceknuH [50]6. IIpeobpasoBanue Xab6bapna-CTpaToHOBHYA (PAKTHYECKH HMEET CMBICT
dypbe-ipeo6pa3oBaHus. [1eHACTBHTENBbHO, HAM He HpaBUTCS U- IpencTaBiieHHE TeM, 4To U(r) B HEM — OYE€Hb CHJIBHO
oCIHJUIHpYIoIas PYyHKIHs. M Torma Mbl IEPEXOIUM B (CONpsizkEHHOE eMy) Q- IpeacTaBieHHe.

9.5.2 BcnomMmuHaeM 0 0ecnopsake
B cucTteme ¢ 6ecliopsiikoM IeHACTBHUe 3alHchIBaeTcs B (popme ([52]4):
2

_ _ \Y%
S[y, 9] = 56 dt f A7, 1) [Gy' — U] (7 1), Gyl = z‘% +oL, PRl =l

2m’

12 HTepecHO IPOBEPHTD: IPHBOMUTCS JIH NEACTBUE B HCXOIHOE COCTOSIHHE JBYKPATHBIM ITPeo6p. Xab6apia-CTpaToHOBHYA?
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YTOoO6BI 3a0BITh IIPO CJIOXKHYIO CTPYKTYPY MaTpHIHI ([26]5), maBariTe BBENEM BMECTO 1) IBYXKOMIIOHEHTHOE (PEPMHOHHOE
nojie W (Hy ¥ 3a0HO — yCpeHEHHE 110 6ecIIopsIaKy) Tak, 9To ([52]7a,b)

Z = Nf@[@‘l’] fZ)lldiS exp {—m/"c fdrll;is(r)} exp {iSp [@ (éal - Udisa3) \P]},

W = Y1 GAflEi‘%—i_% 0 2
Yo) 0 0 —ig X

ot~ 2m
Bepém (kBagpaTHUYHBIN) HHTErpaJ o nepeMmeHHon Uy (mia 2D ciry4yast):

f D[Ug;s] exp {—nw f d*U*(7) — iSp [\yuog\y]} =

N 00
— tim [ [ dtyexp [-moes?tst = it (9075 - )] - 0.25)
i,j:1 —o
_ _ 2
N\ (WriitPsij — PuiitPiy)
= lim exp |- 5 .
N—co V1?2 T2

i,j=1
ITocye nesieHUs HA HOPMAaJIM3AllHOHHBIA MHOJKHTEIb

N2
fD[Udis]exp [—RVdeerZ(V)] = I\l]im ( 62)
—oo L L\ 72

i,j=1

pe3yibTaT MHTErpHpoBaHHs 10 U cTaHOBUTCS KOHeUHBIM ([50]154). Ilocie mepexoma K KBAaHTOBBIM H KJIACCHYECKHM

IIOJISIM, CM. ceKnuio [50]5.3, MBI BUAMM, UTO K HOBBIM ['pacCMaHOBBEIM II€PEMEHHBIM IIOTEHIIHAJ OECIOpPSIAKA [ETISIeTCS

yepe3 eIUHUYHYI0 MaTpHILy, Ha 4yepes 03, Kak B (154[50]) — uepes oy. T.K. MBI UMeeM zeJio ¢ 'paccMaHOBBIMH epEMEH-
N N

HbIMH, <¢fij¢fij> =0m (ll}hijl,bbij) =0.

Tenepp IpHUILIO BpeMsl OTKATBIBATbCs Hasal (T.e. mesaTbh Xabb6apaa-CTpaTOHOBHYA), BBOIS MAmMpuuHoe IoJe Q.
Ecy 1IpenIiosiosKUTh, YTO BCE 3JIEMEHTBI MaTpPHIBI () — abCOJIOTHO HE3aBHCHMBI, TO S HE IPENCTaBJISIIO, KaK MOYKHO
6bLJI0 OBl IIOCYHUTATDh IIpaBylo 4YacTh ([50]155). CoBceM Apyroe meJio, €CJIH IPEAIIoJIOKHTh, YTO MaTpula  — 3pMHTOBA
[cMm. mexny ([52]11b) u ([52]12)]. To ecThb

SpQ* = Z QijQji = Z(ﬂ?j +07),  Qij=aj+ibij, aj,bi €R.

ij=1 ijz1

Crenymomas CTylleHbKa — IIOHMMaHHe IapameTpusanuu ([50]162): mouemy Gal HHBapHaHTHa OTH. Ipeo6pa3oBaHUs
nono6us ([50]1162)? CBépTka BO BpEMEHHOM IIPOCTPAHCTBE COOTBETCTBYET IIPOU3BEINEHHIO B YACTOTHOM IIPOCTPAHCTBE.
Ho mn3-3a BpeMEHHOM OIHOPOMHOCTH Bce MaTpHIBl B ([50]162) muaroHasIbHbI B YaCTOTHOM IIPOCTPAHCTBE, a 3HAYHT,
KoMMyTHpyIoT. MaTtpuna ([50]161) Toxke AUaroHajlbHa B YaCTOTHOM IIPOCTPAHCTBE (T.K. MBI MHTEpPecyeMcsl TOJIbKO
CTaIlMOHAPHBIMH paclipefleJIeHUsIMH HEPruf), Ho HeJuaroHajlbHa B KEJIIBIIIEBCKOM — y Heé Ha guaroHaiu cTout 2F,,
cM. ([50]161). IlosTomy npHu PHKCHpPOBaAaHHOM A HO pa3iHu4yHbIX T B IIpaBod yacTH ([50]162) MBI HoJIy4yaeM pasyHuYHbIE
MaTpHUIIBI Q.

Kaxk nsBecTHO U3 MeTo[a CTAIlTHOHAPHOH (pa3bl, HAUOOJIBIIIHNH BKJIA B HAIll HHTETpaJ JaéT Takas (MU TaKHhe) OKpPecT-
HOCTBb MaTPHUYHOTro IoJist Q(t,t'), 9TO (pyHKITHOHAJIbHAS IIPOU3BOIHAS OT HercTBHs ([52]21b) mo Q(¢, +') paBHaA HymO. [1pH-
SITHO, UTO 3TO OpUBOIMUT Hac K SCBA ([52]23). A BOT ¥ nepBbIH 60HYC, KOTOPBIA MBI OJydaeM H3-3a HCIIOJIb30BaHUS
TexHUKH Kesgelma BMecTo Many6apsl: pesyJbTart ([52]23) BepeH B TOM UHCJIE U IJIsI HEPaBHOBECHBIX (PyHKIIHMH paclipe-
IeJIeHHs].

YpaBrenue SCBA ([52]23) cobuonaetcs npH Jio6brx Q(f, 1) He 3aBHCSIIIIUX OT UMIIyJIbCA, & TAKKE YIOBJIETBOPSIOIINX

yesosuio ([17]30-31) Q* = 1 (rme BO3BeleHHE B KBajpaT IOApPA3yMeBAeT TaKiKe CBEPTKY II0 BPEMEHH). @HHTepeCHo
IIOHSITh, TaK JIKX 3TO JIJIsI HAIIErO CUJIbHO aHU30TPOITHOT'O CJIydasl.

9.6 Screening

In this section all the calculations are done for the case of small 4. To consider the case of large g one should know the
dependence of energy on momentum (which we actually never know). However, one can suppose E(p) = p?/(2m) and do
this (quite long) calculation. It must be just this is the way it is done on pp. [92]158-163.
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Figure 9.2: Screening in RPA (=mpubsi:keHre XxaoTHYeCKHX (pas) approximation (wavy lines stand for bare interaction,
dashed ones - for the impurity averaging lines composing diffuson). The possibility of connecting of bubbles with
“external” green function lines should not be considered here, for it is taken into account when considering diagrams
with higher order on interaction. Studying these higher order diagrams, one can detect some other (like RPA or the
renormalization in Cooper channel) essential infinite sequence of diagrams. The same is true for the lines connecting
different bubbles.

Because of the long-range character of Coulomb interaction, it must not be considered in the first several orders of
the perturbation theory. Instead, screening must be taken into account, which is technically done by summation of
infinite number of diagrams.

9.6.1 Usual calculation
Let us calculate a bubble from Fig. 9.2:

dd+1p ’ ddp 1 1
CONCO(p — ) = f _ . 9.26
f @y C WEOmD=1 L Gy {a) F(E—Epg) 200 @ (& Epg)+ 21'5} 929

2
I7-qi<pr

Let us consider the case of zero-frequency w = 0 and of small g, so that ép - 5;7—57 = Ur§. We see that (9.26) reduces to
2i d’ 4

o J e ) T which, using the argumentation from [93], p. 198, is equal to:
P=4I<pF
-, in1D
. dd g’
2 Y PL_) oD
UF () CGrTRG | By o

From here we see that screening exists in all dimensions. In 3D and 2D cases we have

4me? 2me?
= — = .27
U(ﬂ) qz + q*z’ U(q) q + q* (9 )
with different g for 2D and 3D (as for the 1D case, Fourier integral for the Coulomb potential diverges).
9.6.2 Calculation by means of Keldysh technique
The renormalized interaction matrix is defined by
_ u u
() = @  _ @ ©.28)

- : T1-Tu
- Q“ (U(9)

The first and the second diagrams (their matrix kk’ components) in fig. 9.2 are respectively equal to Vo; U(q)rgk, and

—il(q)U(q") Sp

1 CAE A ) ok Aoy o o

WZIW SV CEF BT G - -G E —a))‘.
py

The polarization thus is given by

V,,T1(g) = ~i(Sp

1 OodE A2 2y ~k' A= >, > -
WZ I 5V AP BT GE -4 ,p—q;E—w)}. (9.29)
pp VT
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From (9.29) and (9.5) it follows that (see (2.8) for D)

Vo TTr(q) = 2 e Z f Z P e o= e )t
+ V20502 [GR(P)GR(P — Phe-w — Ga(P)Galp - q)hE)]} ’ (9.30)
V(S*-vHA(q) 2 V2 Z f ; ﬁq',p—q;E—m(hE _ hE—(u)"‘
+ V2001 [GR(P)GR(P — e = Ga(P)Galp — Dhe—u]}, (9.31)
Vo TTk(q) = _EW Z f Z T ¥ DL ](1 hehpo)+
+ V253,07 [Gr(P)GR(p — 9) + GA(P)GA(p — )] hehe—o} (9.32)

From the conservation of total number of particles (see VII, 51) one realizes that
for /=0 and Yo I/ (f, w) = 0. (9.33)

From (9.30), (9.31) and (9.32) we realize that if one ignores effects due to the £ — dependence of the density of
states or in the equilibrium (9.5) holds exactly'® for the polarization and hence for the renormalized potential. In
the equilibrium case using (13.32) one recovers (9.9).

One can see that!*

272

so that in (9.32) energy integration is limited in the zone where we can use (1.19). It also means that in (9.30), (9.31)
and (9.32), we can

T
Supp [1 — hetwjohe-w2] = Supp [hesw2 — he-w2] = { JEI S max(— 2)}

e considering non-pole contributions - to substitute hr < hr_,, and hghe_, & 1.

¢ considering pole contributions having (hg — he_,,) and (1 — hghg_,,) multipliers — to substitute - Zpe - f dév(é)
with weak v(£) dependence (1.19) and to integrate over £ before integrating over energy.

So we see that (due to f_ O:O %) non-pole terms give zero contribution to (9.32).
Let us introduce a quantity

() = Z [ s (6 pIGaty - 0 - GaIGa - 9] € R
If v is a constant, then 7(g) = #(0) = v f dEh;/2 = v.

1 77" :E . 1 1 7' F-GE—w . 1
— Drr s =2 —— - 1|Vé;7, — DLa =2 —— - 1|Vbz7, 9.34
V2 Z P47~ E~w nVOT(l ~X(g) ) 7 2 ; 7 BE VT X*(q) i ( )

where X(g) is given by (13.1).

ot X()he = hp-w)
Mr(q) = IT, (q) = =08 | g 2RI~ PE0) 5y
r(9) = 1T, (9) > f ) @)
v X(q) X(q)
Tk(q) = f dE[ + (1 = hghg_y) € 9. (9.35)
2 1-X(q) 1-X(q)

13The question is if (9.5) holds always or only when these conditions do hold. If it represents a general rule, the first variant of our paper [91] is
correct. No, this is not true. In [91] from the formal point of view the mistake was that we thought that the functional derivative 6D‘(3E,) uvs=v 6D‘Z’E,) u.

As for VK, he says (9.5) holds always. And what about other properties: Ug (w) = Ur(-w) = Ua(w)? Does it hold always?

4TTonospesaro, uTo max (%, %’) =~ T, -cM. Takxe IX, 40.



Chapter 9 page 87 generated October 16, 2011

Note that in general case Ik is not proportional to I'lg —IT4, so that (9.5) does not hold.
The simplest form the interaction has for large values of momentum ~ pr. From (13.4) we deduce that in this case

1 A
Ug=0, Up=Ux=5=7, ¥ lim (g, ALR. (9.36)
0 g—00
What is the order of magnitude of v(/7? VK: let us substitute in the fine structure constant a = % = o= sppeed of light

with the Fermi speed. Then we get approximately 100 times larger quantity = 1/r; ~ 0.2 — 0.3 — for good metals like Cu
or Ag, see p. [8]270.
Without taking into account v - dependence, the polarization simplifies substantially:

[Te(@) = IT,(q) = —vo |1 + it —D) ] Tk () = ~2ivetT, [ Xo | _X@ | 9.37)
1-X(q) 1-X@@ 1-X(9
where
T=Ty To=T-= }Lf dE(1 - hghg_) =
- (9.38)
_ |7 g (fet fee L T _w w
= f . dE (T - fefe—w| = ’ in equilibrium ‘ =5 coth T m T.
In the particular case'®, when a quasi 1D system is subjected to a voltage at T = 0,
X . el x] . el - x X
hg = i3 s1gn[E - 7] + [1 - Z] sign [E + 7], T = elli [1 - Z] (9.39)
In the middle of the sample x = L/2 and
3 sign(E — ell/2) + sign(E + el/2) = (eU+wl)/4, |wl<el, (9.40)
BT 2 T /2, || = ell. '

For T # 0, the width of the “transition region” at |w| = eU in (9.40) becomes finite (of the order of T) between T,, becomes
smooth: T, € C2. After studying two simple cases (9.38) and (9.40), I suspect that, at sufficiently high frequencies,
frequency dependence of T, is universal, T, ~ |w|/2.

From (9.37) for arbitrary X(q) we arrive to

~ ZT ~ ~ ~ ~ %
VoeC Ug= Tw(uR—uA),- VoeR Ur(g) = Ua'(@).
In 2D u~}(q) o« vogqr; in 3D u1(g) o« vo(qrs)®. OGBIYHO PSIIBI IO § - CTEIEHHbIE, a 3HAUUT, CXONSIIHeECS OpH g ~ 1/L; Tak
uyTO B ypaBHeHHH JlaiicoHa (9.28) MokHO npuHEGpPeub 1~ (g). B pesynbrate Ug/a/x IEPECTAIOT 3aBUCETH OT MCXOIHOTO,
HEOKPAHHPOBAHHOIO MOTEHIHANa 1~ 1(g). Bops: Takas CHTyalusi Ha3blBaeTCsl yHHTApHbIM IpenesnoM. for TIga| > r5/L
the difference [Ug(w) — Ua(w)] does not depend on the original (unscreened) potential u(g).
In the diffusion approximation
4voiDg?T,
D2g* + w?”
One can note that for all values of g diagonal elements in (9.41) give correct poles in w - complex plane for the
renormalized Coulomb interaction defined by (9.28). In 2D case, where U(g) = 2me?/ q we have

voDg?

Ir/a(q) = Ik (q) = (9.41)

DP Fiw’

- 2me? 4me* Dy 1 1
Ur/a(g) = - N - . D7
q Dq(g + 2me*vg) Fiw  vo _4_ , _Do°
2nvpe? | DgPFiw (9.42)
161'7'(264DV0T“) 4Tw iVo )

Uk(g) = - =- :
D2g2(g + 2711€2v0)2 + w? Dag? 2 o 2
q (q e VO) w q (# + VO) + (_27162Dq)

15In principle, when a current flows through a metal, quasiclassical distribution function f(@,7) of electrons become anisotropic, see (3.47) and
p- [48]347. On the other hand, we know [21], that elastic scattering off impurities wants to make it isotropic. So we conclude [PRB524740] that
in case of strong impurity scattering, the distribution function becomes isotropic in momentum f(g,7) ~ f(p,7) = fe(¥). Note that Apparently, there
is a clever way [cond-mat/0406063] to understand it in Keldysh technique, which I don’t know. Better see PRB64033301 and PRB524740. My
understanding is more primitive, see pp. [94]65-66.



http://theorie5.physik.unibas.ch/shalaev/public.html/08-02-2005.pdf
http://arxiv.org/abs/cond-mat/0406063
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In 2D Znezv ~ 2 =g = Bohr radius Substituting w = 0 in (9.42), we see that g* from (9.27) is equal to % ~ PF.

Like in [39], we want to neglect 2 in the denominator of (9.42). We can do it in case
w < Dq/rs < D/ry (9.43)
and obtain'® .
Unja(@) ~ (1 ¥ qu), Ux(g) ~ ;f[’;‘;. (9.44)

The last inequivalence in (9.43) holds always; as for the first one, we must see if there are any diagrams for which
this condition violates. Particularly, it holds in the diffusion regime, when Dg? ~ |w|. Note that always due to the
screening of the atomic lattice U(g = 0) = 0, so that we don’t have any divergence.

Let us now go out of the diffusion approximation: still 4 < pr but gl > 1. Then

iwT 4ivyT -
Ir/a(g) = —vo |1 + W] , Tlk(g) = —l—qOT“,,
so that .
. 1 - 1 4iT,7 1
4+ T wt
g 1+<M)
From (13.1), (9.38), (9.44), (9.45) and (13.4) one can say that for Dg > |w| the potential does not depend on 4.
In two types of Ambegaokar & Eckern diagrams in [95] large values of g (~ pr) are important so thate; > w ~ T. This
leads to a simplification: U(g) ~ llo( (1) (1) ) If I understood correctly VK, Uy ~ h_vfﬁ HpoGJIeMbI C pa3MepHOCTBHIO B

h: Kak MBI MO3keM Ipeo6pa3oBaTh KyJIOHBI B CAHTUMETPHBI? - CM. estimates.nb 1 uebung3.nb. Such simplified short range
potent1al is used both in [39] and in [95].

16Note that (9.44) is correct in arbitrary dimension.



Chapter 10

The steady state

10.1 Calculating mean values of physical quantities

In the steady state! the energy DM of a system does not depend on time. Usually the stability of a steady state is
achieved by putting the considered system in a contact with a reservoir - another system which is big enough so that
its characteristics can not be modified by the considered system. The reservoir adds a compensating term into the von
Neumann equation for the DM of the system:?
do _ db

dt Oty

-+ [eA]+ %

, at characterizes the power of the connection of the system to the reservoir, necessary to maintain non-

=0. (10.1)

ext

Bt

ext

In (10.1)

equilibrium steady state with a given energy distribution. This power can be estimated as (T — T)/t,, where T and T are
the minimal and the maximal scale of the energy distribution function fr, and ¢, is the time the system needs to reach
equilibrium due to the relaxation, if left alone.® As it is known [38], t, o« A™2, A being the dimensionless parameter

characterizing the smallness of the interaction in the system. In our case A ~ U(pr) /v(z(g =...
The average value of an arbitrary physical quantity O can be written in the form

0=8p[e0] =Sp|a'O'| +sp[0”0”| =0 + 0O, (10.2)

where ¢’ = #) is the diagonal part of the DM ¢, and 9" = (1 —#) is the off-diagonal part; # is the projector extracting
the diagonal part of an operator. Analogously, O’ = PO and 0” = (1 - P)O.

¢’ represents quasiequilibrium part [38] of the complete DM §. It has the maximal entropy possible for the given en-
ergy distribution fr. With ¢’ one can formally calculate thermodynamic functions like grand thermodynamic potential
Q and use usual thermodynamic formulas for the calculation of physical quantities. This is the reason why one can

call the term O’ = Sp [@’O’] in (10.2) quasiequilibrium one. E.g., for quasiequilibrium part of the current we would have
N Q)

j=s [@ 7] -=. (10.3)
dA

In equilibrium only diagonal matrix elements of a physical quantity enter into the expression for its average value,
and quasiequilibrium part of a physical quantity is equal to its real value.

10.2 Thermodynamic current: when interaction is taken into account

About persistent current: cond-mat /0512044, 0706.3369, 0704.1264, 0804.0702.

ICmM. Taxxke yCJIOBHE CTAIlMOHAPHOCTH Ha CTp. [96]47.

2For any Hamiltonian, there are infinitely many examples of non-equilibrium but stationary DM: in the S@, let § = f(H), where f is an arbitrary
function. Then [@, FI] =0. (6DL.)

SBospasxkenue BK: U3 Toro, 4To B paccMaTpuBaeMor (hyHKITHH paclpelesieHHs] S3HEPTHH €CTh TOJbKO 1 MaciiTab, He 3HAUMT, UTO OHA PABHOBECHA.
Ho Bo3paskeHHe 3TO CIIyCTs 5 JIET IIpeJcTaBIsIeTcs MHe (hbopMabHBIM. MOE ke IIPENIIoI0KEHHE 0 HECKOJIbBKHX MacIITabaxX HAllPOTHB, BIIOJHE JIOTHYHO
u o6ocHoBaHO. Ha mo# Barisin, BK npocto si stava aggrappando allo specchio, kak roBopsIT HTaJIbsHIIEL. B0o3MOKHasI IPHYHHA — aJJIEPTHs Ha IIKOJIY
Boromob6osa 1 BoHu-BpyeBuua y mkoJsl JlaHnay. 89


http://arxiv.org/abs/cond-mat/0512044
http://arxiv.org/abs/0706.3369
http://arxiv.org/abs/0704.1264
http://arxiv.org/abs/0804.0702
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The quasi-equilibrium current studied in this section is calculated in [95] using (10.3). @IIJISI PaBHOBECHOT'O
Toka 6e3 B3aMMOIEHCTBUSI €CTh IIPOCTOE KadyeCTBEHHOe oObsiCHEHHe persistent current B TepMHHaX OJHOYACTHYHBIX
SHEPreTHYECKHUX YPOBHEH: BHEITHee oJjie B # () pacIieIuisieT YpoBHH, AeJiasl Pa3IMIHON SHEPTHIO 3JIEKTPOHOB C Pa3HBIMH
L., Tak 4TO ocTaéTcsl OOMH HECKOMIIEHCHPOBAHHBIA YpOBeHb. HeInoxo-6bI IpHAyMaTh UTO-HHUOYyOb BPOIE 3TOTO IJIS
PacCMOTPEHHOTO B TOH CEKIIHH CJIydJasi CO B3aUMOIEeHACTBUEM.

In this section we use Poisson summation with the same notations as in sec. 8.12. The summation itself is omitted,
only Poisson amplitudes (numbered with 7) are calculated and discussed. The methods used here are the same as in
sec. 8.12, but explained more briefly. By the word “corjugation” I mean the following substitutions: ReA, Ux — —Uk,

-1
while cooperons and diffusons change the frequency sign. For convenience, all the (2711/012) coming from cooperons

and diffusons are included in vertices.
The Hartree and Fock diagrams are given by the following expressions (correspondingly*):

4fﬁmwm@%awwa¥¢wwﬂ,iZLffﬂwwmwfawwwW@y

kk’ kk’

With the help of Mathematica® we are able to generate and to select diagrams automatically, see sec. 12.

Ho BCEMYy TEKCTY BBbIpakaTb TOK B MMIIyJIbCHOM IIPOCTPAHCTBE YEpEe3 ollepaTop TOKA. — Booch, M3-3a 3TOrO s B
3TOH CEKITHH IIOTEPSJI IBOHKY.

Here I just like in sec. 8.12, I tend to treat cooperons and diffusons in time representation. When holds (9.5) with
some arbitrary hg,

> =, 1-h
= [acroive, me =, (104
j(7.E) = % lim(V; — V;, — 2ieA) [Gr — Gal (7, 7; E). (10.5)
When G depends only on the difference of its coordinates, (10.5) simplifies to®
2 ] o1 - — - 1 25 — —
J(,E) = J(E) = ieh; Z U[Gr(pn, E) — Ga(pn, E)] = 7 Z j@) [Gr(Pn, E) — Ga(pn, E)] - (10.6)
Pn Pn

Out of the equilibrium, together with (10.4), also the contribution (11.8) has to be considered. In equilibrium fr(E) is
just a Fermi distribution function, see (8.27). We have

de]??,E) =0, (10.7)

due to the fact that f dEOGr/a(E) = 0 which in its turn follows from the statement that 6Gg;a have retarded/advanced
analytical structure and that corresponding integrals do converge (unlike those for Gg/a).

For Gr — Go we have 4 initial diagrams (+4 conjugated ones). Two of them contain only Gr or only Ga so that one
can not insert cooperon or diffuson lines in them. Due to this fact they can not depend on A and thus cannot give any
contribution to the current. Then we have 1 Hartree and 1 Fock diagram left.

One can note that major part of the diagrams (after adding cooperon and diffuson lines) is given by the Fock
diagrams.

We have 14 diagrams with the number of cooperon and diffuson loops < 1. According to the estimates (see
estimates.nb), main contribution is given by diagrams of Ambegaokar & Eckern (2 Hartree and 2 Fock type ones)
and the one we suspect to be next most important, see fig. 10.1.

In this section we use (8.27) for calculations.

10.3 The renormalization of the potential in the Cooper channel

See also [97]. What we consider here is actually the Cooper channel, see sec. ??.

“Note that Sp is taken also on spin degree of freedom.
5See files getAvrgdDiags.nb, tunDensity.nb and diagrams.m
6Take a look on general expression for the universal current in [20].
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AE-w Fw

(a) Ambegaokar & Eckern Hartree diagrams with the coefficient
ithw uR(O)

(c) Next important diagram with the coefi-
cient —ihp_, Ug(w)/2.

R,E

(b) Ambegaokar & Eckern Fock diagrams with the coeficient
—ihg_o,UR(w)/2. One can note that (if the momentum transfered
via the interaction line is large) they are equal to the ones from
fig. 10.1(a).

Figure 10.1: The calculated diagrams for the current. The triangulars are = —4nvDT3lz/ I. Every diagram has its complex
conjugated “sister” with the opposite sign.

Consider diagrams on the right in fig. 10.1(a) and 10.1(b). Together with them we can (and must!) consider more
complicated diagrams obtained by inserting interaction between impurity lines of a cooperon many times.

So, strictly speaking, we thus insert between the cooperons one term from the first order perturbation theory
expression for GG. Why we insert only this particular term? VK: because other terms manifest themselves in the
appearance of the dephasing time 7, in the denominator of the cooperon. This additional term in 2D is small like
T/g, so that the effects of these terms can be ignored here. The considered term is selected by the fact that for large
frequencies Q, due to the presence of /o in the numerator (together with a Cooperon in the denominator) it goes like
1/1Q), so that we get logarithm which is big because large values of Q) are important in f dQ. Other terms do not have
this hq and hence are much smaller. More precisely: there can be 2 types of elementary “bricks” composing the ladder:
without switching, ( AI?,’S@:E’ETJZU oc hg — hpr v and with switching, ( fg:ﬁg‘f;)) o hg — hg_y,.

Tr ~3x 10°K, Dp%~6x10°K, 7/t ~800K, T ~ 0.01K. (10.8)

We will have different renormalization for Hartree and Fock cases. See fig. 10.2 and VI, pp. 65-68 for the details.
The key steps for the calculation are:

e Every interaction line carries large values of momentum ~ pr. Together with
= (10.8) this means that we can put Ug/a = 1/vy and Uk = 0.

e In both Hartree and Fock cases we have the integration over “number of
interaction lines”-1 frequencies. On the right side we have the same Gg(E)
and Ga(E — w), as on the left side. During the calculation, these our fixed
energies are considered to be small in comparison to large Q: E, w < Q.

e an example: a diagram without Ggr/s switching (see above) with 3 interaction
Figure 10.2: Two types of the renor- lines:
malization in Cooper channel: a)
Hartree and b) Fock. Q, are sup- 1 he = he-o, hevo, —he-@i+0y  he@iron) —hE
small. On a)Q); = 60E — Q; —()y; on b)
Q3 = —(Qg + Q).
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We have to perform integration on (Q; + ();) and ; leaving only terms that
~ 1/]1Q]| for large Q.

e an example: a diagram with Gg,s switching (see above) with 3 interaction
lines:

1 hg — he—q, hevo, = hEv@+))  ME—@+,) — hE
Zi5E + DK2 —i(OF — 2031) + DIZ —i[0F — 2(0 + ()] + D2 —idE + DI

¢ In the Fock case the calculation of jth self energy @W depends on

the parity of j, however the result is j - independent.

The result is the same for Hartree and Fock diagrams (see renormCooperon.nb): a diagram must be multiplied by

[1 + %ln %] h just as if we had a renormalization of all the components of our (already RPA-renormalized) potential -
the suspected reason for the above-mentioned jargon.

The difference from [10] and from what VK has told is that in my case the upper cut-off is Q. = 1/7 (for bigger Q
the vertex and components of the interaction potential begin to depend on it) and not Fermi energy. BK: Bcé neso B ToM,
9TO Ha GOJIBIITHUX UMITYJIbCAaX MBI BEIXOIHUM 3a IpeneJibl TUG(Yy3HOHHOTO IPUOIHKEHHUS, IIOATOMY T IIOSBUTHCS HE MOXKET
B JIOO0OM cJIydae: BMecTO Hero umeeM Fermi energy. U masxke BO3MOKHO, YTO (Tak Kak 3TO BCE - YHCTO KyJIOHOBCKHE JIeJIa)
— TaM CTOMUT IIMKJIOTPOHHAS YacTOTa BMECTO (pepPMHEBCKOH SHEPIHUH.

Note also that our calculations are correct in case if

' @, E,D(k+ AP < (Q)min = T.

It means that A should not be very big. But we now that we have a periodicity in A so that we can always say that
AL < @p. So if we want our result to hold for all A, we can just say that the relation D(n/L)*> < T should hold. For

L =5um we get T 2 0.03K.

Note that there is another cause that diminishes the potential constant, see the end of Sec. 9.6.2.
10.4 Calculation of diagrams
From (13.10) and (13.15) follows the recipe of the calculation:

e Use the expressions for Green functions and for the current vertex as if A=0.

¢ In general non-equilibrium case [keeping in mind (1.5) and [20]]:

o L (TAE [ dp 5
fin=3 [ 5= | aaaiIGe b (10.9

In equilibrium case one uses (10.4) with

> dd 5
.0 == [ S5 (Gl )= GaGs . (10.10)

10.4.1 Hartree diagram

The current density is equal to

. (T dEdw , 1 e A 37 o 2mvT)? 1
j= I = Z(zev)ZziizhE_w;(—élnvDT )
4

Lo Q@22 (DKZ — iw)?

® dEdw , 1 Ay 1
LGy Dot i
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1+isi
where L, = s\gn“’

(for our quasilD case):

dk exp [iknL]k 2L dk sin [knL]
VZ k2 Z+127 VZGXP[Z"I” ] 2 K42 _?an[z ”fITo]on(kuLw)

n>0

A /%, and fr = (1 — hg)/2 is the energy distribution function. Now we introduce Poisson summation

where

f%sin[knL]k _ LynL N [_@
e+ Lpr 4 CPITLl

. dEdw L,nL nL
j= foo @n) —— fe8nvevhp_,— SZsm[2nnao 4 [_L_m]

Zsm[Znn ]4neAnL f f f dw " 1+1i Dexp[ nLl—i a)]+
- — E — A he—o——=1[— -nL— /=
DS 0 v Vo v \D

n>0

+h 1_lﬂgex —nL—1+i @
E+w\/§ w p \/z D .

9&{...}=\/E [ ’z/L_ (e a,+hg+a,)[cos(\/_ ‘”) sin(% %)]:

/ 1
(hE w + hE+a)) % + S) eXp [—nL% _:|

We have problems with f dE. To resolve them, we remember that Keldysh technique often produces diagrams that
should be completed by adding terms = 0 due to analytic properties.

In case of diagrams in fig. 10.1, we can change their coefficients from ihr_,Ur(0) and —ihg_,Ur(w)/2 to i(hg—, — 1)UR(0)
and i(1 — hg_,)Ur(w)/2. This will secure convergence of f dE. As a consequence, in our expressions f dEfr (hg—w + NE+w)
gets substituted with

: f AE[(L = hehe_o) + (1 = highgsa) + (1o + hesw — 20E)] = 4T,

I=jS=—Zsm[2nn— 8€Aan da)~ \/ (‘R+5)exp[—nL1—J_l\/7], (10.11)

n>0

For similarity with the paper [95] one can perform variable change v -z =1L \/% :
. ®18eAn 7 - ,
I=jS= Z sin [2717150] - j(; dzT, (R + J)exp [-nz(1 +1)], (10.12)

n>0

When one sees (10.12) - like integral, he/she probably immediately says that it does not decay exponentially with
temperature. This would be true if T, would not approach constant = T when w — 0. The reason is that
fooo dz (R + J)exp[-nz(1 +i)] =0, so that only the vicinity of z = 1 gives contribution to the integral.

Let T be the smallest scale of function /. In equilibrium T is the temperature. Then 6 = T/E7 is the scale of function
T.. When 6 is large, we can approximate T, with its expansion over z/5 hoping to obtain the AE for the integral. These
attempts fail because ¥n,m € N fow dzz¥ (R + J)exp [-nz(1 +i)] = 0. We conclude that the temperature-dependence of
the AE-current is non-analytic. As it was numerically shown in [95] for the equilibrium case, it is very similar to
exponential with the characteristic scale given by the Thouless energy.

Let us use model distribution function i = % [tanh EXV2 | tanh E_z‘;/ 2] to study properties of thermodynamic current
out of equilibrium. When T — 0, the effective temperature is given by (9.40), and thermodynamic current remains finite
no matter how much we increase T. This is the illustration of the fact that it is the smallest scale of the distribution
function that governs the decay of the thermodynamic current.
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Non-equilibrium: off-diagonal current terms

Take a look on: arxiv/0704.1704.
B ciygae paccMaTpHBaeMOro ABYXCTYIIEHUATOI'0 pacIpelleJIeHHs, TOYHO JIH He U3MEHSITCSI BhIpaskeHHs I Grja? In

this section we study essentially non-equilibrium part of the current ]'7’. See also [91, 88]. This is the simpliest case of
a non-equilibrium steady state, since the (quasiclassical) distribution function f = (1 — h)/2 is spatially homogeneous.
Does this automatically implies that f is isotropic in the momentum space? I think not, otherwise the current would be
zero. On the other hand, in our calculation we ignore the momentum-anisotropy of f (see a nice picture on p. [48]347).
How can we then be sure that we get the correct result? We know that the final result must homogeneous due to the
current conservation. And we get a homogeneous result. Someone might argue that we have missed an additional
contribution comming from the momentum-anisotropy of f. But as it is argued in [98] and in sec. ??, this additional
contribution disappears, after we integrate the result over the volume of the sample. The latter we are allowed to do
because of the current conservation. So, I think the result of this section is correct, as well as [91, 88].

11.1 Calculating diagrams from singlet and triplet channels

Another example of extraction of singlet and triplet channel out of the general Coulomb interaction: arxiv/0801.2139.
31ech MBI UCII0JIb30BAJIH (POPMYJIBI IUIsT THQ(Y30HA, HOJyUYEeHHbIE ¢ YUETOM IEPBOro 4jeHa pasinoxeHHs. The principal
differences from the above-considered Ambegaokar-Eckern diagrams are:

¢ In Ambegaokar-Eckern diagrams, large values of momentum were important; this guaranteed their significance.

e Ambegaokar-Eckern diagrams essentially do not have zero-frequency cooperon. The consequences of this formal
difference are discussed later on.

Hnest BK: BeJlHUHHBI, BBIYHCJIEHHBIE C YIIéTOM 3aBHCHMOCTH VE, MOJKHO IIOJIy9YHTDb 3aMeHOH 7, D U T. II. Ha TE, DE. Taxum
06pa30M, HaM HE€ HYXKHO IIPEAIIOJIOKEHHUE O MAaJIOCTH X.

11.1.1 Singlet channel

Hama ucxonHas nyarpaMMa Ha puc. 11.1 Ha IepBBIF B3IJISL KaKeTCs THarpaMMpH HYJIEBOr O IIOPSIKa 110 B3aUMOIEH-
CTBHIO, T. K. B3aWMOIEHCTBHE TaM — Ha MaJIbIX UMIIyJbCaX, TO €CTb OHO — 9KPaHHPOBAaHHOE U OT (MaJIoH¥) KOHCTAHTHI
B3aUMOJEHCTBUS HE 3aBUCHUT. Ho Korga Mbl CMOTPHM Ha KO3((UIIMEHT IIPU 3TOH UarpaMmMe, BUAHWM, YTO HA CaAaMOM
nesie ipa Ugr = Ux ¥ Uk = 0 OH paBeH HyJII0. OTH paBEHCTBA HAPYIIAIOTCS JIMIIbL HAYHHAs CO BTOPOIO IIOPSAKa, H IIOTOMY
Hapsily C 3TOH Hallled IIEPBOHAYAJIbHOH IHArpaMMOM MBI JOJIKHBI PACCMOTPETH BCE BO3MOJKHBIE NHArpaMMbl BIUIOTb O
BTOPOTrO IIOPSIKa II0 B3AUMOLEHCTBHIO BKIIOUHTEIIBHO.

@A YTO MeIllaeT OLeTh BTOPOH KOHEIl BEPIIHHBI B3aUMOIEUCTBHEM BMecTe ¢ nquddy3onom? —Hwuuero! Ilosyuy au
sl Torma pesyJbTatr, GoJbInHE, yeM Ha puc. 11.1? KommeHtapuii BK: RU He MOXET HEPEKJTIOUHUTH THII TPHHOBCKOM
Qyurnuu, a JU mjis Hac IJIOX, TaK KAK OH HAM HCIOPTUT MHHMYIO 4YacTh. [la B BOOGIE — pacCMaTpPHBATh TaKHe
IHarpaMMbl — 3HAUUT HATH II0 HOpOYHOMYy IIyTH AMGeraokapa U OkepHa. The singlet channel is represented by the
diagram in fig. 11.1 with a coefficient

K = 5100 = i) U(@) = 1= she-0) [Un(@) = Un @) (L)


http://arxiv.org/abs/0704.1704
http://arxiv.org/abs/0801.2139
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Figure 11.1: A non-equilibrium diagram (singlet channel) for the v %(—25 E )
current with a coefficient given by (11.1). Hikami box= 4mivDt4j/I.

Figure 11.2: The frequency integral in the
complex plane.

Note that K changes sign when subjected to the transformation: E — E + w and then w — —w; this is also confirmed by
(11.4) and (11.5). Our general statement is that only off-diagonal elements of the current operator j_)give contribution
to the answer.! This means that if we substitute ]ﬁwith any diagonal operator, we should get zero result. We are able

to prove this in case of ]7—> 1. After this substitution, let us use Lehmann representation for Gg/a on the ends of
our diagram (before the averaging). One can see that f dyGr(x, ¥)Ga(y, z) « Gr(x,z) — Ga(x,z). Together with the Green
function from the Fock self energy (remember that before the averaging we have two diagrams with that Green function
is Gr or Ga) it constitutes the expression, which is invariant to the exchange E < E — w. However, the coefficient K (see
above) changes sign, so that the result should be zero.

If (9.5) holded for the components of the potential, the coefficient of the diagram on fig. 11.1 would reduce to
K = 38(E, w) [Ur(w) — Ua(w)] with

g(E, @) = 2T(w) —( - hghp_y) — 4

T

© dE
7 8E ) =0, (11.2)

TEL _

hE - hE—a)
) 2 4

[Jz:E 1—1@]

Vo g(E, -w)=gE+w,w), f

0o

with T(w) defined in (9.38). However, it results that this is not the case [i.e. (9.5) does not hold]. To evaluate (11.1) we
use the relations

Ur/a = , Ux= (11.3)

An important issue is that we can substitute (11.3) to (11.1) with the denominator evaluated without taking into account
ve - dependence, and thus calculated using simple expressions (9.41). This is due to the fact (see the calculations below)
that nrma (see (9.35)) are E and E’ - independent, so that we can rearrange our energy integrals in the manner

f do— f dEAE'R,(E,E). ..
TIRTTA

If one neglects vr - dependence under f dEdE’, R,(E,E’) will rest the only quantity depending on E and E’; then from

(11.6) and (11.2) we see that f dEdE’'R,(E,E’) = 0. So we deduce that the correction to nig7ta in the denominator of (11.3),
due to the dependence of v # const, lies out of the considered precision. With this argument, using (9.35) and (9.41),

In this sence, the non-equilibrium first-moment of the current is similar to the equilibrium second-moment, where also off-diagonal elements

of the current operator participate, see sec. ??. Note 17.01.2008: See sec. 8.1: I can not give a reliable definition for the off-diagonal MEs of the
current operator in coordinate representation (FQ); the situation in the particle-number representation is better, see (8.1),8.2.
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we get:
1 * (Dog?)* +
= — dE'R,(E,E’ —, 11.4
2v9Doq? f:oo ( )(DE' 7*)?* + w? ( )
Ro(E,E’) = (hg = hg_o)(1 = hp'hp—) = (her — hpr—o)(1 = hehe—y), (11.5)
, , df 8(E, w) w)
R,(E,E') = —=R,(E’,E), R,(E)= | dE'R,(E,E’) = e (11.6)
The function R, (E,E’) from (11.5) is the same as in the kinetic equation [21], where it plays a role of a driving force

guiding system to equilibrium - the same what is done in Liuville equation by off-diagonal elements of the density
matrix. This is another way to conclude that the contribution we study is given exclusively by off-diagonal elements
of both density matrix and current operator. Note that the symmetry group of R,(E, E’) is given by 2 generators: (a)
R,(E, E’) is invariant under transformation w —» —w, E - E' —w, E’ = E — w; (b) it changes sign with E’ & E. For singlet
channel any of them leads to zero result in case of constant v; for other diagrams (see fig. 11.3 and 11.4) only (a)
proves this statement. The second symmetry (b) leads to f dEdE’'R,(E,E’) = 0, providing energy conservation (that is,

f dE -he = 0) in the Kinetic equation [21].
Usmg (1.16) and (13.36) we obtain the vertex?:

(_12 )(4nszDETEq/ZE) (2mvoTo) [anVETE] ieDgq, (11.7)

1
(nvett)?

OH IO03peBalo, YTo B cTaThe [91] s mpoBEJ pacyéThl, ITONCTABIISIS (—iev) BMECTO ( “’”) B (11.7), noTepsiB TaKUM 06pa3oM
IIBOHFIKY.
Note that for conjugated diagram K will change sign, while the vertex (11.7) will be the same, so that my “conjugation”
in this case has usual (complex-variable) sense. U otciona cpaay cienyeT, uTo (11.8) ecTp neHACTBUTEJIbHAS BeJIUYHHA.
Using (9.30), (9.34) and (13.1), we deduce that the contribution to the current from the diagram from fig. 11.1 is
equal to

®dEdw ievly 1 i (Dog,)* + @?
S foo E% 2vodDy X — f dE’ Rw(E E’ )—(DE,q{)2 " wzx
EZd\ 1l
1
— - = + c.c. (11.8)
DEq V Z DEk2 i Dp(ks + 7z)2

*‘1’0

We proceed making calculations for quasi one-dimensional case®, i.e. for the thin ring. Use (13.15), notice that from
both exponents exp[i...] that appear only their imaginary part isin[...] survives

j=-Y sin [m%]ﬂs L& Dr/ i) = Loy = L, (11.9)

n>1

© 4F ] 1 — ¢~"L/Lw D %1 2 4 ?
I;S):—f c21_ EZIE) f f dE'R(E, E') - ZSZZ - 3 ( 0‘72)2 wz' (11.10)
o 27 vodDo i~ (Dqun - ia)) (Deqp)* + @

N
Note that ), diwrges.@@?4 VK: this is due to the failure of the loop expansion in case of small ® (small ® correspond to
large n). In fact, the expansion parameter is® —2—. If v = 0 and A is small, we thus have problems. In case of A — 0
one should use non-perturbative methods of calculation.

2Note that in (11.7) one can substitute vty — vgTE, see (1.22).

SNote that the physical dimension is 2 or 3, so one should use 2D or 3D values for physical quantities, like v; and Dg. Thus the part “quasi” of
the word “quasionedimensionality” means that I perform integrations over “small” momenta (that is, momenta of CD lines and of some interaction
lines) as 1D, while I still have to integrate over other momenta (basically, over the “main” momentum of bubbles triangles and Hikami boxes, mostly
denoted as p) in 2D or 3D. Another subtle issue here is that in principle for a ring made on a 2D nanostructure (that is, for a strip), BC in the
transverse direction are not periodic. This leads to the absence of mode with g, = 0. This is a subtle question, which is discussed in: D. L. Maslov,
D. Loss and D. P. Vincenzo, “Conductance fluctuations in the metallic phase of the quantum Hall effect”, proceedings of the 22nd int. conference
on The Physics of Semiconductors, vol. 2, Vancouver, Canada, August 15-19, 1994. I can’t think about this now, I will use quasi-one dimensional
model with g, = 0, since cool mesoscopic guys like VK do it. I will think about it later.

4Yero-To 10 MPOUCIIECTBHH 4 JIET H3-3a 3TOH PACXOMHMOCTH IIOSIBUJIUCH Y MEHSI GOJIbIIIHE COMHEHHSI B TIpaBHIbHOCTH (11.10) 1 o6bsicHenHs BK.

SYTOYHUTH Pa3MepHOCTh U KaK 3TO COOTHOCHUTC ¢ (3.37).
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Consider the contribution of small w < Er < T to f dw.

IR, (E E')

R,(E,E') za)( e

). (11.11)
w=0

As one can see from (11.12), the expansion of R in (11.11) in /T implies the expansion of the final result in E/T.

o0 _ 2 4 2 2 2 _nLig| | £
sf do 1-e™M Dig'+e®  Dg-Dp  1-¢ "N (11.12)

aw . = X
w 270 (DEqu - ia))3 DZ.q*+@* (D +Dp)’ 2q?

In (11.12) we get zero in case of Dy = Dr/; this means that in (11.10) we can neglect E-dependence of all the coefficients
to the left from f_ o:o %, because it will result in higher order corrections in 6ve/ve; the same is true for the contribution

of w > Er: it leads to corrections® of the order of VEr/T.

Let us define ‘ . (2 |
B —exp[-2nmmn B
o= ; — , n1>0, Cu=1 (11.13)
) _ e “ dEdJE’ 8Rw(E, EI) O6Dg _
I, =C, 4_8g T B . _Do , g§=vDS/L. (11.14)

XoTeJl BKJIIOUHTH CIOAA YK€ IIPOIEJIaHHBIE PACYE€Thl Ul OBYXCTYIIEHUATOrO TEMIIEPATYPHOI'O PACIPENEJIEHHS, CM.
q9p41l.nb, na Heab3s: Benb BblpaxkeHHs 11 CD smaME 1 Hikami box cipaBelyIMBEL JIHIIL IIPH YCJIOBHH, 4TO w ~ Et <« T,
TO €CTh MBI HE MOJKEM YCTPEMJISITh TEMIEPATYPY K HYJIIO.

B BBIUHCJIEHHSIX MOKHO IIPOIBUHYTHCS AaJjbiie (11.14), moacTaBuB

IR, (E,E') ) )
e =(1—h§,)hE—(...E<—>E )
IR(SE, w) R
- 7 =|1- ol o —0(.. -w...),
5. ( hej)hﬁi (w——w..)
H IIOCUHUTAaB OOHUH HU3 GHCPI‘CTI/I‘-ICCKI/IX I/IHTeI‘paJIOBZ
) T1,7 2 00
© _ _ ¢ [TdEODg [Thy 1-hg| e dE 1=, _
L =~Cige LO 3% Dy | 2 el Rl Bl [T+ fe - fo)]., (11.15)

where fr = (1 — hg)/2 is the energy distribution function. The term fz(1 — fz) can be considered as virtual process: a
simultaneous birth of a particle and a hole at the same energy level. It is a limit of the composition of generation and
recombination processes = %[ fE(l = fe—0) + fE—w(1 = fE)l, 0w — 0

Emié ecTh cobyia3H IepernucaTh BEIYHUCIEHHS B 9TOH CEKITHH B TeX JK€ SHEPreTHYECKHX IIEPEMEHHBIX, UTO H B CJIENYIO-
meti. He yBepeH, 4TO 3TO MOKHO CHEJIATh; ITOKA IIPHUBOJKY JIUIITh aHAJIOTHH MEXIY ITIEPEMEHHBIMH B 3THX OBYX CEKITHSIX:
we OE,E oe—w/2, Eoe+w/2.

11.1.2 Bompocsi oT JIocca

e Yro OymeT, ecaH MBI 3aMEHHM IIOJIIPHOCTDb HAIIPSIKEHHS Ha Iojiocke? HameHHT s Tok 3Hak? Jlocc: “Ila, Bpoxe
KaK U3MEHHUT.”

e 3axOIHT JIM TOK HU3 IIOJIOCKH B KOJIbII0? OH - paBHOBECHBIH HJIM HEPAaBHOBECHBIH?

e Mos 2J1eKTPOHHO-IbIpoyHas HHTepnperanuda [IOHPABHJIACD.

6CM. nmepBuuHYyIO BepcHio Hamted cTaThd U [91].
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11.1.3 Singlet channel in case of a short-range interaction

The short range interaction has no effect if one does not take spin into account. One could see it in section 10.2, and
we must be sure that this happens also out of equilibrium. The expression for the triplet channel would be the same,
as in the case of Coulomb interaction, see sec. 11.1.4. The result for the singlet channel will be different:

af A A2
U@ =1 Ulg) = 5,
Vo
A2t X X A2 Dog?
K=—— E'R,(E,E)|—— + —— E'R,(E,E)————.
Iy ) GERa )[1—X+1—X*] 2vofd o B B
Note that (in contrast to (11.4), also for D = Dy K has a pole at w = iDE,qz. Using (11.7), we write the expression for the
current: 1 dEdE’d 1 1 1 1
= w
I=5— ———— 2RieDrf- K- —— ,
1% Zq‘ f (2m)2 B Deg? —iw V ; Di(k+q)? k> + L;?
D 1—exp[-nL/Ly,]
v Z sin [27111 q)o]q Ded? —iwf (11.16)
so that

D dEAE’ A2
I= _Z sin [27‘(71?]1,(15), ©=_ f - 4e3—
-0 0

n>0

1 dw . DoDeq* 1-exp[-nL/L,]
xvgsfznka,(a}s) : .

(Deg?)? +?*  (Dpg* - iw)?
. f _(aR JEE)

— — [_EE’ |
) DODE 1 exp [ 2nmn D:
w=0

(DEI + DE)3 2(2nm/L)2 ’
Expanding 5515w and anti-symmetrizing it by w, we get — 5’1176‘8(3?' instead.
2 ’ ¢ D?D Th’ 1 — h?
©__e dedE IRy (E, E) De e dE . 4l 1L17)
12g 21 ow =0 (DE + DE/)3 6gVo 2 4

11.1.4 Aleiner’s diagrams

In section 11.1.1 at first glance it seems that all the diagrams beginning from the first order of the interaction were
studied (the interaction line in fig. 11.1 means complete RPA series). However, because the coefficient for the diagram
in fig. 11.1 approaches zero for the unscreened Coulomb interaction (for which Ugr = U and Uk = 0), really that series of
diagrams start from the second order of the interaction. That is why one has to search for important dressed diagrams
not only in the first but also in the second order of perturbation. This is the essence of Aleiner’s objection, see fig. 11.3.

Without taking v(£) dependence into account all three (superconducting, triplet and mixed) channels give zero
result, and the reasoning follows:

e It is convenient to change variables from {E, E’, w} to {€,6E, w}, where 6E = E —E’ and ¢ = %

¢ In these new variables the coefficient R.(0E, w) (defined in (11.5)) is odd both in 6E and w:

R(OE, @) = (e oz = hepoize ) (1= ho_stsuh s ) = (OF > —OE), (11.18)

so that also the expression for the diagrams is to be antisymmetrized in 6E and w.

e In addition to that antisymmetrization, we must take 2J of the diagrams. For constant density of states v(E) = const
this is equivalent to
[(...)-(..w > —w,6E - —6E...)]. Together with antisymmetric properties of (11.18) this leads to conclusion that
ALL Aleiner’s diagrams = 0 in case of constant density of states. This statement is still true if diffusion coefficients
depend only on €.
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(a) Superconducting channel (a cooperon between 2 interactions). V.K.:*The superconducting

channel is a subject for the renormalization in Cooper channel, so that it is diminished by

4mivgDoTs > 3 . .
In? Ep/T.” Hikami boxes= il e [k(l —3xE) — xEq], triangulars= —2mivgto(tp — ix/2).

Iy

(b) Triplet channel (a diffuson between 2 interactions). Hikami boxes= 4nivDI4¢i’/l,
2

triangulars= -2mivt*.
Figure 11.3: Aleiner’s diagrams with large momentum transfer through the interaction. The coefficient is 4A—1%Rw(E, £,
see (11.5) and (9.36). For each diagram there is another complex conjugate one (if we assume that vertex is real - e.g.,
i (not f(ﬁ ))), which coefficient has the opposite sign. In both channels differences between neighbouring diagrams are
highlighted . B Beipaskenun nis Hikami box nosiBisieTcst 7 U3-3a MyHKTHPHBIX JIUHUH, cM. (1.10),1.4. B TpeyrosibHUKe
OyHKTHUPHBIX JUHUN OBITh HE MOXKET, a IOTOMY HET H 7.
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(b) Diffuson diagrams.

Figure 11.4: Aleiner’s “mixed” diagrams. The coefficient is %Ra,(E, E’), see (11.5) and (9.36).
0
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Figure 11.5: The first diagram from Fig. 11.3(b).

In our energy integrals, energy variables can be confined by two energy scales: Et ~ 10mK or T > Er. We will call
such energy variables correspondingly “small” and “large”. As for e, it is surely a large variable, because diffusons and
cooperons do not have poles on it. From this we conclude that the integration area where both 6E,w <« T give zero
contribution to the result (because in this case 0E,w < € ~ T so that D.,sg =~ Deyro = D).

Note that since at the moment we do not have reliable method for calculating Hikami boxes in the general case
when it is not true that |E — E’| < |E + E’|, we are able to calculate only triplet channel. Other diagrams can only be
estimated and fortunately they give minor contributions.

In the superconducting channel the main contribution origins from the zero frequency cooperon, and both frequen-
cies appear to be large. The contribution of the zone with one small frequency is small just because the measure of
this zone is small compared with that of the main contribution.

Mixed diagrams from fig. 11.4 are estimated to be (E1/T)® and superconducting ones - (Ey/T)?> smaller then those
from the triplet channel. In addition to this smallness the superconducting channel fig. 11.3(a) acquires additional one
due to the renormalization of the potential (see sec. 10.3).

The triplet channel is special because it has three CD lines with the same energy +0E.

The vertex:

(_ie_y) (4nmiveDet} /1) (—2mivets)(2mvoTo)?

> = —ZHiEVE_a,DElT.

(Z’RVET%)?) (znvE—mT%_w)

dEdE'dw /\2 1 1 1
V Zf (2 )3 2%( 2Ttieve._ (uDEq) DEq +i0E [DE wq + 161‘: ] V Z D2(k+q)2 K2 +L 2

where Lsg = +/Dg/(i0E). The sum %Zk, is given by (11.16) with @ changed to —6E, so that we can write our current in a
usual form (11.9) with

dedw dSE DoDgg* 1 —exp [-nL/Lse]
M _
I VZ f evo—5 Sf T ROE ) 5 o T hEy (11.19)

We close the integration path, avoiding crossing the branchcut (see fig. 11.2), and the result is given, as usually by the
poles in the region —7 < argidE < 7. Since exp [-27] < 0.002 we neglect the exponential term in (11.19):

bE:O),
0 _ eA*Dj] fdedw D IR(SE, )

! 68 2 2(Dg + De_)? JOE  |sp=o)

Then let us substitute E = € + 3 + % ~e+ % and E-w ~ € — %. This approximation is valid because the region

{OE, w|0E, w < Er < T} is negligibly small in our whole integrann space so that we can drop OE from the expressions for
E and E — w. Then we perform variable change: ¢ + 3 — E, e — § — E’. Expanding ) +D,)3 and antisymmetrizing it by w,

dD-6D’
2 Th., 1-HK2
- ]t
w=0

dSE _ DDk 12 7® (JR(SE, w)
2 2(De + Di_o)® (2n)? 6 dOE

we get — instead, so that

3
16D}

B 21 Dy dw

I(T) EAzdedEl% &Rm(E,EI)
" 48¢
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The second part of (11.20) has the same structure as singlet channel (11.14); however, it has different sign (see (11.10).
In case of short range potential (11.20) is cancelled by (11.17), and this is the manifestation of the fact that short range
interaction gives zero effect for fermions if one does not take spin into account.

11.2 Final result for the non-equilibrium current

j ==Y sin[2mn _‘go]l (11.21)

n>1

=19 +10 = (1- Az>6;7; f a, [fE(lT fo) | ?;E], (11.22)
0

where fr = (1 —hg)/2 is the energy distribution function.

The result (11.22) is valid for spinless electrons. In case when electrons have spin, A2 must be substituted with
3A2; see the presentation of my thesis [33]. The reason is that when we apply (13.37) to the ladder-like diagram of
the triplet channel, we get 4 terms. From these four three give each equal contribution o A%, and the last contributes
to the singlet channel. However, in the singlet channel it is small compared to the main contribution calculated in
sec. 11.1.1, where Coulomb interaction transfers small momentum. So taking into account spin does not change the
expression for the singlet channel, but triplicates the expression for the triplet channel.

Notice that in our case the role of vy dependence is not to break the electron-hole symmetry (like in case of ther-
moelectric/acoustic effects and Coulomb drag): also with an even vy dependence (11.22) gives non-zero result. Added
18.08.2005: We thought about two possible sources of vr: ZBA (which we did not like) and Kondo effect. However, I
think that what we need is actually 7z dependence, which exists anyway according to p. [48]439. So may be we don't
need Kondo?

If someone (nor myself nor VK) just sets interaction to zero in (11.22), he does not get zero. But on the other
hand, if he looks to the beginning of the calculation, he notices that all my diagrams on fig. 11.1 and fig. 11.3 contain
interaction lines, and thus are inexistent in case when there is no interaction! Thus the current is a non-analytical
function of the interaction strength. This point is already very interesting. It questions the results which are obtained
for the disordered systems, without taking interaction into account. In particular, see sec. ??.

Herebeneath follows my interpretation based on my understanding of [38] and hardly criticised by V.K.:

The result (11.22) for j” can be interpreted as follows: On time scales greater than the synchronization time t; = ro/vp
(where r; is the screening radius of the interaction) the considered non-equilibrium system can be described using
quasi-equilibrium momentum distribution function f;.

Among all the possible excitation processes that govern the evolution of f; in the thermodynamic limit the main
ones are virtual transitions of particles between the same values of momentum - the so-called diagonal singularity
property. One can see that these processes are described by the first term in the right part of (11.22): f_ O:O dEvefe(1—-f) =

‘l, Zﬁ fﬁ(l — fﬁ). The second term is (for weak vg - dependence) almost independent of fr; it compensates the first one in
equilibrium. While in equilibrium the two terms in the square brackets of (11.22) cancel each other for any fixed energy
E, in a steady state with a constant density of states we would have this cancellation after integrating over energy. In
other words, in case of constant density of states j” = 0, so that we have to take into account the effect of its energy
dependence.

Bospaxenus BK:

1. HeJsb3st rOBOPHUTH, YTO B HAIIEX CHCTEME CHaYalla PeJIaKCHpPyeT HMIIyJIbC, a 3aTEM — dHEPrysi, H60 CHCTeMA y HaM
— HEOJHOPOAHAs, TaK UTO B HEH HapyIlIE€HBbl BCE BO3MOKHBIE CHMMETPHH, 32 HCKJIIOYEHHEM OOpallleHHsI BDEMEHH —
CHMMETPHH, KOTOpas B HallleM cJydae TO3Ke HapyllleHa NPHJIOKEHHEM MarHUTHOTO II0JIs.

2. PeaJslbHO IHaroHaJbHOH CHHIYJIIPDHOCTH B KBAaHTOBOM cJydae HeT (omHOKa B [38]): IpH nepexone K TepMOIHHA-
MHYECKOMy HpeJiesly OCTAIOTCsl He TOJbKO JHATOHAJbHbIE 2JIEMEHThI H2, HO M Hall- ¥ IOIIHArOHAIbHbIE 3JIEMEHTBI
(T.K. TakHe, y KOTOPBIX OfHA M3 YACTHI] IEPEXOAUT B APYTrO€ COCTOSIHHE — S Y3K€ HETOYHO 3TO IIOMHIO).


http://theorie5.physik.unibas.ch/shalaev/public.html/pThesisX.pdf
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11.3 Possible realization

Hpo SIMYy B IIIOTHOCTH COCTOSIHHH H3-3a B3AHMOIEHCTBHS — CM. cond-mat /0310448, 9810191.
Kax noxkasauia IlIBeAniapysi, HapoJ MOKET HadaTh LENIAThCS 3a 3Ty KapTHHKY. Halo 5To [€JI0 paCIIUupHTD H YyTJIyOHUTD.

Consider a metallic strip with negligibly small interaction be-
tween the electrons placed between two electrodes under some
voltage, as it is shown in fig. a). This system is in a steady non-
equilibrium state with a diagonal density matrix, and it’s en-

ergy distribution is shown in fig. b) [99]. Attached to a meso-
® @ )

hp

scopic ring, it can be considered as a “non-equilibrium reser-
voir” that exports its diagonal density matrix into the ring,
where the interaction produces off-diagonal MEs. We assume
g that there is no electric field in the ring; this corresponds to

U = 0 in the kinetic equation ([21]2.80), from where we con-
clude that the distribution function is momentum-isotropic. If there were no energy relaxation processes, the momen-
tum symmetric part of the DF inside the ring has to be the same, as in the middle of the strip. This uniquely defines
DF, as the momentume-isotropic part of (3.47). In reality we have interaction in the ring, but we assume that it will not
change our energy distribution drastically. (though, e.g., interaction will make DF inhomogeneous)

In reality we calculate the current that would arise in a hypothetical situation, when at some moment we switch on
interaction in the ring. Whether it is switched also in the rest of the system or not — not so important: the interaction
in the strip would slightly reshape its non-equilibrium energy distribution function, leaving it inhomogeneous as
before. Once the interaction being switched on in the ring, homogeneous energy distribution in it is no more stable:
everywhere in the strip the effective temperature T decreases, and further we are from the contact (and, the weaker
the contact with the strip is), the stronger is its decrease. The contact with the strip should not be too strong in order
not to increase 7, in the ring. This sort of a relaxation finishes with a non-homogeneous non-equilibrium steady state
that we (for simplicity) describe as homogeneous.

11.4 To be finished

 yBEpeH, 4TO IPH IIOCTOSSTHHOH IIJIOTHOCTH COCTOSIHHH 3aHYJIFIOTCSI BCE JUHArpam-
MBI, KpoMme puc. ??i. [lociie mepexona K HOBBIM SHEPTreTHUYECKHM IIEPEMEHHBIM

2¢=2E-w-a&', E=€e+w/2+a'/2, E-w=€e-w/2+&']2, E-&' =€e+w/2-w'/2

KO3(PPHUIIUEHT JHArpaMMbl Ha pyc. 11.6 3anuineTcs B BUOE

1.
(o w w w
- ZUA {(he+%—“" - hs—%’—%) [(UR - UA) (1 - he+%+%he—%+%> uK (he+%+% - he—%+¢)] -

2

u(f{) [(he+%—% - he— ”—¢> (1 - he+%+%he—%+“’—'> - he+%—“’/ - he—%—%) (1 - he+9+

— to be coxrectéd

Figure 11.6: One of diagrams from .
ﬁgg, 29i. & 11.5 Estimates

We have chosen Kondo effect” to be the source of 7 dependence. There are other
sources, see sec. 11.2. D ~ vpl. B mumHy cBo6omHOro mpo6era maioT BKJIAx 2
MexXaHH3Ma paccesiHUsI: 00bIYHbIN 1/]) = noy ¥ KoHOOBCKUH 6(1/]) = nK/\%:

1 2
7 = nop + TIK/\F, ng <K np.
df. . i
Bceernma oy < Ap="unitary limit”. KoHnoBckasi IpuMech JOCTUraeT MaKCHMaJIbHOTO
CEUYEHHSI paCCESIHUS /\12: npu T = Tk.
oD ol ng I

=~ 27— X~
D l nK/\Fl no /\p,

“See, e.g., YOH 17825 (2008).


http://arxiv.org/abs/cond-mat/0310448
http://arxiv.org/abs/cond-mat/9810191
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a)
b e
\/ e

Figure 11.8: Temperature dependence of

E
j"and j”.

Figure 11.7: Simplified fr and v depen-
dences. The width of vr peaks is ~ Tk.

nn

\

et

Figure 11.9: H3BeCTHBIA pe3yJIbTaT AJISI ME30CKOIIHYECKHX (DIIYKTYAllHH INIOTHOCTH COCTOSIHHH.

rme ny = A — KOHIIEHTPAIHs SJEKTPOHOB ~ KOHIIEHTPAIHS Y3JIOB DPEIIETKH.
1V ~ 10*K, gacrora: 1K ~ 10"'s7!, Tunuunas BemumHa persistent current~ 0.1nA;
THUIIHYHOE 3HaueHue V ~ 10K, L ~ 10um, Er ~ 10mK, I ~ 100Af

e

vk

h) D"’
ITomyyaeTcs, 4To njst Toro, 4Tobsl umMeThb [ ~ 0.1nA, Hamo ng/ng ~ 1078 = 1000ppm. Bouarpmre, yvem 1000ppm, BCO6GAYHUTH
TPyIZHO. ECJIM cienHaJibHO HE YHCTHTD MaTepHaJl, OOBIYHO KOHIIEHTPAaIHs IpuMecer nopsaaka 30 — 50ppm.
PaBHOBecHBINT persistent current (Ambegaokar-Eckern) npu T = 0 1mo Max-
cumymy paét ~ 0.lnA (6e3 ydéra peHOpMalIH3allMHd B KYyIIEPOBCKOM KaHaJe~
In™! (L) ~ 12). Ham HepaBHOBECHBIM TOK CPAaBHHBAETCSI C PpABHOBECHBIM IIPH

max(T,Er)
KOHIIEHTpaIluH npumecer~ 100ppm.

11.5.1 OueHKa O Me 30 CKonuue ckoro 3 dpd exra.

3aBHCHMOCTb Vg €CThb M Tak, 2@deKkT KoHnmno He HyxeH. Heycpennénnasa 3a-
BHCHMOCTb Vg CHJIBHO OCLHHJUIMPYET; IIMPHHA IIMKOB — Iopdnka Er, HX BbICcOTa
ov/v ~ 1/g. OneHHuBaeM HHTErpal f dE ~ V. U3 puc. 11.9 cienyeT, 4TO B OII€HKE

TOKA JUJISI ME30CKOIIHYecKoro agdexra BMecto 6D/D Gynet crosite +/VEr/g? (31O
caenyeT U3 (( fv dESvE/v))? = f dEdE’6vEdvy /v?). To €CTh OTHOIIIEHHE CPETHETO TOKA

K MeSOCKOHI/IquKOMy €CTb
I 1%
g(”—K)— = ~ 103K
no) Ap N Er 1o
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To ecTb ecau npuMecer 6oblne, yeM 10ppm, TO cpegHee CTAHOBHTCS 6oJblle
duykTyanus. IIpenen o4uCcTKH ~ 1 — 2ppm.

11.5.2 Dephasing in the ring

See also: arXiv/0612118, PRBv77125312 (antilocalization + 7,). The dephasing
time is given by the equation [28]:

1 T fT dw
= = - (11.23)
To  SvVD Jo w3/?

The integral in (11.23) diverges when w — 0, so that a cut-off has to be introduced.
While for the case of a strip the cut-off is 1/7,, in case of a ring it must be Er, due
to the (unpublished in 2003) argument of A. D. Mirlin. Thus for a ring we have:

1 T _z _vDS

T, SvVDE: § £

In the diffusion regime L, = /D1y, so that

L__1r _ /T
L‘P ETT(p gET

Cwm. takxe §[9]11.4; npu T = 100mK 1/7, ~ 107Y%s71; 1/7, ~ T?/?. B HepaBHOBeCHOM cJlydae BMeCTO T CJIEAYET IOACTABIISITh

T~ V. 11, ~ 10°(

2/3 <
) P 10057 L, ~ y/Dty: D ~ 100, I ~ 100A, v ~ 10%cm, Tak uro npu T = 10K L, ~ luym, 4ro

em€ IPHEMJIEMO, TO €CTh HET OIIACHOCTH, UTO €CJIH I CJIHIIKOM YBEJHYY HAIIPSIJKEHHE, TO H3-3a MAJIOCTH L, BCE yMpPET.
Hazo IoMHUTB, YTO BCE 3TH OLIEHKH CIIPaBENJIUBLI JIUIIb 11 V < Tx. IIpu T > 1K npoceinaioTcs (pOHOHBI U 3aBUCHMOCTbD
T, CTAaHOBUTCS mpyrou. ¢ ~ 400, ¢Er ~ 6K — ouenb mMHOrO. Ilpr V > Tk 3aBUCHMOCTH Vg — CJIHMIIKOM pa3MbITa, TaK YTO
pabouas 30Ha ecTb V < Tx. Other literature about dephasing: cond-mat/9712160. Experiment: 0803.0568.

11.6 Cooper channel

It has 4 diagrams: a pair from each of diagrams number 9 and 10. Diagrams

: tri = — 1 50ve | 10Ver
number 10: triangle = —2mvoToi(1 + 3 il s ).


http://arxiv.org/abs/0612118
http://arxiv.org/abs/cond-mat/9712160
http://arxiv.org/abs/0803.0568
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Chapter 12

A program for generating and manipulating
diagrams

For the spinfull case with SOI but without interaction, the program is rewritten in maxima and strongly improved;
now it is really a powerful calculation tool [20]. During my Ph.D. thesis I wrote a program in Mathematica for generating
and manipulating diagrams. It is a part of the thesis and can be downloaded from my home page. Several years later
(in spring 2007) I rewrote the program in maxima. Now it not only generates diagrams, but calculates them as well.!
General statements:

1.

The number of loops in a diagram equals to the number of CD lines minus the number of vertices (like bubbles
or Hikami boxes) plus the number of disconnected components of a diagram. The latter is usually one unless we
consider correlators or another stuff like that. One can say that every CD line contributes to a smallness, while
every vertex leads to a largeness.

The fact that CD line carry small momentum k <« 1/I is important from two points of view. First, it means, that
if we have 2 diagrams with the same number of loops, the largest is the one having more CD lines. Second, if
k ~ 1/1, then a Hikami box, from which such a CD line comes out, splits into 2 bubbles. Thus it becomes large,
but this is compensated by the fact that CD-line, is small ~ 1/(ppl), when it transferes large momentum k ~ pg.
I need to think more about this. For the moment I am not completely sure, that diagrams with 2 CD-loops are
always smaller than the ones with only one CD-loop.

. An addition of an extra cooperon or diffuson can not decrease the number of loops.

. (see X, 21-24) Suppose we added N cooperon and/or diffuson lines (= CD - lines) to some initial diagram in all

the possible ways, and we realize that all the (produced in this way) diagrams have “tails” (see fig. 12.1(a)). This
means that no matter how many CD - lines we will add more and in what way we do it - any resulting diagram will
be with “tails” except for the the only special (not always possible; see fig. 12.1(b)) way of inserting CD - lines. This

way permits obtaining a no - “tail” diagram, which however will have two extra loops. YTBepﬁcneHHe IIPOBEPEHO
It T PY30HOB, PA3bSICHUTD CJIy4YaHd KYIEepPOHOB, a TaKKe CMEIIaHHBbIA CJIyJaH.

Suppose the initial diagram has two disconnected components?. Connecting them with a CD - line results in an
addition of exactly one loop to the entire diagram.

. Suppose we have a connected diagram with a tail. This tail can be eliminated by a subsequent addition of a CD -

line; such elimination results in incrementing of the loops number exactly by 1.

Using the program, I perform the following steps (on the example of the SOI-dependent corrections to the charge
conductivity from sec. 8):

1.

From the original, unaveraged, diagram (bubble), by a subsequent addition of cooperons and diffusons in all
possible ways, I produce all different diagrams with the required number of loops.

1Some functions from the old program are absent in the new one, in particular, the code for handling cumulants.
2The statement is obviously generalized to N disconnected components.
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not yet drawn

(a) A tail. (b) Special way of inserting
diffusons.

Figure 12.1: The calculated diagrams for the current.

2. We realize that some diagrams may have common parts. [E.g., for convenience I suppose that a cooperon sequence
starts with one IAL. This first term is the same for both cooperon and diffuson series, and should not be taken
into account more than once.] In this way I get an additional list of the diagrams which should be subtracted.from
the main contribution.

3. The next step is to connect GFs of the same type with IALs inside HBs in the way, that the principal contribution
of all resulting diagrams does not gain additional smallness of the order of (pgl)~!. (Such smallness could occur,
e.g., due to the crossing of IALs.)

12.1 Calculation of cumulants

e generalized for the calculation of any quantities which are represented by disconnected diagrams before the end
of the averaging procedure.

¢ the introduction of the group of specific symmetries greatly decreases the number of analyzed expressions. (see
3sigmaSDC1 and 3sigmaDDC2).

¢ Inserting firstly the internal CD lines (i.e. those in the same disconnected components), I enormously shorten the
amount of programs work, because during this first step I can leave only the diagrams with the number of loops
<maximal number of loops minus number of disconnected components+1.

The calculation of the 3rd central conductivity moment in the second loop thus proceed in the following way:

1. The first step: filling the diagram with internal CD - lines so that the the number of loops would not be more that
2-2=0. (because we know that it is impossible to obtain a connected diagram without adding another two loops)

2. The second step. The minimum number of external CD - lines necessary to obtain a connected diagram is two.
So I add 2 external CD - lines in all the possible ways and then drop all the disconnected diagrams. It is not
necessary to calculate the number of loops during this step.

3. The last step: adding external CD - lines in all the possible ways until it is possible to obtain a diagram with the
number of loops < the maximal one (which is 2).

Other ways to reduce the computation time:

e One can make the work of Union sufficiently faster by applying it to the diagrams divided in several classes, so
that the diagrams from different classes are surely different. Possible characteristics of a class: number of Green
functions, CD - lines, loops, Hikami boxes.

The time for generating the 2nd loop diagrams for the 3rd conductivity moment without interaction is 4 hours on
Pentium 4 1900 MHz.

@HOG&BI/ITB ClIoga Jora3aTeJyibCTBa TOro, 4To:
° OGYBaHI/Ie BEPIIXMHbI / B3aUMOJIEACTBUS YBEJIHUHUBAET THArpamMmy.

e JIpyrue coobpasxkeHus oT JlepHepa, cMm. #10, cTp.. 44.
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12.1.1 Additional remarks about interaction.

For n-th order of the perturbation theory, let us draw n+1 Green function’s lines. Connect then these lines with n
interaction lines - and we get a n + 1 - particle Green function. Then just produce one - particle Green function from
it, connecting 2n Green function’s ends in all possible ways. This way is convenient if there is a simple algorithm that
would give the sign for every such connection.



Chapter 13

Useful relations

In the diffusion approximation we have! for dimension d

fdQn'n-—éij
Q" a

Y. Gr(@s EIGA(: - G E), X(9) = X(§ @) = X(g:E,E - w) (13.1)

Let us introduce quantity

a1 1

X(q;E,E)= vt V

From (1.16) we conclude that X(6, 0) = 1. From explicit expressions below we see that this is true in 1D, 2D and 3D.

. dQ 1
X , = T ., oo s < .
@O = | T iw_ane T
T dep 1 1 1
In 2D f - = . X@ w) = . (13.2)
o 2ml+4acosp 1_,2 [ —iwr)? + PP

1 1 -iwt +ilg

In3D X(7,w)= % nmr

(13.3)
similar to ([21]4.17).
For g = pr, the AE would depend on the particular dispersion law, but there should be a general rule X(§, w) must
decrease while g enlarges, and
lim X(§, w) = 0. (13.4)
q—o0

In the diffusion approximation using? (1.16), (1.19) and (1.22) we have
X(F;E,E') =1 - 1,70/ X [ngz - ia)] A0 1— T(qu - ia)), &= £ ZE ,
2
&) x vl +x8), tp=1(E)~1o(L-xE), lg=vte, Dp=-—.
E

(13.5)

Note that E-dependent corrections of (13.5) make sense if (in case of Cooperon/diffuson) we are near enough to the
pole. More precisely, a condition w(w + 3Dgg?)ty < xe[2Dog* — iw] must hold; otherwise we go under the precision of the

diffusion approximation. In particular, everything is o.k. when Dg*> ~ @ < xé&/7o. 3ameanHe BK: Hexopomio 3gech
CpaBHHBATh MHUMEIE BEJIMUHUHEI C JeACTBUTEIbHBIMH.

The result (13.5) is consistent with the general requirement: cooperon’s diffusion coefficient is a symmetric function
of E and E’; this becomes clear if one considers cooperon plus its complex conjugate (which should certainly be a real
quantity).

1t can be calculated in the following manner: without loss of generality § = (4,0...0), so (rj’r:z’)2 = ﬁ% Due to the symmetry (ﬁ%) = %Zfﬂ(ﬁ?) =
Py = 1.
2To obtain (13.5), I at first expanded Ga(f— ¢, E - w) in §, ; then used (1.16) for the zeroth-order term, then substituted (1.19) and at last integrated
dQ
by dégy- 110
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In 3D

T 4 )
f Lereosr = o2, Jo@) = -, (13.6)
0
A property of the Laplace transformation (DL):

lirr}) wj(w) = tlim j(t) if both limits exist. (13.7)

The expression for the current of arbitrary particles® and its operator with charge ¢ (see ([60]115.4) and ([60]115.6)):

) = S5 @) - 9 )] - %fﬂxw*(x)w(x) + E rot [y (03y)] (13.8)
In a many particle system, WF 1(x) must be normalized to the number of particles.
o0 = STV ~ BT )] - ;—izi(x)w;(xm(x) + = rot 93] (13.9)
Due to the application of a constant vector potential Green function changes like (see | )]
G, A) = G(F, A = 0)¢*A". (13.10)
At the Fermi energy (E = 0) DoS is given by*:
in 1D o = 27%, in2Dvo = 5, in3D vy = 5 b, = Vd vy~ g A= pﬁF, (13.11)
where in 1D and in 2D the relation “~” may be substituted with “=". Note: the averaged DoS is not necessary equal

to the DoS of the free EG. E.g., the averaged DoS in the 2D is energy dependent, contrary to the case of the free EG.°

Gr(F,t) = =90 ) 70,
P

j d4 ) 0 . 0 .
Gr(0, 1) = —é&(t) f (27’;5“‘0’” = f drpe it = = —iS(t)% f dEeEt = %6(1&).
—co 0

1 1 i e o 22
@—DIQ; 50 # T T@p2);

Y d-m =) = N fn+ &) =) e X f e f(x)d. (13.13)

nez mez nez mez

5(F) = (13.12)

YCTaHOBHTb 3TOT (pakT HasepHska! I am sure that (13.13) can be generalized for d dimensions:

Z fii+8) = Z ¢2mE f 2T F()d . (13.14)

itez4 nezd

3For the case of electrons, (13.8) is obtained in the classical (with 1st-order corrections in expansion in 1/c) limit from the Dirac current, see

problem [100]15.31. The last term in (13.8) is £& rot "G, p = & (for electrons). At first I thought that in gauge (13.8) is valid only in gauge with

2mc 2me

scalar potential = 0, but now I think it is general. @Since divrot = 0, rotor is insignificant in the current conservation relation. I have seen this
term coming in the non-relativistic limit of Dirac equation.

4The density of states without taking spin into account, see p. 21. Note that these formulas do not ceincide with two books: p. [46]44 and [102].
Later comment: the reason for this might be that my definition (1.13) might differ by % from the most common one.

5This dependence can be ignored in most cases, but sometimes it is important. If this dependence was absent, the identity Sp GZR = 0 would
exactly hold.
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Using (13.13), we arrive to a useful relation®:

v Z f( 2 — —A) Z exp [Zmn%H] f(Znh exp "’(ﬁo i)]f(q’),

ezd itezd (13.15)
> T L, 2mhd Aol nh _ h
L=(L,L,,...), 7=, = p -
(LoLy) o TPt T T T e

For functions of 2 coordinate variables, sometimes it makes sence to work in the mixed momentum-coordinate
(Wigner) representation:

dp . —(x+ — .
A(x,y) = f ﬁe’r’(’f—y)A(%,p), AR, p) = f dre‘WA(R+£,R—£). (13.16)

d

Green’s formula : f (usv - vol)dQ = f (U -V-V—= o

u) ds. (13.17)

- 2(x% + y?)0ap + [zj‘(x2 -y - iZ] 2,22, 2
e 2 . ap Xy +z/4 iy*Zq
f P (2p - apexp|-pP2* - PF- 71| dp =7 T yz)a eXP[ ]ex [ ]

_2n exp{ (117 - iZ)’ ]

X2+ y? x2 + 2

7

1 2% - 2itoZf
X (6045 + — 27 Tzq lZ]aﬁ) exp [ZT

3 47y
where Py =1, -yt =1, x* = %’ v = %
ddk g 7P 5\ 7P lz ] 177)1 —d/2 (I_: o 77_/2)2
(zn)dkexp [1 (L o m) k- Dtkz] = >D; (4nDt) exp ~~or |’ (13.18)

f(Z X exp [I(Lom)k Dtkz] (4nDt)” d/zexp[ %]

A tetrahedron with a unity edge has height 1/V3; the area of its side is V3/4. The mromans mosepxHocTH of an
n+l

n-dimensional sphere is equal to S, =2z " /l"(””) 51 =2mr.
Let us use some definitions in Heisenberg (i.e. time) representation from [19] (however, changing signs in them
order to have correspondence with [5]):
G, 1) = =K (6, x) = =id(t - )([P(x), P ()),  GPx,x) = =K (x, ') = iS( = )([P(x), PF(x)].), (13.19)
Gria(x, x') = —Kgja(x, ') = Fid [£(t - )| Q)P (x)),  Glx,x") = —Kc(x, ) = =(T[Px) P (x)]).
The “bra”-“kets” (...) in the above definitions of GFs mean averaging over the unperturbed (though, probably, non-

equilibrium) DM:
(.y=sp[p?..], (13.20)
sQ

where SpSQ is the SQ trace. The latter is explicitly written below in the expression (13.21) for the OP-DM ([19]1.9):7

p1(A,A) = Z (m,my .. Pl .., Xy, YA, PV B g, ) = i lim Ga(7', ;7 1), (13.21)

G2

6The usual flux quantum is hc/le| = 4.14 X 107G - cm? = 2¢o, see ([3]1.1).

"Note: ([19]1.9) is nothing but the expression of the OP DM in the FQ representation [see (13.21)] through the elements of the DM B nipencTaBiieHHH
uympceJl 3anojHeHus. It is important (in Keldysh technique) that in the interaction picture (the unperturbed parts of) both p and p(A,A’) are time-
independent, see the comment after ([19]6.8a).
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where Gy, is defined in (9.2), and (i|p(t)|ii’) are MEs of the DM in the SQ picture [these MEs decay when max(}_; n;, ). n;) —
o0, so that (13.21) converges]. From (13.34) we conclude that our OP DM is normalized by the concentration (without
spin):®

Spp: = f dApi(A, A) = n. (13.22)

From the FQ-OP-DM (13.21) one could try to define a SQ-OP-DM; however I don’'t know if this is possible in a
general (non-equilibrium) case: The resulting SQ-OP-DM should decay when the number of particles infinitely grows;
however, the FQ-OP-DM (13.21) does not contain information about such decay.

An important example is when unperturbed system is in equilibrium, so that

PO = exp [~(Ho — uX)/T| / Sp exp [ ~(Ho — i)/ T]. (13.23)

It is important that DM in (13.19),13.20 is time-independent.® In the simplest case p is an equilibrium matrix (13.23);
however, it is also possible that p describes a non-equilibrium steady state — see Sec. 10.1.
Next, y ~ ~
Gia + Gijn = 26rja, G = Gr—1Ca, (13.24)

where 1 = +1 for the case of bosons and fermions respectively.

Connection between [19] and [5] in energy representation: Kg/a(E) = —%GR/A(E). (13.25)

For fermions, Gr/a = GE'/)A (and for bosons Grja = G;_}A) obey the simplest equations, and this must be the reason

why just they are usually considered, see ([19]6.2-4). In equilibrium any Green function can be obtained from any
other one using spectral function [19].
In a disordered electron system without interaction,

Ap=Typ+ Uy = f dAdA (A, ANPT (A, P, 1), (A, A) = e(A, M)
where the time f can be chosen freely, see the note after ([19]6.8a). From here I get an equation of motion for Gy
[Hi, ¥' (A, 8)] = =[Hy, (A, D] = f dA TV, e, ),

i%GR(A, LA )+ f dA”Gr(A, A7, 1)e(V, A) = =5(t = t)6(A = A),
(13.26)
(E +i0)Gg(A, ') = f dA”GE(A, A")e(A”, A7) = 5(A = A).

Infinitesimal 6 may be important because of the singularity of G;. We get it because the Fourier transformation used
in (13.26) is non-standard: f_ D; exp[(iE — O)t]. Eq. (13.26) [and analogous for GA] can be rewritten in the operator form
(ready for bra-ket notation):
QGR/A(t, t)
ot
In case when A is a coordinate, all integrations f dA = f d’r must be performed in the volume of the system.

Certainly, then all coordinates must be than also restricted within this volume. There is no problem, if this volume is
finite, because {|7)};.q form a complete ortogonal basis for the Hilbert space of functions, defined within Q.

— (- 1) + %GR/A(t, )AL

If I then define a Green function operator in time domain according to (/\IGR(t, t’)I/\’)ifGR(/\, LA, 1), then I rewrite
(13.26) in an operator form as

i%GR(t, V) +Gr(Tr+ Uy = -0t -+), GEE-Ti-U]=1 (13.27)

8Eq. (18.22) defines the chemical potential u. For free EG at T = 0 it can be calculated (so that we know the dependence u(n)). However, because
of the frequency-dependence of 7, even for T = 0 it is hard (if possible) to calculate (13.22) for the disordered EG (expressing the DM via the averaged
GFs). See Sec. 1.5.

9If DM p would be time dependent, a GF would have an additional time argument. Alternatively, one could assign to the DM the time of the
operator being averaged. In case of a GF the averaged operator has two times: t and #/, so it is unclear which of them would we want to assign to
the DM.
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where T and U are operators of kinetic and potential (due to the disorder) energy of an electron. Gﬁ is the Fourier
image of Gg(t, t').
If DM is diagonal in the same (SQ) representation, as the Hamiltonian:

(ny...nNlp(BOInY ... .n7) o Oy )+« Oyt (M1 - anﬁlnf\, Lomp) o Oy« + - Oyt s (13.28)
then!©
GOy L g0 gy oM s (13.29)
R/A E-e(A)£id R/A E—-e(A)£id

where n, is an average occupation number (which is just a Fermi function in equilibrium). For convenience'' we
subtract y = y(T) from both E and ¢ in (13.29), see ([19]6.6); then in equilibrium n, = ng = (1 — tanh 2E_T) /2.
Analogously one obtains for non-interacting bosons in equilibrium:

— 1 1+n
(=)(0) 0) B
- = — = +0. 13.

In these relations ng/;r = (ef/ Tx 1) ! are Bose and Fermi distributions. @I want to check them for non-equilibrium
stationary state! Eqgs. (13.29),13.30 are written for the case when both WF and DM are normalized to unity, see
p- [19]18-19,45. If I want (13.8) to give me the total current density from all electrons in the system, and (3.22) —
the complete conductivity and not just mobility, then I need to normalize WF and DM to the number of particles, see
sec. 14.2.

n-1

reSy—y, f(X) = n _1 D }1_{2] (;jxn—l (x = x0)" f(x)]. (13.31)

Useful identities for Fermi distribution fr:

fE +fE—(u + fE _fE—(u
2 2

@ E w
VYE,w,T (hg —hp_y)cth ﬁ =1-hghg_,, hg=tanh ﬁ =1- ZfE/ fEfE—w = coth ﬁ (13.32)

In (13.32) we used (13.11) and (??). Moreover, for any hr and f¢ = (1 —hg)/2 (i.e. also for out-of-equilibrium systems)

+00 +00
f dE (hg — he_y) = 2w, f dE (hg — hg—o) E = @? + non — universal corrections in case hg + h_p # 0. (13.33)

(o) 0

The relation between concentration and density of states is given by (without spin)

o 0
N
VfE f VEfEdE = f VEdE =n=—, fE = (1 - hE)/Z (1334)
~Er ~Er 14
2 \2/3
In equilibrium, (13.34) gives an indirect equation for the function u(T); at T = 0 one obtains p|r—o = Er = ﬁ (@) ! .

Otherwise (13.34) is just a sum rule, cf. p. [58]322.

= 4t [iw + D (K + 7). (13.35)

- _w(ﬁ' k) = —4niver} (12'—1?)%0. (13.36)

10gq. (13.28), IMHO, is one of the restrictions to the validity of the Keldysh technique. Note that this is more than just a requirement that
[ﬁ(o),H(O)] =0. DL: it is interesting if this is sufficient for the validity of the Wick theorem.
"'This makes sense also in a non-equilibrium problem if f is not so far from equilibrium.
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f * dp sin(pnL) ~ 207014 g — emnL/Lo] 3 {ZLa,q cos(gnL) + [1 - L2(4* + 62)] sin(an)}
oo 2T [LE + (p — )2[p? + 7] 2[1+2L2(q? - 62) + L + 87 ’
The last equation leads to:
0 i 1- —nL/L,
v.p.f % sin L — =g expl 7_1 / ], g=2nn/L, n€Z, RL, > 0.
—oo 270 (k + q)2(K2 + L?) (g% + L 2)?

Pauli matrices: [o01,072] = 20102 = 2i03, [01,03] = =2i0,, [02,03] = 2i01.

One'? useful identity for Pauli matrices [105]:

3 3
205,5,0555, = E G135 = Z Fopa (a:;) , G = 0204, (13.37)

Note that, unlike ¢, matrices & do not form an orthogonal basis.

If I turn the CS'® counterclockwise by angle ¢ in (x, y) plane, then coordinates of a particle in the new CS 7’ will be
related to it's coordinates in the original CS 7 as 7’ = R7.

In case the rotation occurs in the (x, y) plane, the R is given by

cosp 0 sing cosp sing 0
, RS = (13.38)

Ry=R,)T=®R)'=| 0 1 0 —sing cosp Of.
—singp 0 cos¢g 0 0 1

The connection between rotations in real and spinor spaces is defined in such a way that the magnetic term o SB
in the Hamiltonian remains invariant, see p. [106]29. The rotation matrix R € SO(3) in the usual 3D space can be
straightforwardly generated from the rotation matrix U € SU(2) in the spinor space:'*

=2/ = ’ 1
7' =RF, &=U: (R)j= ESp(mu(fju*), (13.39)
(where £ is a spinor) which uniquely defines rotation operator in real space R based on given rotation operator in spinor

space U. The inverse relation is not unique: for a given R, both U and —-U are o.k., see p. [ 130. Using ([ 12.23),
one obtains the inverse of (13.39) for the special case (13.38):

s U, =opcos & +ioysing, U =Ub,  (Ryd) = Ujoilly,, =123, (13.40)
where I've assumed the rotation in the (x, y)-plane with the rotation matrix R, defined in (13.38). According to | 115

the sign “+” is standard in (13.40), see ([ ]1.5.33). The last relation in (13.40) is related with two possible ways
of transforming a spinful Hamiltonian like (6.1) together with the rotation of the CS. At first, I can consider the
Hamiltonian in the initial CS as a function of spin operator(s): H;(7,7,5), and rotate the spin operator just like any other
vector:

- > =/ 7 -y df >, ) Dy
Hl(p/ r/§) = Hl(R—(pp /R—(pr /R—([)S ):HZ(P Vs ) (1341)
Or instead I could consider the Hamiltonian as a 2 X 2-matrix [using the last identity from (13.40)]

Hy(f,7) — UpHi(R_pff', RepP VUL EHa (', 7)), 92(7) = Ughr (R;)'7). (13.42)

The last way is better'®, because it is compatible with the spinor theory [106].

T T 1 1 . 1 1
V(pe(——,—) COSZ(EZ— 1+ —|, s1n2(£:— 11— —].
2’2 22 5 2 2 N
1+tg° @ 1+tg7p
12Some other cool identities for Pauli matrices can be found in the appendix of | ]. See also [ 1.
13We follow the s.c. “passive” (see p. [ ]21) point of view for rotations: the CS is (counterclockwise) rotated, and, consequently, coordinates of all
particles are changed:
?—)F’:R?, 7—)7‘4,:Rj ?ﬁﬁ,:Ri ﬁ—)ﬁ/:Rﬁ

14KpacuBo 310 06BsicHEHO HA cTp. [107]38-39. CM. Takxke NPO CIMHOPHBIE IPeNCTABJIEeH s cTp. [107]181-182.
15Note that sign Suq) in (13.40) is the opposite from the one in ([ 11.5.33), despite that, apparently, also [ | rotates the SC just like me. I have

checked that (13.40) coincides with (13.39). However, (13.40) coincides with ([60]58.2) which is nice.
16] wonder how this coincides with ([104]1.5.28).
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Vitia- Vi—ia=iV2NVi+a2-1.

arct x—lln1+ix
N P

(13.43)

13.1 O JIHHeapH3allHH CIIEKTpa

CM. B mpoMeskyTKe Mesxkay ([50]163-164), a Takke Mexny ([17]34-35): omIM60YHOCTD yTBEPKAEHHUS pz [@2m)—u = VRl = vpp
OuYeBHIHA IIPH p = pr H (1 = p2/(2m). B uacTHOM ciydae

, d’p . N o
Go(F) = f (zn)df(Q) exp [ipr] 6 (p — pr) = —0Go (7') = pGo (7). (13.44)

B 6osee obiieM ciyyae MBI IIpennojaraeM, 4To O0-pyHKIHS B (13.44) uMeeT KOHeUHyIO IMUpHUHY ~ 1/, Tak yTto (13.44)
BBIIIOJIHSIETCSI JIUIIb IPUOIHKEHHO; 6yIeM CUUTATDh €ro HpHUOIHKEHHEM HyJIEBOT'O IIOPSIAKA

— 6Go(7) = [-5Go(?)]© = pEGo(P). (13.45)

ITpubsmsxenue (13.45) nuist Hac SIBJISIETCSI CJIUIIIKOM IPy6GBIM; aBarTe HalAEM IOIPaBKy CJIeAyIOLero (IepBoro) nopsaka:

dd dd
[-6Go(P)]Y ~ = 6Go(F) — [-6Go(P)]” = f (2;;1 <p2 _ p12:) Go(P) exp [ipF] = 2mog f (an))d (p — pr) Go(P) exp [ip7] =
- >1(0) (1) ddp — : > p2 PF
= — 0Go(¥) = [-0Go(7)]" + [-0Go(¥)]" = pr f ) [2p —pe]l Go(P) exp [ipr], = o U (p - ?) (13.46)

T.K. & HE yMeI0 3allMChIBATh OIIEPATOP p (MOLYJIb HMILYJIbCa) B KOOPDAHHATHOM IIPOCTPAHCTBE, HCII0JIb30BaHHE IIPHOJIHAKE-
HUd (13.46) pakTHUECKH 06pEKaeT MEHS Ha IPOBEIE€HHE BCEX MOCJIENYIONTUX BEIYUCIEHUH B UMITyJIbCHOM IIPOCTPAHCTBE.

13.2 Asymptotics of small-momenta integrals

Based on sec. 3.6, one of important assumptions of the loop expansion is that integrals by CD-momenta converge
on the scale g/ < x < 1, where, x is some small parameter. E.g., x = [/L, where L is the system size (e.g., ring’s

circumference in sec. 10.2 and 11), or x = /x2 + xi — the SOI amplitude from sec. 6. However, our expressions can

be sometimes splited into “normal” and “defective” parts, where CD-integrals converge on the scale g/ < x and g/ <1
correspondingly. These “defective” parts must be somehow cancelled, otherwise the theory becomes inconsistent. Let
us study some examples (everywhere gl = xQ):

L C Sy
0o AP +git o 1+Q2 o 1+g27

Note that the “normal” term is always the leading one. It will be the same, e.g., in x fooo %.
Let h(kl) be an expression for some GFB, e.g., for a HB. We want to calculate the asymptotic expansion for several

integrals, and the first one is

h(Kl) 1

Ion(x) = L d m, <kl = IOn(x) = hn(O)L dkm +1n’

where

L(x) = f dkM, x<1, hy(kl) ~ h,(0) + c(k)", kl<1, c=const#0.
0 X2 + K212

In reality we are interested only in n < 2. We can not just expand the h,(kl) in the integrand in Taylor series since it
spoils the convergence. The case n = 1 is somewhat similar to the WL: in the large interval x/] <« k <« 1/I the integrand

is ~ 1/k, that is,
L c
I ~ —=—-1 .
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Next,
_ (7 ) . g(kI) df Ny (kl) = h,(0) 5
L(x) = ](; dkg(kl) — x L dk—x2 ST g(kl) = @ gkl <1)~c#0.

The first integral converges on /k ~ 1, while the second one converges on /k ~ x < 1. We see that the second integral is
basically Iy, (x) with new h,(kl) = g(kl). The only difficulty might be calculating fom dkg(kl), however, it is x-independent, so
might be not important. Following this prescription, one can build asymptotic of arbitrary length for a typical integral
over a small CD momenta.

13.2.1 The same using dimensionless variables

In problems with SOI, we have a mass x <« 1 defined in (6.3). It makes sense to introduce the dimensionless variable
Q =lg/x, so that f dQ converges on the scale Q ~ 1. Now let us assume that h — hy ~ c(kl)> = ¢(xK)? and introduce ¢(K),

so that SR 1 _h © 4K HK) - h
— o _ ] _ 2 (2: — Ny _
fo vk = ij; e 409~ fo Tres® sR=" e sO=1

The first integral has no convergence scale, or, from the numerical point of view, it converges on Ig ~ 1. The second
integral has usual “diffusive” convergence on the scale K ~ 1. Now let us generalize:

® C(X,Y) ~ 00 ) * dKdQ & CXY)
fo 7K Q)deQ— fo (K, Q)dKdQ fo 7K Q)g(K,Q), g(K,Q)——Z(KI -1 (13.47)

and we supposed that g(K, Q) is a regular function in the neighborhood of the point (K = 0,Q = 0). One can ask a

question: Who is Who in (13.47)? For the moment this is all imprecise, living example required! Let us answer on
the example of sec. 8.4: C(X,Y) = x*(X, Y)? comes the product of left and right HBs, and Z(K, Q) comes from the product
of three diffusons. [K and Q are dimensionless variables; each HB is divided by x, and each diffuson is multiplied by

x?, so that Z(0,0) = 1 + (x,, x3)*>.] More precisely, C(X,Y) comes from [LR — (LR K—Q—O)] /x?. Here 1 say “comes from” instead
of “equal” because (13.47) appears after the angular integration, when all integrals are done except for fooo dKdQ. 1

think that g(0,0) " =const. [ think, that the SOI-dependent part of (13.47) can be calculated up to the arbitrary
order of (x,,xp): in fact, based on the poxcrso(=familiarity?) of Z with the quantity Y form Sec. 6.8, we assume that
Z(K, Q) — 1 = (xa, xb)*(K, Q)*(1 + Z(K, Q)), so for both terms in the lhs of (13.47) we can define new quantities C and Z and

then repeat the whole procedure for them.



Chapter 14

Density matrix with spin

Following the statistical approach [108], the complete density matrix of a many-particle system is defined as an av-
erage over an ensemble of the systems. Each system in the ensemble is identical in the sence that it has the same
Hamiltonian, number of particles, size, etc. The number of systems in the ensemble is infinite. Every single system is
characterized by its wavefunction ¢,. Introducing the probability (a usual statistical one) P,, we define the complete
density matrix as

Apl'y = f POV PO,

where the functional integration is restricted to normalized WF . The true (=explicit) sence of the functional integral
comes out after we express 1, via the linear combination of the eigenfunctions ¢,:

<A|P|A/> = fda1d6¥2 R d,Bld,BZ .. P[{an}nzl/ {,Bm}mzll Z an,B:n(Pn(/\)gojn(/v)/

m,n>1

which I was writing before as
</\|P|A )= Z an(Pn(/\)(Pm )y Wy = Z P, Ca Cm/ lpa(/\) Z Cn(Pn (14.1)

The off-diagonal elements W, in (14.1) would oscillate like cos(E, —E,,)t. Consider the case when W, is a slowly varying
function of n,m. Then a sum of all these cosines will be a function, that decays in time on a characteristic scale of the
mean level spacing 6 ~ v/L¢, where d is the dimension. We usually have d = 2; then L? is just a surface area. So, for a
large system on a large time scale, only diagonal elements survive in (14.1):

lplAy = Y Wanpu (D@ (1). (14.2)

Another case when (14.2) is correct, is equilibrium. In fact, the expectation of a time-independent quantity, calculated
with (14.2), will be time independent, like this should be in equilibrium, when all the relaxation procecces in the
system are finished. Then W,n = exp[-E,/T]/Z, where E, is the eigenenergy and Z is the statistical sum.

Now let us consider the opposite situation in (14.1), when W, o 6, + 0ym=1, OF 6 (according to estimates.nb, for
a mesoscopic ring 1/6 ~ 107sec > 7 ~ 107 *seq) is large (like e.g. in a quantum dot). Then off-diagonal term gives us
single-standing oscillating contribution, and we have to live with it. Then (14.2) may be not a nice approximation.

In conclusion I suspect that (14.2) is strictly true only in equilibrium; out of equilibrium it is an approximation
which can be used for times > 1/6. Thus it should work, e.g., for an ordinary-size (not small) piece of metal, when
current flows, so that it is not in equilibrium. This brings me back to an argument of VK, who claimed that our
non-equilibrium current from sec. 11. BTW, a nice article on density matrix, recomended by [19] and available online:
[108].

In [19], (14.2)=([19]1.1) is claimed to be true in the most general case of an arbitrary system. However, I suspect
that the authors implied equilibrium.

118
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14.1 In the first quantization

In equilibrium! we use the expression (14.2), ([19]1.1) for the density matrix of a N-particle system

(Tipwld7) = Y Waga(Dyiy(X), Z Wi=1, A=(i...Ay), (14.3)
AD(X) = EgpaD), Y 0Dy (D) = 0z, (14.4)
7

where )., denotes the sum over all distinct N-particle states. We will assume that A; = (7}, d;), where d; € (1,]) is the

z-spin projection of an electron; that is, we have f dA;...dAy and (i - i1') instead of Y ; and 6z in (14.4).
In the absence of interaction,

N
A = Y hA), 9l = V_ Y Py (M) pr, (W) sign,
i=1

TESN

A Pm(A) = empm(A), Z‘qom(A)qom/(A) Omnr 2 Z
A

N1 <...<nn
where Sy is the perutation group of order N. Then an expectation value of a single-particle operator is
Am= Y f A1, (7, ANAAPNA Ypu(F, d'). (14.5)
dd=1,
From ([19]1.8a) and (14.17) we get

(AalprlA7) = N Sp (TlpniT') = (N oL Wi ) <pml<m><p:,ﬁu’1>x

Ny <...<ny 7,7 €SN

X Sp (pnr (/\Z)q)n / (A ) (PnTN (AN)(Pn / (A )SIgn T Slgn T

(Nlm Y Wi ) e, (g (A =

m<..<nun TESN
N
-y WaZ(pn,mn% W= Y TEY g (e,
N <...<nn n#...#¥1N i=1

where we used that
Vl = 2 e N Sp [(pn'[i (Ai)gonT{ (/\z):l = 67,"1';/

given that there are no equal numbers among n, ... ny.
Now let us put N = 2. Then

Y 0npnD@u) = Aprld) = Y s N) Y, Wor, Wy = Wi (14.6)

{n’|n’ #n}

In equilibrium w, is given by (14.5) with A= exp[—ﬁH] /z:

Wz on =1 Y [ Al explAOI 0,5t = L expl-pel,
=
1 z2
Wy = 7 exp[—ples + en)] = fwnwnr, (14.7)

where z and Z are statistical sums for p; and p,. Thus in equilibrium the probability W, is factorized. By writing
(14.7) we fixed the value of W(,,, # 0, which could be arbitrary chosen? until now.

ISee sec. 14
2For example, we could postulate VW) = 0; this would simplify (14.6).
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In order to get the expression for p,, now imagine we have two particles in our non-interacting system: The eigenstate
(71, 72) of the two-particle Hamiltonian H(7) + H(#) is a four-component wave-function. Its components are’®
Py (11,725 1) = =Py (T2, 71 1) = \/_ [@n (71, d1)pw (72, d2) = (72, d2) i (71, d1)],
d/ dl € ud/ H - dleI l’l - dZdll ‘U € {TT/ Tl/ ~LT/ lsl'}
According to (14.3)

("a; plpa2li2 "7 /vy = Z Woany Py (P, P23 )@}y (P2, 725 v) = (14.8)

n<n’

_ W(””/) > > * 2> 2., _
- Z 2 qo(rm’)(rl/rZ/ [U)(P(m/)(rl 12 /V)/ Z W(nn') - 1/ wu,v € {TT/ T»L/ ~LT/ lnL}

nn’ n<n’

Z S ’
Z—2<r1rz;ulpzlrz 1 v) = (i, dilpalih, di X7, dalpa I, d)— (14.9)
_<771/d1|P1|7’2 /d, ><72/ d2|P1|71 /d/ >1 u= dleI V= didél wv € {TT/ TsL/ »LT/ ~L~L}

This coincides(check it!) with the result ([ 15.30) for a system composed of N non-interacting electrons*: @I
don’t trust this result completely, since I suspect [108] to use a different normalization; ask DL how to prove it in SQ.

N(N = 1)1 7%; plpala ‘7175 v)y = (7, dalpal?y ', dy)ia, dolpal?s ', dy)— (14.10)
(A, dalp1l?n, dy)ia, dolpal?y ', dy)y,  w=didy, v=did, wve{lT,TL 11, 1.
Note the similarity with the analogous expression (which follows from Wick’s theorem) for the two-particle Green

function ([5]10.14). However, (14.10) is not the same, as Wick’s theorem®. An idea for the future: the measure of
entanglement should be similar to that of polarization of light in [ ]. Also in [ ] the spin polarization is discussed.

Let us now change spin basis in (14.8) by introducing new states: Its basis is composed by four second-rank spinors
(each has 4 components, see [60], §56, p. 253)

lP (o )(71,72 [(P(nn (" 1,72 1) = Qo (1 L, 72 T)]

(14.11)
170 (nn )(1’1, 7’2) \/§ [(P(nn’)(ﬁ T/?Z l) + (P(nn’)(fl l/?Z T)] ’
Ebg;nr)(?l/ 72) = (P(nn’)(a l/72 J«)/ l#z;:n’)(?l' 72) = (P(nn’)(fl T/?Z T)/ (1412)
so that
- - 1 > - > -
Qo)1 1,12 T) =$ [IP(T;,[,)(Yl,Tz) - IP(S,,n/)(l’l,rz)] ,
(14.13)

> - 1 0 > > > o
Qo)1 T,72 ) =— [1,0{,4,4,)(7’1,7’2) + IP(S,,,,,)(T’LTz)]-
V2
Using (14.12) and (14.13), we express @,y in terms of 1[/‘(*%,). We introduce

(s = LWL TL T, {9 = (ST, T°, T

3By u = did, I mean that, e.g., if d; =] and d, =7, then y =|1. The spirit is that of a diadic.

4Eq. (14.10) has been checked for the simpliest case of pure state of a two-particle system.

5This is better seen in the SQ representation of the DM, see sec. 14.2. Then (14.10) is just a T # 0 Wick’s theorem which is proven on p. [51]76
using path integration.
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Now let us rewrite (14.11) and (14.12) in matrix notation:

a — — A-1a
% _A“ﬁ(Pﬁ/ (PH_A;J&IP A=

A= AT, detA=1, (14.14)

O O = O
=k g
sk osk
_ O O O

Let us denorte with psr matrix components of p, in the {S,T-, TY, T*} basis. One obtains pst by substituting (14.14) into
the right-hand side of (14.8):

. . _ -1 4-1 . .
<?1/ 772/ H|P2|77)1 ,r 172 // V> - Z A‘LMAV <77)1/ 77)21 Uf|PST|77)1 ,/ ?2 ,r ,B>/
a,f
(7, o alpstlit 7573 B) = ) AuAps(L, s llpalin /25,

[.l,V
a,Be{S,T,T°, T, wve{IT, 1111, 1L

In particular, for the singlet we get (omitting coordinates)

2(SlpstlS) = (LT lp2l 1) + (1L 1p2l T = AT lp2l TL) = <TL Ip2l IT)- (14.15)

One can consider p, as a 4 X 4 matrix in its spin indices. Then it is possible to rewrite (14.15) in the nice form
(Slp2ISY = Splp2S], where the 4 x 4 matrix $ it is natural to call “singlet density”. Analogously this could be done for
triplet components.

We are interested in the the situation, when singlet (or triplet) is formed by two electrons with coordinates 7 and 7.
That is, our density matrix is diagonal in coordinate space:

(MA2lpaApAY) = (e, a3 an,ap,) = (P, s plpali, 725v), v €11, 1L LT, L

Thus the first term in (14.10) is just density-density correlations, while the diagram for the second term is just a bubble
(like Drude conductivity, only with different vertices).

One may ask: Why had I no term, analogous to the second term in (14.10), when I was calculating curren-current
correlator in my thesis [88]? Apparently, current-current correlator should be calculated with the same diagrams,
as the density-density correlator, and the latter seems to be almost the same as our 2-particle density matrix. ..
The answer: however, they are not the same. See the note about different averages on p. 75.

14.2 In SQ

I want to erase the previous section. The only problem I have, is to express p? via p! in the SQ formalism. It looks very
much like Wick theorem. . .

Since there is no clear standart in definition of the density matrix (e.g. about its normalization), let me write it from
scratch. One- and twoparticle operators are written for the N-particle system as ([60]64.1) and ([60]64.14):

AN )= ) AR, Bu(h- ) = Y Balf 7). (14.16)

1<a<N 1<a<b<N

Their average values are calculated through one- and twoparticle density matrices p; and p, as®

A = Sp[pnAn] = NSplpnA1]1ESplp1A] = p1 = N Sp pw,
2..N
NN - 1) (14.17)

— N(N -1
B = Sp[pnBn] = NN - 1) Sp[pNBz]ifSp[szz] =p2=——F Sp pn.
3.N

2

Already from here we get Sp p; and Sp p,, but let us also calculate it in another way:

N
Spp1= Z(MPHA/)(SA'/\ =Splp161], v =(APINYy =01 =1 = on(Fy...7N) = Z 1=N.
%G

a=1

6Note that 1/2 from ([19]1.10) is missing in (14.17). I and Sigi suspect that this 1/2 is taken from ([60]64.15) - that is, from the expression for B
in the upper line of (14.17); see also p. [51]18 where ([60]64.15) is properly explained. However, I can not rely on [19] since (i) I've found important
mistake there (see p. ??), and (ii) they use the normalization Sp p = 1, while I need Sp p; = N.
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Thus 0 is just an operator of the number of particles. This means its average (for a system with fixed N) is”
Splpnon] = NSp[pio1] =N, sothat Spp;=N. (14.18)

Analogously, for p, we also can introduce another operator o:

Spp2 = E (MA2lP2lAGAION 2, 0050, = Splp202], 02,0050, = (M1A2l02]ARAT) =
MATTA
N(N - 1) _N(N-1)

5 P2 5 (14.19)

ﬂé\:]lﬁON(?l...f)N): Z 1=

1<a<b<N
When calculating “mixed” averages like A + B, where A and B are one- and two-particle operators, we use p, and
A+ B =Sp[(A; + By)p,] = A + B,

where A, is obtained from A; using (14.16).
Let us now move to the SQ representation, where operators A and B are given by the same formulas, no matter how
many particles are in the system. That’s why we ommit indices 1,2, N for A and B:

1
A= Z<a|A1|ﬁ>a;aﬁ, B=3 Z(AMBzIwc)LzRaLaVaK. (14.20)
af Auvk

Like I do it with A and B in (14.20). I can generate N-particle density matrix operator in SQ from its MEs
(AN ... AlpNIAL ... An) (which I now in the FQ) according to

af 1

pN ﬁ Z <AN e /\1|pAN|A1 e AN>“T\N .. .af\la,\l .. .aAN. (1421)
oy

By analogy it would be nice do deﬁneDL: (14.22) is wrong!

L, df PO Lodfl .
PEY MpilAakan, P22 5 Y (odilpalidadal,af anan. (14.22)
A it
I can use eqgs. (14.21) and (14.22) as definitions of p1,x in the SQ, if I check, keeping in mind (14.20) and (14.24), that
the following relations, analogous to (14.17) do hold (assuming that O is some N-particle operator):

O =SplpnOl, A =SplpnAl = Splp1A]l, B = SplpnB] = Splp.Bl. (14.23)

The symbol Sp in (14.23) stands for the trace in the second qantization, and is not the same, as Sp in (14.17); So let us
at first precise what we mean by Sp in SQ. We assume that our states are oredered by energy, so that ¢, > ¢, & n > m.
Then for arbitrary operator O

1

Spo = Z (...le,n1|O|n1/n2/-">/ (14.24)
ny,M3,...M00=0 .

df df
In1,m, ...y =@}y (@)™ ...10102.. . 0 =({. .. 12, my])".

Check (14.23)! In the following, by (...) we are going to imply not only quantummechanical, but also statistical
average, so that (...) = Sp[pn...].

(alp1lB) = (akag), (Aulpalvic) = (a}aja.ay), (14.25)

7"The normalization of the DM (14.18) is connected with the normalization of the WF and Gr/a. I have a mess about this in these notes: my
(standart) Gg/a correspond to the normalization by unity, see the note after (13.30).
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The advantage of writing p, in the SQ form (14.25) is that it shows us straightforward connection with the Keldysh-
Green function via (9.4). Also it is easy to write p, in the singlet-triplet representation. To do it, let us at first introduce
two-particle operators (from now on we separate spin indices from spatial coordinates)

a, (71, 72) L ag, (7)aq, (7)) _
:.a:iﬁ,?z):a;(ﬁ)a;z(?z)}’ o= e S ud g€ ML AL

This last equation maps p, onto 4 X 4-matrix (in spin space):

(1, 72; plplia, 715 vy = (ay, (A, ), 727)), v € (11,1011, UL (14.26)

We are interested in the density correlator; that is, we want to take diagonal (in coordinate space) elements of (14.26),
which have a symmetry

.
(71, Pa; plpala, 71, v) = (71, Pa; ViP5 P2, 715 )

We call (14.26) the standart representation for p,. By default, when speaking about two-particle density matrix, we
assume its form (or representation) (14.26).
Then we define anihilation and creation operators in the singlet-triplet representation:

1

as(r1, 1) = E[a“(ﬁ/@ —ap(f,n), ar(f, 1) =an(A, ),
1

ap(7, 1) = ﬁ[ﬂu(ﬁ,@ +ap(f,n)),  ar-(f, 1) = ay (7, 7),

or, in matrix form,

1 1
as 0 % v 9)(an
ar- || L0 00 ay (14.27)
aro 0 ﬁ ﬁ 0 ap
ar- o0 o0 1)\ay

For example the singlet density will be (7}, 7; S|psrl?a, 71; S) = (a;(f’l, 2)as(71,72)). From the practical point of view, instead
of calculating p, directly in one of these representations, it is more convenient to calculate an object®

o }
(11, 72; 0alpolta, 71, 05) = Z od0g (al (M)af (P)an(P)ai(7r)) =

ijkleud
= (B (7, Bbp(?r, 7)) = 87 — 1) ) [opoaligatar), a,f=0...3,
jkeud (14.28)
BLFL ) = Y odal(PaR), by, ) = Y oflal (F)ax(),
ijeud kleud

at () = Y ol ), af(fa) = Y okby(i, 75)
@ B

Let us call p, “two-particle density matrix in o-representation”. The inverse to (14.28) transformation® one gets with
the help of (13.37):

N

3
lpalvy = 7 Y 00 05 0ulpolog), p=ddids, v=didy, v e 17,7110, LU (14.29)
a,p=0

where we’ve omited coordinates.

Both p in (14.26) and p° in (14.28) are 4 x 4 matrices. Each element of p° is a linear combination of four elements
of p in (14.26). Thus the complete linear transformation between p in (14.26) and p° may contain 16 X 4 = 64 non-zero
coefficients'®. The number of non-zero coefficients may be further reduced by the above-mentioned symmetry of p; In

8T've defined operators b in (14.28) hoping to obtain smth like (14.27); however finally I don’t see any use for them.
9Note similarity between (14.29) and (6.27).
10Thus my initial idea, that one could somehow write this transformation with a 4 x 4 matrix was wrong.
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the best case we could get rid of another 16 x 2 = 32 coefficients. In reality this number is lower, because in case of
diagonal elements of p this symmetry does not lead to the reduction of the number of coefficients in the transformation.

At first I wanted to derive direct transformation between p, and psr; something clear and simple, like (14.27).
However, I had to leave my hopes to do it. Instead, at first I calculate p’; then with the help of Mathematica transform

it into p in the form (14.26). I will use (14.10), checking its coefficient from the comparison with the normalization
(14.17). At last, I come to p5T using (14.27).
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