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A topological superconductor (TSC) is characterized by the topologically protected gapless surface

state that is essentially an Andreev bound state consisting of Majorana fermions. While a TSC has not yet

been discovered, the doped topological insulator CuxBi2Se3, which superconducts below !3 K, has been
predicted to possess a topological superconducting state. We report that the point-contact spectra on the

cleaved surface of superconducting CuxBi2Se3 present a zero-bias conductance peak (ZBCP) which

signifies unconventional superconductivity. Theoretical considerations of all possible superconducting

states help us conclude that this ZBCP is due to Majorana fermions and gives evidence for a topological

superconductivity in CuxBi2Se3. In addition, we found an unusual pseudogap that develops below!20 K
and coexists with the topological superconducting state.
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The recent discovery of topological insulators [1–24]
stimulated the search for an even more exotic state of
matter, the topological superconductor (TSC) [25–28]. A
topological state of matter is characterized by a topological
structure of the quantum-mechanical wave function in the
Hilbert space. In topological insulators, a nontrivial Z2

topology of the bulk valence band leads to the emergence
of Dirac fermions on the surface [22,23]. Similarly, in
TSCs nontrivial Z or Z2 topologies of the superconducting
(SC) states lead to the appearance of Majorana fermions on
the surface [25–27]. Majorana fermions are peculiar in that
the particles are their own antiparticles, and they were
originally conceived as mysterious neutrinos [29].
Currently their realization in condensed matter is of sig-
nificant interest because of their novelty as well as the
potential for quantum computing [29].

The CuxBi2Se3 superconductor [30–33] is a prime
candidate of the TSC because of its peculiar band structure
and strong spin-orbit coupling [34]. In this material,
Cu atoms are intercalated into the layered topological
insulator Bi2Se3 and the SC state appears for the Cu
concentration x of about 0.2–0.5, which causes electron
doping with the density of !1020 cm"3. This material has
not been well studied because of the difficulty in preparing
high-quality samples [30,31] but a recent breakthrough in
the synthesis of CuxBi2Se3 by using electrochemistry
[32,33] made it possible to prepare reliable junctions
and perform a conductance spectroscopy in the supercon-
ducting state.

In the present work, we employed the so-called ‘‘soft’’
point-contact technique [35]: The contacts were prepared
at room temperature in ambient atmosphere by putting a
tiny (! 20 !m) drop of silver paste on the cleaved
(111) surface of a CuxBi2Se3 single crystal below a
30-!m-diameter gold wire [Figs. 1(a) and 1(b)]. In this

type of junction, ballistic transport occurs sporadically
through parallel nanometer-scale channels formed between
individual grains in the silver paste and the sample surface
[see Figs. 1(c) and 1(d) and Ref. [36]]. The dI=dV spectra
were measured with a lock-in technique by sweeping a dc
current that is superimposed with a small-amplitude ac
current [1:35 !A (rms), corresponding to 0:5 A=cm2].
We used a quasi-four-probe configuration, in which the

FIG. 1 (color online). Point-contact experiment and the sam-
ple. (a) Sketch of the soft point contact and the measurement
circuit. (b) Scanning-electron-microscope picture of the actual
sample; inset magnifies the silver-paste spot where the point
contact is formed. (c) 3D presentation of nanometer-scale ter-
races on a typical cleaved surface of CuxBi2Se3 seen by an
atomic-force microscope. Typical terrace width is 0:5 !m. (d) A
false color mapping of (c). (e) SQUID data for the SC transition
in the sample (x # 0:3) used for the point-contact measurements
shown in Fig. 2. Both the zero-field-cooled (ZFC) and the field-
cooled (FC) data measured in 0.2 mT are shown, and the former
gives the SC shielding fraction of 46%. Inset shows the tem-
perature dependence of the zero-bias differential conductance of
the point contact reported in Fig. 2.
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We develop a theory of the tunneling spectroscopy for superconducting topological insulators
(STIs), where the surface Andreev bound states (SABSs) appear as helical Majorana fermions.
Based on the symmetry and topological nature of parent topological insulators, we find that the
SABSs in the STIs have a profound structural transition in the energy dispersions. The transition
results in a variety of Majorana fermions, by tuning the chemical potential and the e!ective mass
of the energy band. We clarify that Majorana fermions in the vicinity of the transitions give rise to
robust zero bias peaks in the tunneling conductance between normal metal/STI junctions.
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Topological superconductors (TSCs) are a new state
of matter [1–3] that characterized by non-zero topolog-
ical numbers of the bulk wave functions. They support
topologically protected gapless surface Andreev bound
states (SABSs), and the superconductivity infers that the
gapless SABSs are their own antiparticles, thus Majo-
rana fermions [4]. The realization of TSC and Majorana
fermions in condensed matter physics is of particular in-
terest because of their novelty as well as the possible
application for quantum devices [5–21].
The recent discovered superconductor CuxBi2Se3 [22–

25] is an intriguing candidate of the TSC because it is
associated with another new state of matter, topologi-
cal insulator: The parent material Bi2Se3 is originally
a topological insulator with topologically protected gap-
less Dirac fermions on its surface. With intercalating Cu,
the superconductivity appears. On the theoretical side,
it has been expected that CuxBi2Se3 is a TSC by the
Fermi surface criterion [26–28], and possible SABSs spe-
cific to this material have been studied [29–32]. Recently,
a point contact spectroscopy experiment on this mate-
rial has been done, and reported a pronounced zero-bias
conductance peak (ZBCP) [30]. With careful analysis
excluding other mechanisms, it has been concluded that
the ZBCP is intrinsic and signifies unconventional super-
conductivity [30]. Moreover, similar ZBCPs have been
observed by other groups independently [33–35].
Motivated by this finding, we develop in this letter

a general theory of Majorana fermions in superconduct-
ing topological insulators (STIs) and their relation to the
tunneling conductance. Up to this time, the relation be-
tween SABSs and the tunneling conductance has been
well understood in quasi two-dimensional superconduc-
tors [1]: (1) If the SABS has a flat band dispersion as a
function of the momentum parallel to the surface, ky, the
resulting line shape of conductance always has a sharp
ZBCP as realized in high-Tc cuprate [1, 36]. (2) If the
SABS has a linear dispersion as a function of ky, the re-
sulting line shape of conductance has a broad peak as ob-

served in Sr2RuO4 [37–39]. On the other hand, in three-
dimensional superconductors, little is known about the
relation between SABSs and the tunneling conductance.
The only exception is a study on the superconducting
analog of superfluid 3He B phase [40]. Like CuxBi2Se3, it
is a three dimensional TSC supporting helical Majorana
fermions on its surface [41–46]. However, the resulting
tunneling conductance always shows a double-peak struc-
ture and never shows a ZBCP [40]. Therefore, in order
to pursue the origin of the observed ZBCPs in STIs, one
needs to develop a theory of the tunneling conductance
for STIs.
In this letter, we study the tunneling spectroscopy and

underlying SABSs in STIs. Based on symmetry and
topological nature of parent topological insulators, it is
shown that SABSs in STIs generally have a profound
structural transition of the energy dispersion (Fig.2).
The transition results in a variety of helical Majorana
fermions in SABSs, which we call cone, caldera, ridge and
valley. We clarify that the transition naturally explains
robustness of the ZBCP in STIs. From explicit calcu-
lation, it is found that the tunneling conductances be-
tween normal metal/STI junctions ubiquitously support
ZBCPs near the transition. These features are proper to
STIs and distinct from a simple three-dimensional TSC
mentioned above. Our findings strongly support that the
observed ZBCPs in Refs.[30, 33–35] are originated from
a helical Majorana fermion in STIs, and they give a firm
evidence of their topological superconductivity. Our re-
sults are summarized in Table I.
First let us briefly review basic properties of parent

topological insulators. For concreteness, we consider the
following k · p Hamiltonian to describe the topological
insulators,

HTI(k) = m!x + vzkz!y + v!z(kxsy ! kysx),

m = m0 +m1k
2
z +m2(k

2
x + k2y), (m1m2 > 0), (1)

where sµ and !µ are the Pauli matrices in spin and
orbital spaces, respectively. In addition to the time-
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potential for quantum computing [29].

The CuxBi2Se3 superconductor [30–33] is a prime
candidate of the TSC because of its peculiar band structure
and strong spin-orbit coupling [34]. In this material,
Cu atoms are intercalated into the layered topological
insulator Bi2Se3 and the SC state appears for the Cu
concentration x of about 0.2–0.5, which causes electron
doping with the density of !1020 cm"3. This material has
not been well studied because of the difficulty in preparing
high-quality samples [30,31] but a recent breakthrough in
the synthesis of CuxBi2Se3 by using electrochemistry
[32,33] made it possible to prepare reliable junctions
and perform a conductance spectroscopy in the supercon-
ducting state.

In the present work, we employed the so-called ‘‘soft’’
point-contact technique [35]: The contacts were prepared
at room temperature in ambient atmosphere by putting a
tiny (! 20 !m) drop of silver paste on the cleaved
(111) surface of a CuxBi2Se3 single crystal below a
30-!m-diameter gold wire [Figs. 1(a) and 1(b)]. In this

type of junction, ballistic transport occurs sporadically
through parallel nanometer-scale channels formed between
individual grains in the silver paste and the sample surface
[see Figs. 1(c) and 1(d) and Ref. [36]]. The dI=dV spectra
were measured with a lock-in technique by sweeping a dc
current that is superimposed with a small-amplitude ac
current [1:35 !A (rms), corresponding to 0:5 A=cm2].
We used a quasi-four-probe configuration, in which the

FIG. 1 (color online). Point-contact experiment and the sam-
ple. (a) Sketch of the soft point contact and the measurement
circuit. (b) Scanning-electron-microscope picture of the actual
sample; inset magnifies the silver-paste spot where the point
contact is formed. (c) 3D presentation of nanometer-scale ter-
races on a typical cleaved surface of CuxBi2Se3 seen by an
atomic-force microscope. Typical terrace width is 0:5 !m. (d) A
false color mapping of (c). (e) SQUID data for the SC transition
in the sample (x # 0:3) used for the point-contact measurements
shown in Fig. 2. Both the zero-field-cooled (ZFC) and the field-
cooled (FC) data measured in 0.2 mT are shown, and the former
gives the SC shielding fraction of 46%. Inset shows the tem-
perature dependence of the zero-bias differential conductance of
the point contact reported in Fig. 2.
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current was applied between a contact pad and the gold
wire, and the voltage between the wire and another contact
pad was measured [Fig. 1(a)]. The Quantum Design PPMS
was used for cooling the samples down to 0.35 K and
applying the magnetic field up to 9 T.

A set of point-contact data taken on a CuxBi2Se3 sample
with the bulk onset Tc ! 3:2 K is shown in Fig. 2, where
one can see that a pronounced zero-bias conductance peak
(ZBCP) develops at low temperature [36]. The inset of
Fig. 1(e) shows the temperature dependence of the zero-
bias conductance, which indicates that this peak appears
below 1.2 K [36]. We note that essentially the same ZBCP
data have been obtained on another sample (see Fig. S2 of
Ref. [36]).

Since heating effects can cause a spurious ZBCP [37], it
is important to elucidate that it is not the case here. It was
argued by Sheet et al. [37] that in samples with a large
normal-state resistivity when the point contact is in the
thermal regime, a spurious ZBCP could show up if the
increase in the bias voltage causes the local current to
exceed the critical current, which leads to a voltage-
dependent decrease in the differential conductivity. If this
is the case, the conductivity at zero bias (which is always
measured below the critical current) should not change
with a weak magnetic field; the role of the magnetic field
in this case is primarily to reduce the critical current, so the
width of the spurious ZBCP would become narrower, but
the height at V ! 0 should be mostly unchanged as long as
the superconductor is in the zero-resistivity state. In the
magnetic-field dependence of our spectra shown in
Fig. 2(c), by contrast, the ZBCP is strongly suppressed
with a modest magnetic field while its width is little
affected, which clearly speaks against the heating origin
of the ZBCP. (The magnetic field was applied perpendicu-
lar to the cleaved surface.) Another well-known signature
of the heating effect is a sharp, spikelike dip at energies
much larger than the gap [35,37], which is caused by the
local transition to normal state; in fact, when we made the
point contact on a disordered surface, we observed a
widening of the peak and a lot of sharp dips at relatively
high energies, which are obviously caused by the heating
[36]. In contrast, the data shown in Fig. 2 are free from such

features, which corroborates the intrinsic nature of the
ZBCP. Therefore, one can safely conclude that the ZBCP
observed here is not due to the heating effects and is
intrinsic.
One should also keep in mind that, even when the ZBCP

is intrinsic, it can be caused by several mechanisms in point
contacts [38]: conventional Andreev reflection [39,40],
reflectionless tunneling [41–43], magnetic scattering
[44,45], and the unconventional Andreev bound state
(ABS) [38,40]. In this respect, it is important to notice
that the ZBCP shown in Fig. 2 is accompanied by pro-
nounced dips on its sides and the peak does not split into
two even at the lowest temperature (0.35 K). These features
are clearly at odds with the Blonder-Tinkham-Klapwijk
(BTK) theory for conventional Andreev reflection [39].
Also, the reflectionless tunneling and the magnetic scatter-
ing are obviously irrelevant, because the former is sup-
pressed by a very small magnetic field of less than 0.1 T
[46] and the latter presents a peak splitting in magnetic
fields [47]. Hence, one can conclude that the ZBCP ob-
served here is a manifestation of the ABS [38].
Previously, it was inferred [32] from the specific-heat

data that the superconducting gap of CuxBi2Se3 at T!0K,
!"0#, would be about 0.7 meV. In Fig. 2, one can see
that the minima in the pronounced dips are located at
$% 0:6 meV at 0.35 K; since the ZBCP due to the ABS
is usually accompanied by dips near the gap energy [38],
the energy scale of the dip is assuring.
Given that the observed ZBCP is intrinsic and is due to

the ABS, it is important to understand its concrete origin.
The ABS is caused by the interference of the SC wave
function at the surface, and it is a signature of unconven-
tional superconductivity [38]. Its occurrence is determined
by the symmetry of the SC state, which in turn is deter-
mined by the symmetry of the Hamiltonian and the pairing
mechanism. Also, it has been elucidated that Majorana
fermions reside in an ABS when it is spin nondegenerate
[48]. Hence, we examined all possible SC states in
CuxBi2Se3 and the nature of the ABS to elucidate whether
the observed ZBCP is due to Majorana fermions. The
microscopic model to describe the band structure of
CuxBi2Se3 has already been developed [34,49–51], and
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FIG. 2 (color online). Zero-bias conductance peak. (a) Point-contact spectra (dI=dV vs bias voltage) of CuxBi2Se3 with x ! 0:3 for
0.35–2 K measured in 0 T for a wide energy window. (b) A narrower window of (a). (c) The spectra at 0.35 K measured in
perpendicular magnetic fields of 0–0.8 T. The vertical dashed lines in (b) and (c) indicate the energy position of the dips.
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Possible explanations:

-Andreev reflection

-reflectionless tunneling

-magnetic scattering

-unconventional Andreev bound states (ABS)



temperature and magnetic field is summarized in false
color mappings shown in Figs. 4(h) and 4(i).

As is clear from the above discussions, one can conclude
that the ZBCP in CuxBi2Se3 signifies an ABS consisting of
2D Majorana fermions and that CuxBi2Se3 is hosting a
topological superconductivity. It is therefore an urgent task
to determine the exact pairing symmetry in CuxBi2Se3.
Regarding the Majorana physics, an interesting question
is the existence of the Majorana zero mode in the vortex
core [57]. The 2D Majorana fermions living on the
surface of a 3D TSC are different from the non-Abelian
Majorana fermions of a 2D TSC proposed for topological
quantum computing [22,28], but establishing a general
understanding of Majorana fermions is important for
both fundamental physics and future information
technologies.

In summary, our point-contact spectroscopy of the
CuxBi2Se3 superconductor found an unusual pseudogap
below !20 K and a pronounced ZBCP in the SC state.
The latter signifies an unconventional SC state that can
only be topological in CuxBi2Se3, and therefore our ob-
servation gives evidence for a topological superconductiv-
ity in this material. One can fully expect that CuxBi2Se3 as
the first concrete example of a TSC will greatly help
advance our understanding of topological states of matter
and associated exotic quasiparticles.
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cific to this material have been studied [29–32]. Recently,
a point contact spectroscopy experiment on this mate-
rial has been done, and reported a pronounced zero-bias
conductance peak (ZBCP) [30]. With careful analysis
excluding other mechanisms, it has been concluded that
the ZBCP is intrinsic and signifies unconventional super-
conductivity [30]. Moreover, similar ZBCPs have been
observed by other groups independently [33–35].
Motivated by this finding, we develop in this letter

a general theory of Majorana fermions in superconduct-
ing topological insulators (STIs) and their relation to the
tunneling conductance. Up to this time, the relation be-
tween SABSs and the tunneling conductance has been
well understood in quasi two-dimensional superconduc-
tors [1]: (1) If the SABS has a flat band dispersion as a
function of the momentum parallel to the surface, ky, the
resulting line shape of conductance always has a sharp
ZBCP as realized in high-Tc cuprate [1, 36]. (2) If the
SABS has a linear dispersion as a function of ky, the re-
sulting line shape of conductance has a broad peak as ob-

served in Sr2RuO4 [37–39]. On the other hand, in three-
dimensional superconductors, little is known about the
relation between SABSs and the tunneling conductance.
The only exception is a study on the superconducting
analog of superfluid 3He B phase [40]. Like CuxBi2Se3, it
is a three dimensional TSC supporting helical Majorana
fermions on its surface [41–46]. However, the resulting
tunneling conductance always shows a double-peak struc-
ture and never shows a ZBCP [40]. Therefore, in order
to pursue the origin of the observed ZBCPs in STIs, one
needs to develop a theory of the tunneling conductance
for STIs.
In this letter, we study the tunneling spectroscopy and

underlying SABSs in STIs. Based on symmetry and
topological nature of parent topological insulators, it is
shown that SABSs in STIs generally have a profound
structural transition of the energy dispersion (Fig.2).
The transition results in a variety of helical Majorana
fermions in SABSs, which we call cone, caldera, ridge and
valley. We clarify that the transition naturally explains
robustness of the ZBCP in STIs. From explicit calcu-
lation, it is found that the tunneling conductances be-
tween normal metal/STI junctions ubiquitously support
ZBCPs near the transition. These features are proper to
STIs and distinct from a simple three-dimensional TSC
mentioned above. Our findings strongly support that the
observed ZBCPs in Refs.[30, 33–35] are originated from
a helical Majorana fermion in STIs, and they give a firm
evidence of their topological superconductivity. Our re-
sults are summarized in Table I.
First let us briefly review basic properties of parent

topological insulators. For concreteness, we consider the
following k · p Hamiltonian to describe the topological
insulators,

HTI(k) = m!x + vzkz!y + v!z(kxsy ! kysx),

m = m0 +m1k
2
z +m2(k
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x + k2y), (m1m2 > 0), (1)
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orbital spaces, respectively. In addition to the time-
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a helical Majorana fermion in STIs, and they give a firm
evidence of their topological superconductivity. Our re-
sults are summarized in Table I.
First let us briefly review basic properties of parent

topological insulators. For concreteness, we consider the
following k · p Hamiltonian to describe the topological
insulators,

HTI(k) = m!x + vzkz!y + v!z(kxsy ! kysx),

m = m0 +m1k
2
z +m2(k

2
x + k2y), (m1m2 > 0), (1)

where sµ and !µ are the Pauli matrices in spin and
orbital spaces, respectively. In addition to the time-

ar
X

iv
:1

11
2.

50
36

v3
  [

co
nd

-m
at

.su
pr

-c
on

]  
1 

M
ar

 2
01

2

Tunneling Conductance and Surface States Transition in Superconducting Topological
Insulators

Ai Yamakage,1 Keiji Yada,1 Masatoshi Sato,2 and Yukio Tanaka1

1Department of Applied Physics, Nagoya University, Nagoya 464-8603, Japan
2Institute for Solid State Physics, University of Tokyo, Chiba 277-8581, Japan

(Dated: March 2, 2012)

We develop a theory of the tunneling spectroscopy for superconducting topological insulators
(STIs), where the surface Andreev bound states (SABSs) appear as helical Majorana fermions.
Based on the symmetry and topological nature of parent topological insulators, we find that the
SABSs in the STIs have a profound structural transition in the energy dispersions. The transition
results in a variety of Majorana fermions, by tuning the chemical potential and the e!ective mass
of the energy band. We clarify that Majorana fermions in the vicinity of the transitions give rise to
robust zero bias peaks in the tunneling conductance between normal metal/STI junctions.

PACS numbers: 74.45.+c, 74.20.Rp, 73.20.At, 03.65.Vf

Topological superconductors (TSCs) are a new state
of matter [1–3] that characterized by non-zero topolog-
ical numbers of the bulk wave functions. They support
topologically protected gapless surface Andreev bound
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associated with another new state of matter, topologi-
cal insulator: The parent material Bi2Se3 is originally
a topological insulator with topologically protected gap-
less Dirac fermions on its surface. With intercalating Cu,
the superconductivity appears. On the theoretical side,
it has been expected that CuxBi2Se3 is a TSC by the
Fermi surface criterion [26–28], and possible SABSs spe-
cific to this material have been studied [29–32]. Recently,
a point contact spectroscopy experiment on this mate-
rial has been done, and reported a pronounced zero-bias
conductance peak (ZBCP) [30]. With careful analysis
excluding other mechanisms, it has been concluded that
the ZBCP is intrinsic and signifies unconventional super-
conductivity [30]. Moreover, similar ZBCPs have been
observed by other groups independently [33–35].
Motivated by this finding, we develop in this letter
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ing topological insulators (STIs) and their relation to the
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tween SABSs and the tunneling conductance has been
well understood in quasi two-dimensional superconduc-
tors [1]: (1) If the SABS has a flat band dispersion as a
function of the momentum parallel to the surface, ky, the
resulting line shape of conductance always has a sharp
ZBCP as realized in high-Tc cuprate [1, 36]. (2) If the
SABS has a linear dispersion as a function of ky, the re-
sulting line shape of conductance has a broad peak as ob-

served in Sr2RuO4 [37–39]. On the other hand, in three-
dimensional superconductors, little is known about the
relation between SABSs and the tunneling conductance.
The only exception is a study on the superconducting
analog of superfluid 3He B phase [40]. Like CuxBi2Se3, it
is a three dimensional TSC supporting helical Majorana
fermions on its surface [41–46]. However, the resulting
tunneling conductance always shows a double-peak struc-
ture and never shows a ZBCP [40]. Therefore, in order
to pursue the origin of the observed ZBCPs in STIs, one
needs to develop a theory of the tunneling conductance
for STIs.
In this letter, we study the tunneling spectroscopy and

underlying SABSs in STIs. Based on symmetry and
topological nature of parent topological insulators, it is
shown that SABSs in STIs generally have a profound
structural transition of the energy dispersion (Fig.2).
The transition results in a variety of helical Majorana
fermions in SABSs, which we call cone, caldera, ridge and
valley. We clarify that the transition naturally explains
robustness of the ZBCP in STIs. From explicit calcu-
lation, it is found that the tunneling conductances be-
tween normal metal/STI junctions ubiquitously support
ZBCPs near the transition. These features are proper to
STIs and distinct from a simple three-dimensional TSC
mentioned above. Our findings strongly support that the
observed ZBCPs in Refs.[30, 33–35] are originated from
a helical Majorana fermion in STIs, and they give a firm
evidence of their topological superconductivity. Our re-
sults are summarized in Table I.
First let us briefly review basic properties of parent

topological insulators. For concreteness, we consider the
following k · p Hamiltonian to describe the topological
insulators,

HTI(k) = m!x + vzkz!y + v!z(kxsy ! kysx),

m = m0 +m1k
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where sµ and !µ are the Pauli matrices in spin and
orbital spaces, respectively. In addition to the time-

Pauli matrices in spin and orbital spaces



Bogoliubov-de Gennes 
(BdG) Hamiltonian in 
Nambu representation

2

STI BW
gap full nodal iso

SABS cone/caldera ridge/valley cone
conductance DP/ZBP ZBP DP

TABLE I. Momentum-independent odd-parity paring sym-
metries in STI. As a comparison, pairing symmetry in BW
phase of superfluid 3He is shown. The energy spectrum has
full gap, nodal or isotropic (iso) full gap. In cases of low and
intermediate transmissivity of normal metal/STI junctions,
the line shapes of tunneling conductances show double peak
(DP) and zero bias peak (ZBP), respectively. (see Fig.3 and
the corresponding discussions in the text).

reversal symmetry, we have assumed the mirror symme-
try MiHTIM

†
i = HTI|ki!"ki

with Mi = si, (i = x, y)
and the inversion symmetry. Although HTI in the above
is axial symmetric along the z-axis, even if one adds
higher order terms of ki (i = x, y) like the warping terms
[47], our results do not change qualitatively. The topo-
logical phase of this system is classified by the Z2 in-
variant, (!1)! = sgn(m0m1), and when Z2 non-trivial
(m0m1 < 0), the system becomes a topological insula-
tor. On the surface perpendicular to z-axis, it supports
the topologically protected Dirac fermion.
Now consider the corresponding STIs. The STIs are

described by the Bogoliubov-de Gennes (BdG) Hamilto-
nian in the Nambu representation (!"#,!"$,!!†

"$,!
†
"#),

HSTI(k) = (HTI(k)! µ)"z + !̂"x, (2)

where µ is the chemical potential, "µ is the Pauli matrix
in the particle-hole (Nambu) space, and !̂ is a 4" 4 ma-
trix denoting the gap function. For simplicity, we assume
that !̂ is a constant matrix, which is generally realized
when the pairing interaction is short-range and attrac-
tive. Because of the Fermi-Dirac statistics of electrons,
!̂ satisfies !̂ = sy!̂T sy, thus there are six independent
pairings, (!,!#x,!#z ,!#ysx,!#ysy,!#ysz) (! is in-
dependent of k). For each independent pairing, we con-
sider SABS on the surface normal to the z-axis.
In order to solve the SABS, we consider the semi-

infinite STI (z > 0) with a flat surface at z = 0. The
wave function in this system is given by

!STI(z > 0) =
!

I

tIuIe
iqIzeikxxeikyy, (3)

where qI (I = 1, · · · , 8) is a solution of E =
E(kx, ky, qI) with E(k) being an eigenvalue of Eq.(2),
and uI(kx, ky, qI) is the corresponding eigenvector.
Among the eigenvectors, !STI(z) consists of those with
E(kx, ky, qI)/$qI > 0 or ImqI > 0, where the former
denotes up-going states and the latter denotes localized
states in the vicinity of z = 0. Postulating the bound-
ary condition as !STI(z = 0) = 0, we can determine the
coe"cients tI and obtain the SABS.
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FIG. 1. (color online) Polar plots of the bulk superconduct-
ing gap Eg for full (a) and nodal (b) gaps, where cone/caldera
and ridge/valley SABSs are realized, respectively. It is not
plotted in a certain region for the cases (b), for visibility.

We find that among the six pairings mentioned above,
only the three (!#ysx,!#ysy,!#ysz) support well-
localized gapless SABSs on the surface at z = 0.
We notice that all of them are odd-parity pairings,
P!#ysµP † = !!#ysµ, (P = #x), and the existence
of the SABSs is consistent with the Fermi surface cri-
terion for odd parity TSCs [28]. Furthermore, they all
are odd under (at least) one of the mirror symmetries,
Mi!#ysµM

†
i = !!#ysµ for i #= µ. As illustrated in

Fig.1, !#ysx and !#ysy have point nodes in the bulk
spectrum on the the ky- and kx-axes, respectively, while
!#ysz is full gapped. The point nodes change a quali-
tative structure of the SABSs as is shown below. In the
following, we focus on !#ysz($ !̂f) and !#ysy($ !̂n)
because the result of !#ysx is obtained by exchanging
kx and ky in that of !#ysy.

The obtained SABSs in the STI are illustrated in Fig.2.
The SABSs appear when m2

0 < µ2. An important fea-
ture of the SABSs is that there exists a structural transi-
tion of the energy dispersion. Combined with the nodal
structure mentioned above, the transition results in a va-
riety of Majorana fermions, which we call (a) cone, (b)
caldera, (c) ridge, and (d) valley: For the full gapped
pairing !̂ = !̂f , we find that the cone and the caldera
are possible. For larger values of µ and m1, the energy
spectrum of the SABS is an axial symmetric and mono-
tonic function of k[$ (k2x + k2y)

1/2], and its shape is a de-
formed cone [Fig.2(a)] including higher order terms of k.
For smaller values of µ and m1, however, a second cross-
ing of the zero energy appears at finite k and a caldera

SABS is realized [Fig.2(b)]. This result is consistent with
that of Refs.[29, 31, 32]. On the other hand, for the nodal
pairing !̂n, we obtain the ridge [Fig.2(c)] and the valley
[Fig.2(d)], instead. Although the structural transition
occurs on the same critical line, Majorana fermions in
this case have the flat dispersion due to the existence of
bulk point nodes. As a result, the cone (caldera) is de-
formed into the ridge (valley). We can also show that the
flat dispersion between the point nodes has a topological
origin, thus is not accidental [48, 49].

Now we show that the structural transition is intrinsic
to the STI. Due to an argument based on symmetry given
below, we find that the STI may have a remnant of the
surface Dirac fermion in the parent topological insulator,

six independent pairings:
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STI BW
gap full nodal iso

SABS cone/caldera ridge/valley cone
conductance DP/ZBP ZBP DP

TABLE I. Momentum-independent odd-parity paring sym-
metries in STI. As a comparison, pairing symmetry in BW
phase of superfluid 3He is shown. The energy spectrum has
full gap, nodal or isotropic (iso) full gap. In cases of low and
intermediate transmissivity of normal metal/STI junctions,
the line shapes of tunneling conductances show double peak
(DP) and zero bias peak (ZBP), respectively. (see Fig.3 and
the corresponding discussions in the text).
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We notice that all of them are odd-parity pairings,
P!#ysµP † = !!#ysµ, (P = #x), and the existence
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terion for odd parity TSCs [28]. Furthermore, they all
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!#ysz is full gapped. The point nodes change a quali-
tative structure of the SABSs as is shown below. In the
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tion of the energy dispersion. Combined with the nodal
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riety of Majorana fermions, which we call (a) cone, (b)
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are possible. For larger values of µ and m1, the energy
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1/2], and its shape is a de-
formed cone [Fig.2(a)] including higher order terms of k.
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this case have the flat dispersion due to the existence of
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tive. Because of the Fermi-Dirac statistics of electrons,
!̂ satisfies !̂ = sy!̂T sy, thus there are six independent
pairings, (!,!#x,!#z ,!#ysx,!#ysy,!#ysz) (! is in-
dependent of k). For each independent pairing, we con-
sider SABS on the surface normal to the z-axis.
In order to solve the SABS, we consider the semi-

infinite STI (z > 0) with a flat surface at z = 0. The
wave function in this system is given by

!STI(z > 0) =
!

I

tIuIe
iqIzeikxxeikyy, (3)

where qI (I = 1, · · · , 8) is a solution of E =
E(kx, ky, qI) with E(k) being an eigenvalue of Eq.(2),
and uI(kx, ky, qI) is the corresponding eigenvector.
Among the eigenvectors, !STI(z) consists of those with
E(kx, ky, qI)/$qI > 0 or ImqI > 0, where the former
denotes up-going states and the latter denotes localized
states in the vicinity of z = 0. Postulating the bound-
ary condition as !STI(z = 0) = 0, we can determine the
coe"cients tI and obtain the SABS.
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ing gap Eg for full (a) and nodal (b) gaps, where cone/caldera
and ridge/valley SABSs are realized, respectively. It is not
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We find that among the six pairings mentioned above,
only the three (!#ysx,!#ysy,!#ysz) support well-
localized gapless SABSs on the surface at z = 0.
We notice that all of them are odd-parity pairings,
P!#ysµP † = !!#ysµ, (P = #x), and the existence
of the SABSs is consistent with the Fermi surface cri-
terion for odd parity TSCs [28]. Furthermore, they all
are odd under (at least) one of the mirror symmetries,
Mi!#ysµM

†
i = !!#ysµ for i #= µ. As illustrated in

Fig.1, !#ysx and !#ysy have point nodes in the bulk
spectrum on the the ky- and kx-axes, respectively, while
!#ysz is full gapped. The point nodes change a quali-
tative structure of the SABSs as is shown below. In the
following, we focus on !#ysz($ !̂f) and !#ysy($ !̂n)
because the result of !#ysx is obtained by exchanging
kx and ky in that of !#ysy.

The obtained SABSs in the STI are illustrated in Fig.2.
The SABSs appear when m2

0 < µ2. An important fea-
ture of the SABSs is that there exists a structural transi-
tion of the energy dispersion. Combined with the nodal
structure mentioned above, the transition results in a va-
riety of Majorana fermions, which we call (a) cone, (b)
caldera, (c) ridge, and (d) valley: For the full gapped
pairing !̂ = !̂f , we find that the cone and the caldera
are possible. For larger values of µ and m1, the energy
spectrum of the SABS is an axial symmetric and mono-
tonic function of k[$ (k2x + k2y)

1/2], and its shape is a de-
formed cone [Fig.2(a)] including higher order terms of k.
For smaller values of µ and m1, however, a second cross-
ing of the zero energy appears at finite k and a caldera

SABS is realized [Fig.2(b)]. This result is consistent with
that of Refs.[29, 31, 32]. On the other hand, for the nodal
pairing !̂n, we obtain the ridge [Fig.2(c)] and the valley
[Fig.2(d)], instead. Although the structural transition
occurs on the same critical line, Majorana fermions in
this case have the flat dispersion due to the existence of
bulk point nodes. As a result, the cone (caldera) is de-
formed into the ridge (valley). We can also show that the
flat dispersion between the point nodes has a topological
origin, thus is not accidental [48, 49].

Now we show that the structural transition is intrinsic
to the STI. Due to an argument based on symmetry given
below, we find that the STI may have a remnant of the
surface Dirac fermion in the parent topological insulator,
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conductance DP/ZBP ZBP DP

TABLE I. Momentum-independent odd-parity paring sym-
metries in STI. As a comparison, pairing symmetry in BW
phase of superfluid 3He is shown. The energy spectrum has
full gap, nodal or isotropic (iso) full gap. In cases of low and
intermediate transmissivity of normal metal/STI junctions,
the line shapes of tunneling conductances show double peak
(DP) and zero bias peak (ZBP), respectively. (see Fig.3 and
the corresponding discussions in the text).
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We find that among the six pairings mentioned above,
only the three (!#ysx,!#ysy,!#ysz) support well-
localized gapless SABSs on the surface at z = 0.
We notice that all of them are odd-parity pairings,
P!#ysµP † = !!#ysµ, (P = #x), and the existence
of the SABSs is consistent with the Fermi surface cri-
terion for odd parity TSCs [28]. Furthermore, they all
are odd under (at least) one of the mirror symmetries,
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i = !!#ysµ for i #= µ. As illustrated in

Fig.1, !#ysx and !#ysy have point nodes in the bulk
spectrum on the the ky- and kx-axes, respectively, while
!#ysz is full gapped. The point nodes change a quali-
tative structure of the SABSs as is shown below. In the
following, we focus on !#ysz($ !̂f) and !#ysy($ !̂n)
because the result of !#ysx is obtained by exchanging
kx and ky in that of !#ysy.

The obtained SABSs in the STI are illustrated in Fig.2.
The SABSs appear when m2

0 < µ2. An important fea-
ture of the SABSs is that there exists a structural transi-
tion of the energy dispersion. Combined with the nodal
structure mentioned above, the transition results in a va-
riety of Majorana fermions, which we call (a) cone, (b)
caldera, (c) ridge, and (d) valley: For the full gapped
pairing !̂ = !̂f , we find that the cone and the caldera
are possible. For larger values of µ and m1, the energy
spectrum of the SABS is an axial symmetric and mono-
tonic function of k[$ (k2x + k2y)

1/2], and its shape is a de-
formed cone [Fig.2(a)] including higher order terms of k.
For smaller values of µ and m1, however, a second cross-
ing of the zero energy appears at finite k and a caldera

SABS is realized [Fig.2(b)]. This result is consistent with
that of Refs.[29, 31, 32]. On the other hand, for the nodal
pairing !̂n, we obtain the ridge [Fig.2(c)] and the valley
[Fig.2(d)], instead. Although the structural transition
occurs on the same critical line, Majorana fermions in
this case have the flat dispersion due to the existence of
bulk point nodes. As a result, the cone (caldera) is de-
formed into the ridge (valley). We can also show that the
flat dispersion between the point nodes has a topological
origin, thus is not accidental [48, 49].

Now we show that the structural transition is intrinsic
to the STI. Due to an argument based on symmetry given
below, we find that the STI may have a remnant of the
surface Dirac fermion in the parent topological insulator,

2

STI BW
gap full nodal iso

SABS cone/caldera ridge/valley cone
conductance DP/ZBP ZBP DP

TABLE I. Momentum-independent odd-parity paring sym-
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phase of superfluid 3He is shown. The energy spectrum has
full gap, nodal or isotropic (iso) full gap. In cases of low and
intermediate transmissivity of normal metal/STI junctions,
the line shapes of tunneling conductances show double peak
(DP) and zero bias peak (ZBP), respectively. (see Fig.3 and
the corresponding discussions in the text).
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where µ is the chemical potential, "µ is the Pauli matrix
in the particle-hole (Nambu) space, and !̂ is a 4" 4 ma-
trix denoting the gap function. For simplicity, we assume
that !̂ is a constant matrix, which is generally realized
when the pairing interaction is short-range and attrac-
tive. Because of the Fermi-Dirac statistics of electrons,
!̂ satisfies !̂ = sy!̂T sy, thus there are six independent
pairings, (!,!#x,!#z ,!#ysx,!#ysy,!#ysz) (! is in-
dependent of k). For each independent pairing, we con-
sider SABS on the surface normal to the z-axis.
In order to solve the SABS, we consider the semi-

infinite STI (z > 0) with a flat surface at z = 0. The
wave function in this system is given by

!STI(z > 0) =
!

I

tIuIe
iqIzeikxxeikyy, (3)

where qI (I = 1, · · · , 8) is a solution of E =
E(kx, ky, qI) with E(k) being an eigenvalue of Eq.(2),
and uI(kx, ky, qI) is the corresponding eigenvector.
Among the eigenvectors, !STI(z) consists of those with
E(kx, ky, qI)/$qI > 0 or ImqI > 0, where the former
denotes up-going states and the latter denotes localized
states in the vicinity of z = 0. Postulating the bound-
ary condition as !STI(z = 0) = 0, we can determine the
coe"cients tI and obtain the SABS.
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ing gap Eg for full (a) and nodal (b) gaps, where cone/caldera
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We find that among the six pairings mentioned above,
only the three (!#ysx,!#ysy,!#ysz) support well-
localized gapless SABSs on the surface at z = 0.
We notice that all of them are odd-parity pairings,
P!#ysµP † = !!#ysµ, (P = #x), and the existence
of the SABSs is consistent with the Fermi surface cri-
terion for odd parity TSCs [28]. Furthermore, they all
are odd under (at least) one of the mirror symmetries,
Mi!#ysµM

†
i = !!#ysµ for i #= µ. As illustrated in

Fig.1, !#ysx and !#ysy have point nodes in the bulk
spectrum on the the ky- and kx-axes, respectively, while
!#ysz is full gapped. The point nodes change a quali-
tative structure of the SABSs as is shown below. In the
following, we focus on !#ysz($ !̂f) and !#ysy($ !̂n)
because the result of !#ysx is obtained by exchanging
kx and ky in that of !#ysy.

The obtained SABSs in the STI are illustrated in Fig.2.
The SABSs appear when m2

0 < µ2. An important fea-
ture of the SABSs is that there exists a structural transi-
tion of the energy dispersion. Combined with the nodal
structure mentioned above, the transition results in a va-
riety of Majorana fermions, which we call (a) cone, (b)
caldera, (c) ridge, and (d) valley: For the full gapped
pairing !̂ = !̂f , we find that the cone and the caldera
are possible. For larger values of µ and m1, the energy
spectrum of the SABS is an axial symmetric and mono-
tonic function of k[$ (k2x + k2y)

1/2], and its shape is a de-
formed cone [Fig.2(a)] including higher order terms of k.
For smaller values of µ and m1, however, a second cross-
ing of the zero energy appears at finite k and a caldera

SABS is realized [Fig.2(b)]. This result is consistent with
that of Refs.[29, 31, 32]. On the other hand, for the nodal
pairing !̂n, we obtain the ridge [Fig.2(c)] and the valley
[Fig.2(d)], instead. Although the structural transition
occurs on the same critical line, Majorana fermions in
this case have the flat dispersion due to the existence of
bulk point nodes. As a result, the cone (caldera) is de-
formed into the ridge (valley). We can also show that the
flat dispersion between the point nodes has a topological
origin, thus is not accidental [48, 49].

Now we show that the structural transition is intrinsic
to the STI. Due to an argument based on symmetry given
below, we find that the STI may have a remnant of the
surface Dirac fermion in the parent topological insulator,
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phase of superfluid 3He is shown. The energy spectrum has
full gap, nodal or isotropic (iso) full gap. In cases of low and
intermediate transmissivity of normal metal/STI junctions,
the line shapes of tunneling conductances show double peak
(DP) and zero bias peak (ZBP), respectively. (see Fig.3 and
the corresponding discussions in the text).
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coe"cients tI and obtain the SABS.

kz

(a) cone/caldera

kz

(d) ridge/valley

ky kx

kz

0.82

0.88

0.94

kxky

kz 0

0.5

1

E
g
/!

FIG. 1. (color online) Polar plots of the bulk superconduct-
ing gap Eg for full (a) and nodal (b) gaps, where cone/caldera
and ridge/valley SABSs are realized, respectively. It is not
plotted in a certain region for the cases (b), for visibility.

We find that among the six pairings mentioned above,
only the three (!#ysx,!#ysy,!#ysz) support well-
localized gapless SABSs on the surface at z = 0.
We notice that all of them are odd-parity pairings,
P!#ysµP † = !!#ysµ, (P = #x), and the existence
of the SABSs is consistent with the Fermi surface cri-
terion for odd parity TSCs [28]. Furthermore, they all
are odd under (at least) one of the mirror symmetries,
Mi!#ysµM

†
i = !!#ysµ for i #= µ. As illustrated in

Fig.1, !#ysx and !#ysy have point nodes in the bulk
spectrum on the the ky- and kx-axes, respectively, while
!#ysz is full gapped. The point nodes change a quali-
tative structure of the SABSs as is shown below. In the
following, we focus on !#ysz($ !̂f) and !#ysy($ !̂n)
because the result of !#ysx is obtained by exchanging
kx and ky in that of !#ysy.

The obtained SABSs in the STI are illustrated in Fig.2.
The SABSs appear when m2

0 < µ2. An important fea-
ture of the SABSs is that there exists a structural transi-
tion of the energy dispersion. Combined with the nodal
structure mentioned above, the transition results in a va-
riety of Majorana fermions, which we call (a) cone, (b)
caldera, (c) ridge, and (d) valley: For the full gapped
pairing !̂ = !̂f , we find that the cone and the caldera
are possible. For larger values of µ and m1, the energy
spectrum of the SABS is an axial symmetric and mono-
tonic function of k[$ (k2x + k2y)

1/2], and its shape is a de-
formed cone [Fig.2(a)] including higher order terms of k.
For smaller values of µ and m1, however, a second cross-
ing of the zero energy appears at finite k and a caldera

SABS is realized [Fig.2(b)]. This result is consistent with
that of Refs.[29, 31, 32]. On the other hand, for the nodal
pairing !̂n, we obtain the ridge [Fig.2(c)] and the valley
[Fig.2(d)], instead. Although the structural transition
occurs on the same critical line, Majorana fermions in
this case have the flat dispersion due to the existence of
bulk point nodes. As a result, the cone (caldera) is de-
formed into the ridge (valley). We can also show that the
flat dispersion between the point nodes has a topological
origin, thus is not accidental [48, 49].

Now we show that the structural transition is intrinsic
to the STI. Due to an argument based on symmetry given
below, we find that the STI may have a remnant of the
surface Dirac fermion in the parent topological insulator,
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FIG. 2. (color online) Structural transition of SABSs in
STIs. Cone (ridge) and caldera (valley) SABSs are shown in
the insets. The position of the circle (square) symbol corre-
sponds to the parameters used in the calculations of tunneling
conductances with m1 = 20.18 eVÅ (m1 = 5.66 eVÅ), where
a cone (caldera) or ridge (valley)-SABS is realized.

and this is the origin of the structural transition. To see
this, consider how the superconductivity of !̂g=f,n may
a"ect on the Dirac fermion. When µ is small and in the
bottom of the bulk band, the surface Dirac fermion near
the Fermi energy is well-separated from the bulk band.
Thus, it can be treated apart, and the problem reduces
to constructing a pairing term of the Dirac fermions that
is consistent with symmetry of !̂g. In particular, the

induced pairing should have odd mirror parity as !̂g,
because the mirror symmetry Mi is a good symmetry on
the surface at z = 0. However, one find that no pair-
ing term is allowed to be consistent with the symmetries.
This means that the Dirac fermion remains to be gapless
near the Fermi energy when adding !̂g, in contrast to the
case of conventional s-wave pairing [15, 50]. By hybridiz-
ing with the Majorana cone (ridge) specific to TSCs, the
gapless Dirac fermion results in a complex caldera (val-
ley) structure of the Majorana fermions. Now consider
tuning µ deep into the bulk band. As one increases µ, the
surface state near the Fermi energy merges into the bulk
band, and finally disappears. One now obtains conven-
tional Majorana cone or Majorana ridge because of no
hybridization of the Dirac fermion. Therefore, a struc-
tural transition of the Majorana fermions must occur be-
tween these two limits.
We note that when the transition occurs, the veloc-

ity of the Majorana fermions at (kx, ky) = 0 changes its
sign. The velocity along the x-direction ṽ is given by
ṽ = va!/m0 with

a =
1!

!

1 + 4m̃1 + 4m̃2
1µ̃

2

2m̃1µ̃2
, (4)

where m̃1 = m0m1/v2z and µ̃ = µ/m0. The transition

line determined by a = 0 is given by µ̃2 = 1/(!m̃1),
which is shown in Fig.2. Only for the case with m0m1 <
0, the value of a can become zero, namely, topological
insulator triggers the structural transition of SABS.
Now we calculate the tunneling conductance of nor-

mal metal/STI junction, generalizing theories of the tun-
neling spectroscopy of conventional [51] and unconven-
tional [36, 52] superconductors. We suppose a free elec-
tron in the normal metal with the Hamiltonian HN (k) =
[(k2x + k2y + k2z)/(2me) ! µN ]!0s0"z . The wave function
in the normal metal (z < 0) is given by

#N (z < 0) = ei(kxx+kyy)
"

$!seeikezz

+
#

!!s!

$

a!s!!s!$!!s!he
ikhzz + b!s!!s!$!!s!ee

!ikezz
%

&

, (5)

where $!s" is the eigenvector of HN (k) with orbital
! and spin s for electron (" = e) or hole (" = h),
and kez =

!

k2e ! k2 = ke cos %, ke =
!

2me(µN + E),

khz =
!

2me(µN ! E)! k2, and a!s!!s! (b!s!!s!) is the
Andreev (normal) reflection coe#cient. The first term
of the wave function denotes an injected electron, and
the second (third) one denotes a reflected hole (elec-
tron) with reflection coe#cient a!s!!s (b!s!!s). On the
other hand, the wave function in the STI side (z > 0)
is given by Eq. (3) with the transmission coe#cient
tI . These wave functions are connected at the inter-
face (z = 0) by the condition [53], #N(0) = #STI(0)
and vN#N(0) = vSTI#STI(0), with the velocity operator
vN(STI) = &HN(STI)/&kz|kz"!i#z

. The above equation
determines the coe#cients a!s!!s, b!s!!s and tI . Finally,
the normalized charge conductance G is given by

G

GN
=

#

!s

' 2$

0
d'

' $/2

0
d% sin 2% T!s(%,', eV )

#

!s

' 2$

0
d'

' $/2

0
d% sin 2% T!s(%,', 0)|!=0

, (6)

with the angle resolved transmissivity T!s(%,', E) =
1 +

(

!!s!(|a!s!!s! |2 ! |b!s!!s! |2) with kx = k cos', ky =
k sin', where the energy E of the injected electron is
fixed at the bias voltage eV .
In the following, the band mass of the normal metal

is fixed as mem2 = 1 for simplicity, and we set ! =
0.6 meV and m̃1 = !0.59 or m̃1 = !0.17. The other
parameters are the same as those used in Ref. [30], i.e.,
m0 = !0.28 eV,m2 = 56.6 eVÅ2, vz = 3.09 eVÅ, v = 4.1
eVÅ and µ̃ = !1.8. We control the transmissivity of the
normal metal/STI interface by changing the value of µN .
The transmissivity becomes maximum in this model for
µN/µ " 0.6 since the magnitude of Fermi momentum
in the normal metal coincides with that in STI. As µN

increases, the magnitude of transmissivity is reduced.
The obtained tunneling conductances G/GN near the

structural transition of SABSs as functions of bias volt-
age eV/! are shown in Fig.3. With the decrease of the
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FIG. 3. (color online) The normalized tunneling conductances
G/GN near the structural transition of SABSs as functions
of bias voltage eV/! for the cone, caldera, ridge and valley
SABSs. The values denoted in the panel are of µ/µN for each
line.

magnitude of transmissivity (µN/µ = 60, 1200), the ro-
bust ZBCPs appear stemming from the gapless SABSs
in Fig.2. Only for the low transmissivity case with
µN/µ = 1200 as shown in Fig.3 (a), G/GN has a double-
peak structure. The latter is consistent with the fact that
the corresponding surface local density of states does not
have a zero energy peak but double peak structure [30].
In junctions with high transmissivity with µN/µ = 0.6,
we obtain G/GN ! 2 for |eV | ! 0 which is also consistent
with the fact that an injected electron is almost perfectly
reflected as a hole due to Andreev reflection.

We now focus on STI with !̂f . It is noted that the
di"erence of the line shapes of G/GN between Fig.3(a)
and Fig.3(b) can be understood from the di"erent types
of SABSs. In the case of Fig.3(b), a caldera-SABS is re-
alized, as shown in Fig.2(b). From Eq.(4), the slope of
the dispersion of the SABSs at k = 0 becomes gradual
near the structural transition. This enhances the surface
local density of states at E = 0 and makes the ZBCP
for the tunneling conductance in the STIs. Thus the
G/GN at eV = 0 is enhanced in comparison with that
for the cone-shaped SABS. As a result, even in the low
transparent limit µN/µ = 1200, no double-peak struc-
ture of G/GN appears in Fig.3(b). The present feature
is di"erent from preexisting 3D TSCs with spin-triplet
p-wave pairing realized in BW phase of superfluid 3He,
where in contrast to Figs. 2(a) and (b), the energy dis-
persion of the SABS becomes a conventional Majorana
cone [41–46]. In this case, the angle resolved transmis-
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FIG. 4. (color online) The normalized tunneling conductance
G/GN as a function of bias voltage for BW state.

sivity T (!,", eV ) is given by

T (!,", eV ) =
#N

2

!

s=±1

1 + #N |#|2 + (#N " 1)|#|4

|1 + (1" #N )#2 exp("2i!s)|2
,

(7)
with the transmissivity at the interface #N given by
#N = 4 cos2 !/(4 cos2 ! + Z2) [52] and # = !/(eV +
"

(eV )2 "!2). Z is a dimensionless constant that con-
trols #N , and ! is the superconducting gap in this sys-
tem. The resulting tunneling conductance never shows a
ZBCP [40] as shown in Fig.4. This di"erence comes from
the absence of the structural transition.
Next, we consider STI with !̂n, where the resulting

SABS has a quasi-one dimensional energy dispersion. In
the x-direction, SABS has a flat dispersion as mentioned
before [Fig.2(c)]. The present flat dispersion of the SABS
makes a ZBCP in G/GN for arbitrary lower transmissiv-
ity, as shown in Fig.3(c). When a valley-cone is realized
as the SABS [Fig.2(d)]. G/GN at eV = 0 is enhanced
[Fig.3(d)].
Finally, we compare our results with the experimen-

tally observed tunneling spectroscopy in CuxBi2Se3. The
tunneling conductance in Au/Ag/Cu0.3Bi2Se3 junction
has been observed in Ref.[30]. From the lattice constants
of Au and Ag (a ! 4Å) [54], the Fermi momentum of the
normal metal is estimated as kF ! $/a ! 1Å!1, which
corresponds to µN/µ ! 100 in our model. While in the
actual system, a barrier layer suppressing transmissivity
could be formed between normal metal and STI, it can
be taken into account as an e"ective increase of µN/µ.
Therefore, the experimental result in Ref.[30] should be
compared with ours with µN/µ > 100. From Fig.3, we
find that the experimentally observed ZBCP is consistent
with !̂f and !̂n, both of which support ZBCPs originat-
ing from Majorana fermions on the normal metal/STI
interface.
In conclusion, we have developed a theory of the tun-

neling spectroscopy of STI. We have clarified the struc-
tural transition of the energy dispersion of the SABS, i.e.,
cone-caldera and ridge-valley transitions, which stems
from remaining metallic surface states of parent topo-
logical insulator. In the vicinity of the structural tran-


