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(1) Spectral function for bosons (4 Points)
In the lecture we defined the spectral function A(v,w) = —2ImG*(v,w). Show that in
the case of bosons the greater (G~) and lesser (G<) Green’s functions can be expressed
through the spectral function as

yw) = A(r,w)[l+np(w)]
w) = A(v,w)np(w),

where ng(w) = [exp(fw) — 1]7! is the Bose function.
(2) Single level coupled to the continuum (6 Points)

(a) Show that for a noninteracting system described by the Hamiltonian
H = Z t,,/,,az,a,,

the Fourier-transformed (¢t — w + in) equation of motion for the retarded Green'’s
function reads

> (w0 + i) =t GO V3 w0) = 8,00

V"

Here, the operators a', a stand for either fermionic or bosonic creation and anni-
hiliation operators.

(b) We now want to study a non-interacting electron gas (‘continuum’) coupled to a
localized level, e.g., a single-level quantum dot. “Coupled” means that the electron
can hop in and out of the dot. The Hamiltonian is

H:H0+H1+thb,

where
Hy = Z kaLCk
k
describes the electron gas,
H, = elczrcl

the localized level, and
thb = Z tkCZer + h.c.
Kk



describes the tunneling in and out of the dot (‘hybridization’).

The set of all quantum states v in Eq. (2a) now runs over the wave vectors k plus
[, the quantum number of the localized level. By setting first v = v/ = [ and
then v = k, v/ = [ in Eq. (2a), derive two coupled equations for G¥(l,[;w) and
GR(k, ;w).

Solve them and determine G¥(1, [;w) explicitly. Interpret your solution. Calculate
and discuss the spectral function A for the localized state. How is it changed by
the coupling?



